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GLOBAL ANALYSIS OF QUASILINEAR WAVE
EQUATIONS ON ASYMPTOTICALLY DE SITTER
SPACES

by Peter HINTZ

ABSTRACT. — We establish the small data solvability of suitable quasilinear
wave and Klein-Gordon equations in high regularity spaces on a geometric class
of spacetimes including asymptotically de Sitter spaces. We obtain our results by
proving the global invertibility of linear operators with coefficients in high regular-
ity L2-based function spaces and using iterative arguments for the nonlinear prob-
lems. The linear analysis is accomplished in two parts: Firstly, a regularity theory is
developed by means of a calculus for pseudodifferential operators with non-smooth
coefficients, similar to the one developed by Beals and Reed, on manifolds with
boundary. Secondly, the asymptotic behavior of solutions to linear equations is
studied using resonance expansions, introduced in this context by Vasy using the
framework of Melrose’s b-analysis.

RiESUME. —  On établit la resolubilité, sur une classe géométrique d’espaces-
temps incluant les espaces asymptotiquement de Sitter, de certaines equations
d’ondes et de Klein-Gordon dans des espaces de grande régularité. On obtient
ces résultats en prouvant 'inversibilité globale d’opérateurs linéaires a coefficients
dans des espaces de grande régularité de type L2, et en utilisant des processus ité-
ratifs pour les problémes non-linéaires. L’analyse linéaire est fait en deux étapes:
premiérement, on développe une théorie de la régularité au moyen d’un calcul
pour les opérateurs pseudo-différentiels a coefficients peu réguliers sur variétés a
bord, similaire a celui développé par Beals et Reed. Deuxiemement, on étudie le
comportement asymptotique des solutions des équations linéaires en utilisant des
développements en états résonnants, introduite dans ce contexte par Vasy, dans le
cadre de la b-analyse de Melrose.

1. Introduction

We study quasilinear wave equations on spacetimes for which infinity
has a structure generalizing that of static de Sitter space. We prove global

Keywords: quasilinear wave equations, asymptotically de Sitter spaces, microlocal anal-
ysis, resonance expansions.
Math. classification: 35L70, 35B40, 35S05, 58J47.



1286 Peter HINTZ

existence and exponential decay to constants of scalar quasilinear waves.
For concreteness, we state our results in the special case of scalar waves
on static de Sitter space, but it is important to keep in mind that the
geometric and analytic settings are more general, see also the discussion
further below.

The region of de Sitter space we are working on is a (non-compact) n-
dimensional manifold

M° =Ry, x{|Z]| <1420}, 6>0,ZcR"

which extends past the cosmological horizon |Z| = 1 of static de Sitter
space. The manifold M° is equipped with a stationary Lorentzian metric
gas (i.e. 0;, is a Killing vector field) which depends on the cosmological
constant A > 0, though we drop this in the notation. Concretely, in static
coordinates (t,r,w) on Ry x (0,1), x S?~2, the static de Sitter metric, see
e.g. [40, §4.2],(1) does not extend to the cosmological horizon r = 1 due
to a coordinate singularity, but introducing t. = t + h(r) with a suitable
function h as in [40, §4.3], the metric does extend smoothly to r = 1 and
beyond.

In order to set up our problem, see Figure 1.1 for an illustration, we
consider the domain

Q° = [0,00), x {|Z] <146} € M®,

*

which is a submanifold with corners with two boundary hypersurfaces,
which are the intersections of

Hy = {t. =0}, Hy={|Z|=1+2d}

with Q°. Thus, H; is a Cauchy hypersurface, and Hy is a spacelike hy-
persurface. We are interested in solving the forward problem for wave-like
equations in €2°, i.e. imposing vanishing Cauchy data at Hy; initial value
problems with general Cauchy data can always be converted into an equa-
tion of this type.

The simplest (even though not the most natural from a geometric per-
spective, see below) wave equations we consider are of the form

Dq(u)u = f + Q(u7 du)7

u real-valued, where g(0) = gqs is the static de Sitter metric, and at each
p = (t«, Z) € M°, the metric g(u) is g,(u(p)), where

gp: R = STy M

(M) Our t,t. are denoted %, in [40].

ANNALES DE L’INSTITUT FOURIER



QUASILINEAR WAVE EQUATIONS 1287

Figure 1.1. Penrose diagram of the domain §2°, bounded by the dashed
lines, on which we solve quasilinear wave equations. ﬁ+ is the cos-
mological horizon. Moreover, Hy is a Cauchy hypersurface, where we
impose vanishing Cauchy data, and Hs is spacelike.

depends smoothly on p, and in fact only depends on Z, but not on t,;
further

N’ N
g(u,du) =Y a;us [T Xjeu, e, N; € No, Nj+e; > 2,
=1 k=1

with a; € C*°(M°) and X, € V(M°) real and independent of ¢.. (Here a;
is only relevant if N; = 0, since it can otherwise be absorbed into X.)

Using the stationary nature of the spacetime further, we will use the
Sobolev spaces H® on M° =R;, x X, with X = {|Z]| < 1+ 20} considered
as an open subset of Rg_l; thus, the norm of v € H? is defined by

(1.1) l[ullzr. = Z 107,05 ullZ2 (are tdgas )
J+IBI<s

Our central result in the form which is easiest to state is:

THEOREM 1.1. — For g(0) = gqs a static de Sitter metric as above,
and for 0 < a > 1 and f € C°(M°®) real-valued with sufficiently small
H™2+8_norm, the wave equation

(1.2) Oy = [+ q(u, du)

in Q°, with vanishing Cauchy data, and with q as above with N; > 1 for
all j, has a unique real smooth (in Q°) global forward solution of the form
u = ug + @, e*** @ bounded, ug = cy, ¢ € R, where x = x(t.) is identically
1 for large t... More precisely, we have e®t* @ € H®.

Theorem 1.1 follows from Theorem 1.2 below which is in a much more
general geometric setting and also allows for a larger class of nonlineari-
ties. See Theorem 8.10 for the full statement of Theorem 1.1 in the more
general setting, in particular for statements regarding stability and higher
regularity, and the subsequent Remark 8.14 for more precise asymptotics.

TOME 66 (2016), FASCICULE 4



1288 Peter HINTZ

One can also consider equations on natural vector bundles; see the discus-
sion later in the introduction. In a different direction, we can also solve
backward problems in spaces with fast exponential decay as t, — 0o, see
Theorem 8.20, where we can in fact replace g,y by Uyy) + L for any first
order operator L.

It is important to note that the presence of a cosmological horizon and the
asymptotically hyperbolic nature of the (cosmological) end of the spacetime
lead to dispersive properties of waves which are much stronger than in the
asymptotically flat case, and they lead to very good low frequency behavior:
In particular, there are no conditions on the nonlinear term ¢(u,du) other
than the (essentially necessary) requirement that it vanish on constants,
see [19, Remark 2.31], and the dimension of the spacetime is arbitrary; this
is in stark contrast to the case of quasilinear wave equations on asymp-
totically flat spacetimes, where a ‘null condition’ needs to be imposed in
low spacetime dimensions, including the physical case of 3 4+ 1 dimensions,
to guarantee global existence even for semilinear equations; see [24] and
further references below. In addition, the dispersive behavior of de Sitter

g(u

space leads to exponential decay to constants and a (partial) mode ex-
pansion as in the above theorem, as opposed to merely polynomial decay
for (quasi)linear waves on Minkowski space and other asymptotically flat
spacetimes.

The novelty of our analysis of quasilinear wave and Klein-Gordon equa-
tions lies in combining the methods used by Vasy and the author [19] to
treat semilinear equations on static asymptotically de Sitter (and more
general) spaces with the technology of pseudodifferential operators with
non-smooth coefficients in the spirit of Beals and Reed [7], which is used
to understand the regularity properties of operators like [y, in the above
theorem. Our approach, appropriately adapted, also works in a variety of
other settings, in particular on asymptotically Kerr-de Sitter spaces, where
however a much more delicate analysis is necessary in view of issues coming
from trapping.(Q) In a different direction, asymptotically Minkowski spaces
in the sense of Baskin, Vasy and Wunsch [6] should be analyzable as well
using similar methods.

D m fact, making heavy use of the machinery developed in the present paper, Vasy and
the author [18] recently completed the required analysis for nonlinear problems on spaces
with normally hyperbolic trapping, thereby in particular obtaining global well-posedness
results for quasilinear wave equations on asymptotically Kerr-de Sitter spaces; the class
of equations considered there is in fact even more general than (1.2) in that the metric
is also allowed to depend on derivatives of u.

ANNALES DE L’INSTITUT FOURIER
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Concretely, as in [19], rather than solving an evolution equation for a
short amount of time, controlling the solution using (almost) conservation
laws and iterating, we use a different iterative procedure, where at each
step we solve a linear equation, with non-smooth coefficients, of the form

(1.3) Py ury1r = Ogupyursr = f+ q(ug, dug)

globally on L2-based spacetime Sobolev spaces or analogous spaces that
encode partial expansions. Since the non-linearity ¢ (as well as g) must be
well-behaved relative to these, we work on high regularity spaces; recall here
that H*(R™) is an algebra for s > n/2. Moreover, we need to prove decay
(or at least non-growth) for solutions of (1.3) so that ¢ can be considered
a perturbation. Since linear scalar waves on static de Sitter space decay
exponentially fast to constants, the metric g(ux) in (1.3) will similarly be
equal to a stationary metric gy o plus an exponentially decaying remain-
der gi; the asymptotics of solutions to the linear equation (1.3) are then
dictated by the stationary part N(P,,) := Oy, ,,
operator, of the operator P,, . Since gy is a smooth stationary metric, we

also called the normal

can appeal to the results of Vasy [40, 38] to understand linear waves glob-
ally on the (approximately) static de Sitter space described by the metric
gk,0: In particular, resonances (also known as quasinormal modes) and the
associated resonant states describe the asymptotics of linear waves. Just
as in the semilinear setting, we need to require the resonances to lie in the
‘unphysical half-plane’ Imo < 0 (a simple resonance at 0 is fine as well),
since resonances in the ‘physical half-plane’ Im o > 0 would allow growing
solutions to the equation, making the non-linearity non-perturbative and
thus causing our method to fail. The linear analysis of equations like (1.3)
is carried out in §7 in two steps: the invertibility on high regularity spaces
which however contain functions that are growing as t, — oo (Theorem 7.9)
and the proof of decay corresponding to the location of resonances (Theo-
rem 7.10).

In the iteration scheme (1.3), notice that if uy, is in a (weighted) spacetime
H?® space, then the right hand side is in H*~!. Now P,, has leading order
coefficients in H*® and subprincipal terms with regularity H*~!; therefore, in
order to have a well-defined iteration scheme, we need the solution operator
for P,, to map H*"! into H?, the loss of one derivative being standard for
hyperbolic problems. In other words, there is a delicate balance of the
regularities involved; at the heart of this paper thus lies a robust regularity
theory for operators like P,, . We will achieve this by adapting a number of
methods of microlocal analysis to the non-smooth setting we are interested
in here.

TOME 66 (2016), FASCICULE 4



1290 Peter HINTZ

In order to conveniently encode the asymptotic structure of static de
Sitter space and its perturbations, we compactify M° and Q° at future
infinity by introducing the function 7 := e~** (whose real powers are thus
naturally used to measure growth/decay at infinity) and adding 7 = 0 to
the spacetime; thus, we let

M = [0,00), x {|Z] <1428}, Q=[0,1], x {|Z] <1+6} M,

which introduces an ‘ideal boundary’ Y = 0M = {r = 0}.

Compactifying the spacetime at infinity puts equation (1.2) into the
framework of b-analysis. Here ‘b’ refers to analysis based on vector fields
tangent to the boundary of the (compactified) space, so b-vector fields
are spanned by 70, and Jz, and b-differential operators are linear com-
binations of products of these. Note that 79, = —0;,, and smoothness
(resp. the better, invariant, notion of conormality) in 7 near 7 = 0 corre-
sponds to smoothness (resp. conormality) in et as t, — oco; thus, the use
of the language of b-geometry and b-analysis is a very economic way for
deal with asymptotically stationary problems. (The b-analysis originates
in Melrose’s work on the propagation of singularities on manifolds with
smooth boundary; Melrose described a systematic framework for elliptic
b-equations in [31]. We will give more details later in the introduction.)
A first indication for this is that the normal operator of P,, is now ob-
tained in a natural way by freezing the coeflicients of P,, at the boundary
7 = 0 as a b-operator. More importantly though, in this b-framework,
the PDE (1.2) reveals a rich microlocal structure: For instance, one of the
central features is that the null-geodesic flow for the unperturbed wave op-

erator [, . extends smoothly to a flow within 7 = 0, more precisely within

gds
the b-cotangent bundle (see below), which can be thought of as a uniform
version of the standard cotangent bundle all the way up to future infinity;
and this flow has saddle points where the cosmological horizon intersects
future infinity. Microlocally speaking, the Hamilton vector field of [y is
radial there, i.e. a multiple of the generator of dilations in the fibers of the
b-cotangent bundle; hence the standard propagation of singularities result
by Duistermaat and Hormander [13] does not yield any regularity informa-
tion there, and we must appeal to more refined results on the propagation
of singularities near radial points, dating back to Melrose [32]; see §6 for
further references. See Figure 1.2.

In order to emphasize the generality of the method, let us point out that
given an appropriate structure of the null-geodesic flow at oo, for example

radial points as above, the only obstruction to the solvability of quasilinear

ANNALES DE L’INSTITUT FOURIER
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L on

’HJr

Figure 1.2. Illustration of the null-geodesic flow near the cosmological
horizon, and its extension to the boundary OM = {r = 0} at future
infinity. No null-geodesic starting in M° = {7 > 0} can reach 7 = 0 in
finite time, but the special structure of the flow near the radial set L
at the (conormal bundle of the) horizon allows for refined microlocal
regularity results at L.

equations are growing modes and bounded but oscillatory modes; in par-
ticular, in the presence of resonances in the upper half plane, our methods
cannot be applied.

The main ingredient of the framework in which will analyze b-operators
with non-smooth coefficients on manifolds with boundary is a partial cal-
culus for what we call b-Sobolev b-pseudodifferential operators; for brevity,
we will refer to these as ‘non-smooth operators’ to distinguish them from
‘smooth operators,” by which we mean standard b-pseudodifferential opera-
tors, recalled below. b-Sobolev b-ps.d.o.s are (generalizations of) b-ps.d.o.s
with coefficients in b-Sobolev spaces, which partly extends a correspond-
ing partial calculus on manifolds without boundary in the form developed
by Beals and Reed [7]. (Beals and Reed consider coefficients in microlocal
Sobolev spaces; this generality is not needed for our purposes, even though
including it in our general calculus would only require more care in book-
keeping.) This calculus allows us to prove microlocal regularity results —
which are standard in the smooth setting — for b-Sobolev b-ps.d.o.s, namely
elliptic regularity, real principal type propagation of singularities, includ-
ing with (microlocal) complex absorbing potentials, and propagation near
radial points; see §6. We only develop a local theory since this is all we
need for the purposes of our application.(®) The exposition of the calculus
and its consequences in §§2—6 comprises the bulk of the paper.

(3)We refer the reader to the paper [18, Remark 4.6], which appeared after the first
version of the present manuscript, for a partition of unity argument showing that even
in more complicated geometries, the local non-smooth theory suffices.

TOME 66 (2016), FASCICULE 4



1292 Peter HINTZ

To set up the main theorem, recall from [38] that an asymptotically de
Sitter space M is an appropriate generalization of the Riemannian con-
formally compact spaces of Mazzeo and Melrose [28] to the Lorentzian
setting, namely a smooth manifold with boundary, with the interior of M
equipped with a Lorentzian signature (taken to be (1,7 — 1)) metric g,
and with a boundary defining function 7 (i.e. 7 = 0 defines the boundary,
and dr # 0 there) such that § = 72§ is a smooth symmetric 2-tensor of
signature (1,n— 1) up to the boundary of ]Tf, and g(dr,dr) = 1 so that the
boundary defining function is timelike and the boundary itself is spacelike.
In addition, OM has two components Xy, each of which may be a union
of connected components, with all null-geodesics v(s) tending to X1 as
s — too.

We now blow up a point p € X, which amounts to introducing polar
coordinates around p, and obtain a manifold with corners []\7 ;p], with a
blow-down map [M ;o] — M. The backward light cone from p lifts to a
smooth manifold transversal to the front face of [M ;p] and intersects the
front face in a sphere. The interior of this backward light cone, at least
near the front face, is a generalization of the static model of de Sitter
space; we will refer to a neighborhood M of the closure of the interior of
the backward light cone from p in [M ; p] that only intersects the boundary
of []Tj ;p] in the interior of the front face as the static asymptotically de
Sitter model, with boundary Y (which is non-compact) and a boundary
defining function 7; see also [38, 40] for more on the relation of the ‘global’
and ‘static’ problems. Since we are interested in forward problems for wave
and Klein-Gordon equations and therefore work with energy estimates,
we consider a compact region Q@ C M, bounded by (a part of) Y and
two ‘artificial” spacelike hypersurfaces H; and Hs, see Figures 1.1 and 1.3.
For definiteness, let us assume H; = {7 = 1}. We will demonstrate this
construction explicitly for exact (static) de Sitter space in §8.1.

On M, we naturally have the b-tangent bundle PT'M, whose sections
are the b-vector fields V, (M), i.e. vector fields tangent to the boundary;
in local coordinates 7,y near the boundary, PT'M is spanned by 70, and
0y. The enveloping algebra of V4, of b-differential operators is denoted
Diff{(M). The b-cotangent bundle, the dual of PT'M, is denoted PT*M
and spanned by d{ and dy, and we have the b-differential *d: C>(M; C) 4,
C®(M;T*M) — C®(M;PT*M), where the last map comes from the nat-
ural map "TM — TM. Now, the metric ¢ on M is a smooth, sym-
metric, Lorentzian signature section of the second tensor power of PTM.
The associated d’Alembertian (or wave operator) O, thus is an element

ANNALES DE L’INSTITUT FOURIER
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Figure 1.3. Geometric setup of the static (asymptotically) de Sitter
problem. Indicated are the blow-up of M at p and the front face of the
blow-up, further the lift of the backward light cone to [M;p] (solid),
and lifts of backward light cones from points near p (dotted); moreover,
Q is bounded by the front face and the dashed spacelike boundaries.

of Difff (M) and therefore naturally acts on weighted b-Sobolev spaces
H>*(M) = 7*Hg (M), where we define

H{(M) = {u € L*(M,voly,): X1 -+ Xsu € L*(M,vol,),
X1, Xs € Vp(M)}

for s € Ny, and for general s € R using duality and interpolation. Denote
by H*(€2)*~ the space of restrictions of H, (M )-functions with support
in {r <1} to Q; that is, elements of H*(Q)*~ are supported at H; and
extendible at Hs in the sense of Hérmander [23, Appendix B]. Finally, let
X®% be the space of all v which near 7 = 0 asymptotically look like a
constant plus an H;*-function, i.e. for some ¢ € C, v/ = u — ¢x(7) €
H ()%™, where x € C°(R), x = 1 near 0, is a cutoff near Y; for such a
function u, define its squared norm by

[ullZese = le? + u' I3 e,
Our main theorem then is:

THEOREM 1.2. — Let s > n/2+ 7 and 0 < a < 1. Assume that for
J=0,1,

gr XTI (C*° 4+ HY V) (M; S2P T M),
q: XTI BTV P TR M) ST — HYTR Q)0
are continuous, g is Lipschitz near 0, and
llq(u, *du) — q(v, bd’l))HHi—l—j,a(Q).,, < Ly(R)|lu — vl xs-sia

for u,v € X*79* with norm < R, where L,: R>o — R is continuous and
non-decreasing. Then there is a constant Cp, > 0 so that the following

TOME 66 (2016), FASCICULE 4
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holds: If Ly(0) < Cp, then for small R > 0, there is Cy > 0 such that
for all f € H{™"*(Q)*~ with norm < C}, there exists a unique solution
u € X% of the equation

Dg(u)u = f + q(”v bdu)

with norm < R, and in the topology of X*~%% u depends continuously
of f.

See Theorem 8.5. Another case we study is g(u) = p(u)g, i.e. we only al-
low conformal changes of the metric; here, one can partly improve the above
theorem, in particular allow non-linearities of the form ¢(u, bdu, Dg(u)u); see
§8.3. The point of the Lipschitz assumptions on ¢ in all these cases is to
ensure that g(u,"du) has a sufficient order of vanishing at u = 0 so that

q(u,®du) can be considered a perturbation of [J ); quadratic vanishing

glu
is enough, but slightly less (simple vanishing will ;mall Lipschitz constant
near or at 0) also suffices.

Similar results hold for quasilinear Klein-Gordon equations with positive
mass, where the asymptotics of solutions, hence the function spaces used,
are different, namely the leading order term is now decaying; see §8.4 for
details.

In §8.5 finally, we will discuss backward problems; it is expected that
the results there extend to the setting of Einstein’s equations (after fixing
a gauge) on static de Sitter and even on Kerr-de Sitter spacetimes, thus
enabling constructions of dynamical black hole spacetimes in the spirit of
recent work by Dafermos, Holzegel and Rodnianski [10], however the issue
of constructing appropriate initial data sets is rather subtle.

While all results were stated for scalar equations, corresponding results
hold for operators acting on natural vector bundles, provided that all res-
onances lie in the unphysical half-plane Im o < 0 (with a simple resonance
at 0 being fine as well): Indeed, the linear arguments go through in gen-
eral for operators with scalar principal symbols; only the numerology of
the needed regularities depends on estimates of the subprincipal symbol at
(approximate) radial points.

Lastly, let us mention that paradifferential methods would give sharper
results with respect to the regularity of the spaces in which we solve equa-
tion (1.2), and correspondingly we have not made any efforts here to push
the regularity down. However, our entirely L?-based method is both concep-
tually and technically relatively straightforward, powerful enough for our
purposes, and lends itself very easily to generalizations in other contexts.

ANNALES DE L’INSTITUT FOURIER
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Non-linear wave and Klein-Gordon equations on asymptotically de Sitter
spacetimes (or static patches thereof) have been studied in various contexts:
Friedrich [16, 15] proved the global nonlinear stability of 4-dimensional
asymptotically de Sitter spaces using a conformal method, see also [14]
for a discussion of more recent developments; also in four dimensions,
Rodnianski and Speck [34] proved the stability of the Euler-Einstein sys-
tem. Anderson [2] proved the nonlinear stability of all even-dimensional
asymptotically de Sitter spaces by generalizing Friedrich’s argument. On
the semilinear level, Baskin [4, 5] established Strichartz estimates for the
linear Klein-Gordon equation using his parametrix construction [3] and
used them to prove global well-posedness results for classes of semilinear
equations with no derivatives; Yagdjian and Galstian [44] derived explicit
formulas for the fundamental solution of the Klein-Gordon equation on ex-
act de Sitter spaces, which were subsequently used by Yagdjian [42, 43] to
solve semilinear equations with no derivatives. Vasy and the author [19]
proved global well-posedness results for a large class of semilinear wave
and Klein-Gordon equations on (static) asymptotically de Sitter spaces,
where the non-linearity can also involve derivatives; however, just as in the
present paper, the (b-)microlocal, high regularity approach used does not
apply to low-regularity non-linearities covered by the results of Baskin and
Yagdjian. There is more work on the linear problem in de Sitter spaces; see
e.g. the bibliography of [38].

There is an extensive literature on linear and non-linear wave equations
on perturbations of Minkowski space and more general asymptotically flat
spacetimes, see e.g. [9, 11, 22, 26] and [19] for details and further pointers
to the literature.

The study of ps.d.o.s with non-smooth coeflicients has a longer history:
Beals and Reed [7] developed a partial calculus with coefficients in L?-based
Sobolev spaces on Euclidean space, which is the basis for our extension to
manifolds with boundary. Marschall [27] gave an extension of the calculus
to LP-based Sobolev spaces (and even more general spaces) and in addition
proved the invariance of certain classes of non-smooth operators under
changes of coordinates. Witt [41] extended the L?-based calculus to contain
elliptic parametrices. Pseudodifferential calculi for coefficients in C* spaces
have been studied by Kumano-go and Nagase [25]. In a slightly different
direction, paradifferential operators, pioneered by Bony [8] and Meyer [33],
are a widely used tool in nonlinear PDE; see e.g. Hormander [22] and
Taylor [37, 36] and the references therein.

TOME 66 (2016), FASCICULE 4



1296 Peter HINTZ

1.1. b-preliminaries and outline of the paper

We will now give some background on b-pseudodifferential operators and
microlocal regularity results along with indications as to how to generalize
them to the non-smooth setting, thereby giving a brief, mostly chronolog-
ical, outline of some of the technical aspects of the paper.

We recall from Melrose [31] that the small calculus of b-ps.d.o.s on a
compact manifold M with boundary is the microlocalization of the algebra
of b-differential operators on M, and the kernels of b-ps.d.o.s are concep-
tually best described as conormal distributions on a certain blow-up M2
of M x M, smooth up to the front face, and vanishing to infinite order
at the left /right boundary faces. More prosaically, using local coordinates
(z,y) € R? := [0,00), x RZ* near the boundary of M, i.e. z is a local
boundary defining function, and using the corresponding coordinates A, n
in the fibers of PT* M, i.e. writing b-covectors as

dx
A — +ndy,
x
the action of a b-ps.d.o A € ¥ of order m on u € C®(R%), the dot
referring to infinite order of vanishing at the boundary, is computed by

Au(z,y) = / PRICTESTOL PR
RxR?=1x(0,00)xR™*—1

(1.4) .
x a(e,y, A (e /s,y') dhdn = dy
S

where a(z,y, \,n), the full symbol of A in the local coordinate chart, lies
in the symbol class Sm(bT*@), i.e. satisfies the symbolic estimates

|8§‘7y8§,na($,y, A )| < Cag(A, )™ 81 for all multiindices a, 5.

We say that A is a left quantization of a. Using the formula for the behav-
ior of the full symbol under a coordinate change, one finds that one can
invariantly define a principal symbol

ol"(A) € S™(PT*M)/S™ 1 (PT* M)

of A, which is locally just given by (the equivalence class of) a. If the princi-
pal symbol admits a homogeneous representative a,,, meaning a,,(z, A() =
A" (z,¢) for A > 1, then we say that A has a homogeneous principal
symbol and, by a slight abuse of notation, set o}*'(A) = a,,. We will some-
times identify homogeneous functions on PT*M \ o with functions on the
unit cosphere bundle PS*M, viewed as the boundary of the fiber-radial
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compactification DT M of PT* M. The first key point now is that there
is a symbolic calculus for b-ps.d.o.s, with the most important features being
that for A € U7*(M), B € U™ (M),

oAI) =1, o (A") =o' (A), o™ (Ao B) = ol (Ao (B),

where we fixed a b-density on M, which in local coordinates is of the form
a ’dng dy’ with @ > 0 smooth down to x = 0, to define the adjoint. For local
computations, it is very useful to have the asymptotic expansion

(1.5) ra(Ao B0~ D 4
820

for the full symbol of a composition of b-ps.d.o.s, where a and b are the full
symbols of A and B, and "D, = (zD,, D,), where D = —id; the notation
‘~” means that the difference of the left hand side and the sum on the right
hand side, restricted to |8] < N, lies in S’m+m/—N(bT*M), for any N. In
particular, this gives that for A € ¥, B € \I/gb/ with principal symbols

(92a"DPb)(2,¢)

a, b, the principal symbol of the commutator is 0{)"“”/_1([14, B)) = %Hab7
where
H, = (0ra)x0y + (0,0)0y — (£0;a)0x — (0ya)0,.

This follows from the expansion (1.5) if we keep track of terms up to first
order. The vector field H, is in fact the smooth extension to the boundary
of the standard Hamilton vector field H, € C®(T*M°,TT*M°) of a €
Co°(T*M°).

The second key point for us is that b-ps.d.o.s naturally act on weighted
b-Sobolev spaces Hy'“(M), defined above:

UP(M) 3 A: HY*(M) — HE™™%(M), s,a € R.

We will collect some more information on b-Sobolev spaces and b-ps.d.o.s
in §2.

The analogous ‘non-smooth’ operators that play the starring role in this
paper, b-Sobolev b-ps.d.o.s, are locally defined by (1.4), but we now allow
the symbol a to be less regular. As an example, for many remainder terms
in our computations, it will suffice to merely have

a(z

NG H
1.6
o (O™ Mo (@)

< C, uniformly in ¢ € R",

) Strictly speaking, this identification is only well-defined for functions which are homo-
geneous of order 0; in the general case, one should identify homogeneous functions with
sections of a natural line bundle on ®S* M which encodes the differential of a boundary
defining function of fiber infinity.
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which already implies that A = a(z,®D.) defines a continuous map
(1.7) A: HY — Hgl_m, s> 8 —m,s>n/2+max(0,m — s');

see Proposition 3.9. Assuming more regularity of the symbols in (, we can
study compositions of such non-smooth operators; the main tool here is the
asymptotic expansion (1.5), which must be cut off after finitely many terms
in view of the limited regularity of the symbols, and the remainder term
will be estimated carefully. In §3, we will develop the (partial) calculus
of b-Sobolev b-ps.d.o.s as far as needed for the remainder of the paper,
in particular for the proofs of microlocal regularity results, which will be
essential for the linear analysis of equation (1.3).

Let us briefly recall a few such regularity results in the smooth setting,
working on unweighted b-Sobolev spaces for brevity. First, we define the
b-wavefront set WF},(u) C PT* M\ o of u € H, *°(M) as the complement of
the set of all w € PT*M \ o such that Au € L(M) = H?(M) for some A €
WP (M) elliptic at w; recall that a b-ps.d.o A € ¥ (M) with homogeneous
principal symbol a is elliptic at w € PT*M \ o iff |a(Aw)| = ¢|A|™ for A > 1,
where we let Ry act on PT*M \ o by dilations in the fiber. We informally
say that w is in H microlocally at w iff w ¢ WFy (u). By definition, the
wavefront set is closed and conic, thus we can view it as a subset of *.S* M
moreover, it can capture global H{ regularity in the sense that WF} (u) = 0)
implies u € HS (M) (and vice versa). Elliptic regularity then states that if
u € Hy * satisfies Pu € HJ ™™ for P € U}* which is elliptic at w, then u is
in HY microlocally at w. The proof is an easy application of the symbolic
calculus — one essentially takes the reciprocal of the symbol of P near w to
obtain an approximate inverse of P there — and readily generalizes to the
non-smooth setting as shown in §5; the main technical task is to understand
reciprocals of non-smooth symbols, which we will deal with in §4.

Next, given an operator P € ¥ with real homogeneous principal symbol
p, we need to study the singularities for solutions u € H * of Pu = f €
HZ ™! within the characteristic set ¥ = p~!(0) of u; note that elliptic
regularity gives u € HY 1 microlocally off ¥. Let us assume that dp # 0
at ¥ so that X is a smooth conic codimension 1 submanifold of *T*M \ o.
The real principal type propagation of singularities, in the setting of closed
manifolds originally due to Duistermaat and Hormander [13], then states
that WE} (u) is invariant under the flow of the Hamilton vector field H,
of p. In other words, WF} (u) is the union of maximally extended null-
bicharacteristics of P, which are by definition flow lines of H,. We recall the
key idea of the proof using a positive commutator argument in §6.3. In this
section, we will then generalize this statement and the commutator proof
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to the case of non-smooth P. Since P now only acts on a certain range of
b-Sobolev spaces, the allowed degrees o of regularity that we can propagate
have bounds both from above and from below in terms of the regularity s
of the coefficients of P; also, since non-smooth operators like the ones given
by symbols as in (1.6) have very restricted mapping properties on low or
negative order spaces, see (1.7), we need to assume higher regularity Hj
of the coefficients of P when we want to propagate low regularity HY of
solutions u. The main bookkeeping overhead of the proof of the propagation
of singularities thus comes from the need to make sense of all compositions,
dual pairings, adjoints and actions of non-smooth operators that appear in
the course of the positive commutator argument.

In order to complete the microlocal picture, we also need to consider
the propagation of singularities near radial points, which are points in the
b-cotangent bundle where the Hamilton vector field H, is radial, i.e. a
multiple of the generator of dilations in the fiber. The above propagation
of singularities statement does not give any information at radial points.
Now, in many geometrically interesting cases, the Hamilton flow near the
set of radial points has a lot of structure, e.g. if the radial set is a set of
sources/sinks/saddle points for the flow. The proof of a microlocal estimate
near a class of radial points in §6.4 (see the introduction to §6 for refer-
ences in the smooth setting) again proceeds via positive commutators, thus
similar comments about the interplay of regularities as in the real principal
type setting apply.

In §7.2, we will combine the microlocal regularity results with standard
energy estimates for second order hyperbolic equations from §7.1, see e.g.
Hormander [23, Chapter XXIII] or [19, §2], and prove the existence and
higher regularity of global forward solutions to linear wave equations with
non-smooth coefficients under certain geometric and dynamical assump-
tions, in particular non-trapping. The idea is to start off with forward
solutions in a space Hg’r, r < 0, obtain higher regularity at elliptic points,
propagate higher regularity (from the ‘past,” where the solution vanishes)
using the real principal type propagation of singularities, propagate this
regularity into radial points, which lie over the boundary, and propagate
from there within the boundary; the non-trapping assumption guarantees
that by piecing together all such microlocal regularity statements, we get
a global membership in a high regularity b-Sobolev space, however still
with weight r < 0. To improve the decay of the solution, we use a contour
deformation argument using the normal operator family as in [40, §3].
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Finally, to apply the machinery developed thus far to quasilinear wave
and Klein-Gordon equations on ‘static’ asymptotically de Sitter spaces,
we check in §8 that they fit into the framework of §7.2, thereby proving
Theorems 1.1 and 1.2. To keep the discussion in §8 simple, we will in fact
only consider quasilinear equations on static patches of de Sitter space
explicitly, but the reader should keep in mind that the arguments apply in
more general settings; see §8, in particular Remark 8.3, for further details.
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2. Function and symbol spaces for local b-analysis

We work on an n-dimensional manifold M with boundary M. Since
almost all results we will describe are local, we consider a product decom-
position R? = (R, ), x R;“l near a point on M. Whenever convenient,
we will assume that all distributions and kernels of all operators we con-
sider have compact support. Whenever the distinction between = and y (or
their dual variables, A and 7) is unimportant, we also write z = (z,y) (or
¢= (/\7 77))

On S(Ry~1), we have the Fourier transform (Fv)(n) = [e™¥v(y) dy
with inverse (# 1v)(y) = [€®¥v(n)dn, where we normalize the mea-
sure dn to absorb the factor (2r)~(»~1. Likewise, on C°(Ry), i.e. func-
tions vanishing to infinite order at 0 with compact support, we have the
Mellin transform (Zu)(A) =[5z~ u(x) 92 with inverse (7 u)(z) =
Jiw sz o @2 u(X) dX, where o € R is arbitrary; here, we also normalize dA
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to absorb the factor (27)~!. For any function u = u(z,y) € C® (R7), we
shall write

u(A,n) = ( My xFysqu) (A1)

Weighted b-Sobolev spaces on @ can then be defined by

uwe Hy(RY) = 7°Hy(R) <= (O)° (M |tmr=—aFu)(() € Lz(RZ),
where the restriction to Im A = —a« effectively removes the weight x®. We
will also write L2 (R%) = H{(R™), which agrees with the usual definition
of LA(RT) = L*(R7, % dy), since .4 .F: L*(R%, < dy) — L*(R?) is an
isometric isomorphism by Plancherel’s theorem.

As in the introduction, we define the b-wavefront set of u € H, *(R%)
by
(20,C0) € WFp(u) < 3A € U} (RY),08(A)(20,¢0) # 0, Au € LY (RT).

Here, U{ . consists of operators with compactly supported Schwartz kernel,
and we write A = A(z,"D,) = A(z,y,2D,, D,). The b-wavefront set in a
weighted b-Sobolev sense is defined by

WEF(u) :== WFy (%), u € H, “%(RY).
There is the following simple characterization of WF;, (u).

LEMMA 2.1. — Let u € Hy *(R"). Then (2o, ¢o) ¢ WF} (u) if and only
if there exists ¢ € C°(R), #(20) # 0, and a conic neighborhood K of (g
in R™ such that

(2.1) Xk (O)(C)*pu € LA(R™),

where x i is the characteristic function of K.

Proof. — Tt suffices to prove the lemma when yg is replaced by Xx €
C>(R™), where Xx =1 on the half line R>1(p, and X is homogeneous of
degree 0 in |¢| > 1. Given such a Yk and ¢ € C°(R}) so that (2.1) holds
(with x gk replaced by Yk ), the map

A: v (Xk(PD)(D)* +r(°D))(¢v)
is an element, of ¥§ (R7) for an appropriate choice of r(¢) € S~ (see
Lemma 2.4). Since 7(°D): H, *(R"%) — H°(R%), we conclude that Au €
L?(R™), which by Plancherel’s theorem gives (2o, (y) ¢ WFp (u), as desired.

For the converse direction, given A € V3 (R%), oy (A)(20,C0) # 0, take
¢ € C(RY) and Yk € C=(R™) with ¢(z0) # 0, Xk (¢o) # 0 such that A is
elliptic on WF} (B), where B = (Y (°D)(®D)*+r(®D))¢ € \I/]S)’C(Rf’_f_), again
with an appropriately chosen r € S™>°. A straightforward application of
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the symbol calculus gives the existence of C' € ¥y (R%), R’ € U, (RY})
such that B = CA — R'; thus Bu = C(Au) — R'u € LE(R%). Since
r(°D): H;*° — H°, we conclude that i (O)(C)*pu € L2(R™), and the
proof is complete. O

It is convenient to build up the calculus of smooth b-ps.d.o.s on M using
the kernels of b-ps.d.o.s explicitly, as done by Melrose [31]: On the one
hand, they are conormal distributions, namely the partial Fourier transform
of a symbol® a(z,y; \,n) near the diagonal of the b-stretched product
M, smoothly up to the front face, and on the other hand, they vanish to
infinite order at the two boundaries Ib(M;) and rb(M2), which in particular
ensures that b-ps.d.o.s act on weighted spaces. However, we will refrain from
describing the kernels of the non-smooth b-operators to be considered later
and rather keep track of more information on the symbol a, wherever this
is necessary. The idea is the following: Given a conormal distribution

I(s) :== /ei“ogsa(x) d\, a€ S™(R),

The function I, (t) := I,(e') is rapidly decaying as |t| — co. If we require
however that INQ(S) be rapidly decaying as s — 0 and s — oo, i.e. I, is
super-exponentially decaying as [t| — oo, it turns out that the symbol a(\)
can be extended to an entire function of A with symbol bounds in Re A
which are locally uniform in Im A; see Lemma 2.3 below.

DEFINITION 2.2. — Let m € R. Then S{"((Ry), x Ry~ Ry x RI1) is
the space of all symbols a € S™((R'}).;R¢) such that the partial inverse
Fourier transform .7, . a is super-exponentially decaying as [t| — oo, i.e.
for all p € R, there is C,, < oo such that |ﬂ)\__1)ta(x,y;t,n)| < C,Le’“‘t| for
lt| > 1.

LEMMA 2.3. — Let m € R. Then a()\) € SI*(R,) if and only if a extends

to an entire function, also denoted a()), which for all N, K € N satisfies
an estimate

(2.2) |IDYa(\)| < CngN™ % |[Im )\ < N, k< K.
for a constant C x < 0.

Proof. — Given a € SJ', we write a = ag + a1, where for ¢ € C3°(R),
¢ =1 near 0,

ap = F(¢F ta), a1 =F((1—-¢)F 'a).

) For clarity, the semicolon ‘;’ will often be used to separate base and fiber variables

(resp. differential operators) in symbols (resp. operators).
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Since .# "la; € C*°(R) is super-exponentially decaying, we easily get the
estimate (2.2) for a; (in fact, the estimate holds for arbitrary m); see e.g.
[31, Theorem 5.1]. Next, ¢.# ~ta € &'(R), thus ag is entire, and we write
for \,p e R:

ag(A+ip) = //R? oA b1V a(0) do da

— /Ra(a + ) (/R eIl () dx) do

Since e**¢p(x) is a locally bounded (in p) family of Schwartz functions, we
have for |u| < N, N € N arbitrary,

(2.3) lao(A +ip)| < C’N/<0+/\>m<a>’N do

= o (VN do o "5V Ndo .
(2.4) =Cn </|U|<|A< + M) N d +/|0’|>|>\< + \)"™(o) d)

First, we consider the case m > 0. Then the first integral in (2.4) is bounded
by

[ i) o < exin
R
for N > 1, and the second integral is bounded by

/ (o) N do < Cn o < On(N)™
R

for —N 4+ m < —1 in view of m > 0; thus we obtain (2.2) for k = 0.
Next, we consider the case m < 0. The integral in (2.3) is dominated by

S P .
W | e < /C e

gCNm

This proves (2.2) for k = 0. To get the estimate for the derivatives of ag,
we compute

Drag(A) = / / (o)A =i0% g2V a(0) do da

// Yeelle=A=iz 4 (1) a(o) do da
_//el(" AT 42 D¥ (o) do d,

and since |D¥a(0)| < Ci{o)™ %, the above estimates yield (2.2) for arbi-
trary K.
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For the converse direction, it suffices to prove the super-exponential decay
of #~ta. Fix u € R. Then for |z| > 1, k € N, we compute

eth

e Fla(x) = em“/ e a(\) d\ = — / e (—Dy)ka(N) dA.
R IR

Choose k such that m—k < —1, then we can shift the contour of integration

to Im A = pu, thus

7 a(w)] <Jel " [ DjalA+in)|dx € L.
R

Since this holds for any p € R, this gives the super-exponential decay of
Z~Lla for |z| — oo, and the proof is complete. O

5 is not a b-ps.d.o. unless

In particular, the operator with full symbol (¢)
s € 2N. However, we can fix this by changing (¢)® by a symbol of order

—00; more generally:

LEMMA 2.4. — For any symbol a € S™((Ry), x Rp~H Ry x R,
there is a symbol a € S}* witha —a € S™°°.

Proof. — Fix ¢ € C°(R) identically 1 near 0 and put
a(z,y: A ) = Facs ((F350) (@, y: £, m)(1)).

Then a € S}* by the proof of Lemma 2.3. Moreover, f;_l)t(af a) is smooth
and rapidly decaying, thus the lemma follows. O

COROLLARY 2.5. — For each s € R, there is A, € Ui (R'}) with full
symbol A\s € Sg, As(¢) # 0 for all { € R™, such that s — ({)® € S~°.

Proof. — The only statement left to be proved is that A\s can be arranged
to be non-vanishing. Let Xs € Sy be the symbol constructed in Lemma 2.4.
Since A, differs from the positive function (¢)* € §%\ S~ by a symbol
of order S~°°, it is automatically positive for large |(|; thus we can choose
C = C(s) large such that A,(¢) = As(¢) + C’(s)e*C2 is positive for all
¢ € R™. Since e=¢ € Sy, >, the proof is complete. O

3. A calculus for operators with b-Sobolev coefficients

We continue to work in local coordinates on M. To analyze the action
of operators with non-smooth coeflicients on b-Sobolev functions, we need
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a convenient formula. Given A € ¥ (M) with full symbol a(z,y; A\, n) €
S™(>T* M), compactly supported in z,y, we have for u € C>(M)

u(z,y) //// Mog(a/a) gin(w=v") g (2, y; A, m)u(a, y)d*dy d\dn
= // zea(x, y; A, n)a(\,n) dA dn.

Writing @ for the Mellin transform in 2 and the Fourier transform in y, we
obtain

_ . . d
(3.1) Au(o,v) = //// o= TN e Mg (2 Y X, )a(\, ) dAdn f dy
= [[ato -2 mamaim iran

Even though this makes sense as a distributional pairing, it is technically
inconvenient to use directly: The problem is that if a does not vanish at
x = 0, then a(o,~v;A\,n) has a pole at o = 0 (cf. [31, Proposition 5.27]).
This is easily dealt with by decomposing

(3.2) a=a"(y;\n) +aV(z,y; \m),

where a9 (y; X\, n) = a(0,y; \,n) and o™V (z,y; \, 1) = za™ (z,y; \,n) with
aM e 8™, (Of course, a® in general no longer has compact support;
however, this will be completely irrelevant for the analysis, dge\ to the fact
that a(®) has ‘nice’ behavior in y, independently in x.) Then a( (o, v; A, n)
is smooth and rapidly decaying in (o,~), and we write

(3.3) (ADu)(() = / aD(¢ — & €)a(e) de.
For A = () (y,PD), we obtain
(3.4) (AQu)(g,) = / FaO(y - i o,n)alo,n) dn,

and .Za% (y;0,7) is rapidly decaying in ~.

Remark 3.1. — Either we read off equation (3.4) directly from equa-
tion (3.1), where we observe that the symbol a(?) is independent of z,
thus the integrals over x and A are Mellin transform and inverse Mellin
transform, respectively, and therefore cancel; or we observe that, with
aO(z,y; N, n) = a9 (y; \, n), we have

a) (g — Ay — s A n) = 278, Fa® (0,7 — m; A, 7).

The second argument also shows that many manipulations on integrals
that compute AMy (or compositions of b-operators) also apply to the
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computation of A if one reads integrals as appropriate distributional
pairings.

Notice that (3.3) is, with the change in meaning of a(1) and % and keeping
in mind that a() = za) is a rather special symbol, the same formula as
for pseudodifferential operators on a manifold without boundary used by
Beals and Reed [7]. Since also the characterization of H} functions in terms
of their mixed Mellin and Fourier transform (Lemma 2.1) is completely
analogous to the characterization of H*® functions in terms of their Fourier
transform, the arguments presented in [7] carry over to this restricted b-
setting. In order to introduce necessary notation and construct a (partial)
calculus in the full b-setting, containing weights, we will go through most
arguments of [7], extending and adapting them to the b-setting; and of
course we will have to treat the term Ag separately.

The class of operators we are interested in are b-differential operators
whose coeflicients lie in (weighted) b-Sobolev spaces of high order. Let us
remark that we do not attempt to develop an invariant calculus that can
be transferred to a manifold; in particular, all definitions are on M, see
also the beginning of §2. We thus define the following classes of non-smooth
symbols:

DEFINITION 3.2. — For m, s € R, define the spaces of symbols
H{ Sy = {Z a;(2)p;j(2,¢): a; € Hy,pj € Sg;)},
finite

and denote by Hglllz’g) the corresponding spaces of operators, i.e.
H{WE ={a(2,"D): a(z,¢) € HE SR }-
Moreover, let U™ = {a(z,"D): a(z,() € S™}.

Remark 3.3. — In this paper, we will only deal with operators that are
quantizations of symbols on the b-cotangent bundle, and thus with ¥™ we
will always mean the space defined above.

Remark 3.4. — In a large part of the development of the calculus for
non-smooth b-ps.d.o.s in this section, we will keep track of additional infor-
mation on the symbols of most ps.d.o.s, encoded in the space of symbols S},
in order to ensure that they act on weighted b-Sobolev spaces. Although
this requires a small conceptual overhead, it simplifies some computations
later on.

The spaces H{;\Il’(kb) are not closed under compositions, in fact they are
not even left ¥i-modules. To get around this, which will be necessary in
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order to develop a sufficiently powerful calculus, we will consider less regular
spaces, which however are still small enough to allow for good analytic (i.e.
mapping and composition) properties.

DEFINITION 3.5. — For s,m € R, k € Ny, define the space
"0 = {p(z,Q): p € Q™ LE ((H3)2) |

_ P Q)
= {ple.0: TS e L)

Let S H; be the space of all symbols p(z,y; \,n) € S™CH which are
entire in A with values in (n)™ L3° ((Hy))) such that for all N the following
estimate holds:

(3.5) Ip(2; A+ ip, )l < On(Am)™,  |ul < N.

Finally, define the spaces
ik ry =810 r7
Sty = {p(=,Q): 0fp € S7 0, 18] < k.
The spaces of operators which are left quantizations of these symbols are
denoted by W™OH?, \IIZ”OHg and \IIZ';;)kHﬁ, respectively.
Weighted versions of these spaces, involving H;'® for a € R, are defined
analogously.

We can also define similar symbol and operator classes for operators act-
ing on bundles: Let E, F, G be the trivial (complex or real) vector bundles
over @ of ranks dg,dp,dg, respectively, equipped with a smooth metric
(Hermitian for complex bundles) on the fibers which is the standard metric
on the fibers over the complement of a compact subset of M, then we can
define

HS™(RE; G) = {(ai)1<i<de * @i € HyS™}.
We then define the space Hglllm(@; E, F) to consist of left quantizations
of symbols in H3S™(R%; Hom(E, F)); likewise for all other symbol and
operator classes.(®) We shall also write Hg\IIm(M, E):= Hg@m(m; E. E).

Remark 3.6. — If we considered, as an example, the wave operator cor-
responding to a non-smooth metric acting on differential forms, the natural
metric on the fibers of the form bundle would be non-smooth. Even though
this could be dealt with directly in this setting, we simplify our arguments

(6) Since we are only concerned with local constructions, we use the somewhat imprecise
notation just introduced; the proper class that the symbol of a b-pseudodifferential
operator (with smooth coefficients), mapping sections of E to sections of F', lies in, is
S™(PT* M; * Hom(E, F)), where 7: PT* M — M is the projection; see [31].
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by choosing an ‘artificial’ smooth metric to avoid regularity considerations
when taking adjoints, etc.

The first step is to prove mapping properties of operators in the classes
just defined; compositions will be discussed in §3.2.

3.1. Mapping properties

The mapping properties of operators in ™" H} are easily proved using
the following simple integral operator estimate.

LEMMA 3.7 (cf. [7, Lemma 1.4]). — Let g(n,&) € LFL; and G(n,§) €
L;,"’Lg. Then the operator

Tu(n) = / G0, €)g(n — £,)u(€) de

is bounded on L* with operator norm < ||G|| e r2llgllzez2-

Proof. — Cauchy-Schwartz gives

Tl < [ ( / IG(W7§)|2d£> ( / |g<n—§,f>u<£>|2df) d
<1612z [ ([ 19t0- € 607 an) o)

NG gl 2 lullZe. 0

The most common form of G in this paper is given by and estimated in
the following lemma. We use the notation

(3.6) ay :=max(a,0), a€R

LEMMA 3.8. — Suppose s,r € R are such that s >r,s >n/2+ (—r)4,
then .
g © T TR
Proof. — First, suppose > 0. Then we obtain

1 1

= &2egr =g
Since s > n/2, the ¢-integral of the second fraction is finite and indepen-
dent of 7. For the &-integral of the first fraction, we split the domain of

G(n,¢) =

G(n,€)?* <

ANNALES DE L’INSTITUT FOURIER
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integration into two parts and obtain

1 1
d d
/|§|<|n§| (n — &)2t=r(g)2r o /|77§|<|§| (n — &)2=r(&)> ¢

1 1
< —d§+/7d£eL°°.
/<€>25 (n—¢)* !
Next, if r < 0, then we estimate

2 (I 1 1
O = G gEm S g T g
where in the first fraction, we discarded the term (n)~2" > 1. Since s —
(—r) > n/2, the integrals of both fractions are finite, and the proof is
complete. O

PROPOSITION 3.9. — Let m € R. Suppose s > s’ —m and s > n/2 +
(m — §');. Then every A = a(z,°D) € V™ H$(R";E,F) is a bounded
operator H{ (R; E) — HZ ~™(R'L; F). If A € W' H (R, E, F), then A
is also a bounded operator Hf)l’o‘ R™; E) — Hf)/*m’a(]Rf’_f_; F) for all « € R.

Note that this proposition also deals with ‘low’ regularity in the sense

that negative b-Sobolev orders are permitted in the target space. We shall
have occasion to use this in arguments involving dual pairings in §6.

Proof of Proposition 3.9. Let us first prove the statement without bun-
dles, i.e. for complex-valued symbols and functions. Let u € Hgl be given.
Then

(0 o) = [ (¢~ s e

for ao(¢;€) € LELE, up € L. Lemma 3.8 ensures that the fraction in
the integrand is an element of LE"L?, and then Lemma 3.7 implies that

()7~ Au(¢) € LE.
In order to prove the second statement, we write for u € Cé’o

a(z,y, 2Dy, Dy)u(z,y) = // ei’\logzei”ya(x,y; A, n)a(A,n) dhdn
Im A=0

_ / / a(N) (5, y)T(\, m) dAd,
Im \=0

where

a(N)(m;z,y) = 2 ea(z, y; A, 1);
we want to shift the contour of integration to Im A = —a. Assuming that
supp, , a is compact, we have that for any N,

@)@, ) gz < O™, [Im A < N,
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and a(A) is holomorphic in A with values in Hg’_N for fixed 7. Since u(A,n)
is rapidly decaying, we infer for all sufficiently large M > 0

/ Hd()\)(n, K ')||HE‘—N|a()\,7])‘ dn < CN /<)‘777>m+8_M dn
= Cyar{nymHs—MEn=t

thus
&N (z,y) = / G(N) ;2w ) dy € ()M L3 (HE )

forall M > 0,and a’: C — HS’_N is holomorphic. Therefore, if we choose
N > |af, we can shift the contour of integration to the horizontal line
R —ia:

a(e,y, 2Dy, Dy )ulz,y) = / & (V) () dA
Im\=—«

(3.7)
=z° // eMoBT Y g (g 9 X — dar, ) (%) (N, 1) dX dn.
Im A=0

By definition, a|im x=—« satisfies symbolic bounds just like a|im x=o, thus
we are done by the first half of the proof.

Adding bundles is straightforward: Write A € U™CHs(R; E, F) as A =
(Aij), Aij € U™OHE(RY) and u € H (R E) as u = (uy), u; € Hy (RT).
Then Au = (Z?il A;juj), thus Au € HSL’"(Rﬁi; F') follows by component-
wise application of what we just proved. O

COROLLARY 3.10. — Let s > n/2. Then H(R'}; End(E)) is an alge-
bra. Moreover, Hﬁl(m; Hom(E, F)) is a left Hi(R"; End(E))- and a right
H§(R"; End(F))-module for || < s.

Proof. — As in the proof of Proposition 3.9, we can reduce the proof to
the case of complex-valued functions. For s’ > 0, the claim follows from
Hﬁl C \I/g;oHﬁl and the previous Proposition. For s’ < 0, use duality. O

3.2. Compositions

The basic idea is to mimic the formula for the asymptotic expansion of
the full symbol of an operator which is the composition of P = p(z,"D) €
UM and Q = ¢(z,"D) € \I/bm/, namely

oran(P o Q)(z,¢) ~ Z

820

1

5 (07p*Dlg)(2,€).
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If p or ¢ only have limited regularity in ¢ or z, we only keep finitely many
terms of this expansion and estimate the resulting remainder term carefully.
More precisely, keeping Remark 3.1 in mind, we compute for v € C°

(PQu)” // Pl1 — & E)G(E — G O)A(C) dC de
(35) -/ ( [5t-¢-s¢+oieo d«s) a0 dc,

and

[(97p"D2a) (=, *D)u]~(n) = / (OP"D2a) (0 — G Ou(¢) d¢

/(/ pln—¢—&0)¢% (§<)d§> a(¢) dc.

We now apply Taylor’s theorem to the second argument of p at £ = 0 in
the inner integral in (3.8), keeping track of terms up to order k£ — 1 which
we assume to be > 0 (the remaining case k = 0 is handled easily), and
obtain a remainder

A= G C) = Zﬂ,// (1= 08 0 B(n — ¢ — &:C +16) dt)

|Bl=k
x £Pq(&;¢) dg,

corresponding to the operator

(3.9) r(z"D)=PoQ— ﬁ, (92p"D2q)(2,"D).
|B]<k
We rewrite the remainder as
(3.10)
=2 5 / ( / L= 19p(n - & <+t£>dt) ("DZ)"(&;¢) dé.

|Bl=k

We will start by analyzing the terms in an expansion like (3.9) when the
symbols involved are not smooth. When we deal with smooth b-operators
by using the decomposition (3.2) of their symbols, we will need multiple
sets of dual variables of = and y. For clarity, we will stick to the following
names for them:

(Mellin-)dual variables of x: o, A, p,
(Fourier-)dual variables of y: v,7, 0.
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LEMMA 3.11. — Let s,8',m,m’ € R be such that s > n/2, |s'| < s.
Then

Sm;OHg . S'rn’;OHg’ - Sm-{—m';OI_Ig"7
s gm0 ¢ gm0 s
The same statements are true if all symbol classes are replaced by the

corresponding b-symbol classes.

Proof. — In light of the definitions of the symbol classes, we can assume
m = m’ = 0. The first statement then is an immediate consequence of
Corollary 3.10. In order to prove the second statement, we simply observe
that, given p € S°, p(+;¢) is a uniformly bounded family of multipliers on
Hgl. A direct proof of the sort that we will use in the sequel goes as follows:
Decompose the symbol p as in (3.2). The part pM) € SY0H can then be
dealt with using the first statement. Thus, we may assume p = p(9, i.e.
p = p(y; A, n) is a-independent. Let ¢ € SO;OHgl be given. Choose N large
and put

po(vixm) = (MM Fp(v; A n)l,
q0(o,7; Am) = (0,7)* [a(o, v A ),
TO(Ua Vs Aa 77) = <Ua ’Y>s |]§z](0'7 vs /\7 77)|
Then

// To (0-7’7; /\7 77)2 do d’y

! 2
(0, 7)° . .
< // (/ WZ’O(’V —0;\,n)qo(0,0; \,n) d9> do dry

S o A mliz r2llgo(o, 000l 12 )
by Cauchy-Schwartz. |
Recall Remark 3.3 for the notation used in the following theorem on the

composition properties of non-smooth operators:

THEOREM 3.12. — Let m,m’,s,s’ € R, k, k' € Ny. For two operators
P = p(z,°D) and Q = q(z,"D) of orders m and m/, respectively, let

1
R=PoQ- ) @w?prfq)(z,bD).
18l<k ™"

Denote the sum of the terms in the expansion for which |3| = j by E;.

(1) Composition of non-smooth operators, k > m+ k', k> k'
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(a) Suppose s >n/2 and s<s' —k[s<s —2k+m+ k] If
Pewm™tHy, Qe vOH
then
E; € Ut Si0s R e W R0 s (gt kO sy
(b) If
PecU™FH® Qe wOH
then
E; € \I/m—i—m’—j;OHg/—j’
R W RO =k oy gmebm k0 s =2kt k

(2) Composition of smooth with non-smooth operators.
(a) Suppose k = m+ kK, k= k. If

PeU™ QewmOH
then
Ej e Wt S0,
Re \I/m’—k/;OHg/—k n \I,m+m’—k;OH§’—2k+7R+k’.
(b) Suppose k < k' and k' > m. If
Peu™MH: Qeum,
then
Ej € \I,erM'fj;OHkS)7 Re \I,erm’fk;ng.
(3) Composition of smooth with non-smooth operators, k < m+k', k > k.
If
PecU™ Qew"OH!
then
E; € gt 30 i,
R =RiMAmiw -k + Ay —k R,
where Ry, Ry € U™ —F0Fs =k,
Moreover, (1)—(2) hold as well if all operator spaces are replaced by the

corresponding b-spaces. Also, all results hold, mutatis mutandis, if P maps
sections of F' to sections of G, and Q maps sections of E to sections of F'.
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Proof. — The statements about the E; follow from Lemma 3.11. It re-
mains to analyze the remainder operators. We will only treat the case k > 0;
the case k = 0 is handled in a similar way. We prove parts (1), (2a) and
(3) of the theorem for k' = 0 first. (1a). Consider the case s < s’ — k. We
use formula (3.10) and define

w060 = 3 > /|a (3¢ + )] dt,
Bl=k
(O H(DE) (&)
qO(fa() - <C>m/ )

where "D¥ denotes the vector ("D?) 5= Since py € LZ%L?7 in view of
k>m,ie. 6?]) is a symbol of order m — k < 0, and ¢g € LEOL27 we obtain

m*[rn Ol _ / (m)*
(™ (n—&)*(&)

by Lemma 3.7, as claimed. Next, if s < s’ — 2k + m, we instead define

s’fkpo(n - £a§7<)q0(€7<) df S LEOL%

@) min6i0) = 32 S’ / (GO0l C+1€)| dt € L L2,
Bl=k

thus
m*[Fns QI _ / (n)* _ (QFm
(ymam'=k = [ (n—£)5(€)%*  infocica (¢ + P
x po(n —&,&C)qo(&;C) dE

with qo € LZ’OLE as above. Now

(3.12) S

infocic1 (¢ + &) ™~ ’
since for |¢] < [¢]/2, the left hand side is uniformly bounded, and for
IC| < 2[¢|, we estimate the infimum from below by 1 and the numerator

from above by (£)*~™. Therefore, we get 7o € LOOL% in this case as well.
(1b). This is proved similarly: Define ¢q(&; () as above, and choose N
large and put

po(n,&;¢) = Z %( W / |6cp(n,§+t§)|dt.

|B]=k
Then

() 7 Ol (n)*'
R g/ (= )N (g 10

(n—&,60)qo(&;C) dg,
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and the fraction in the integrand is an element of L;’ng by Lemma 3.8,

thus an application of Lemma 3.7 yields R € \Ilm/§0H§/*k. In a similar
manner, now using (3.12), we obtain R € \Ilerm,*’“OHg,*QkJFm,

(2). Decomposing the smooth operator as in (3.2), the z-dependent part
has coefficients in Hg°, thus we can apply part (1). Therefore, we may
assume that the smooth operator is z-independent in both cases.

(2a). The remainder is

(o, v; A\ n) = Z 5'/(/ )k 18’8 9p(7—9;x\+250,77+150)dt>

|B1=k
x("DEq)(c,0; \,n) db;

therefore, choosing N large and defining

k 1
po(v.o, 00 m) = *(’Y)N/ 105, Fp(v: A+ to,n + t0)| dt
0

|
|81=k & i~ 2
€ LG,O,)\,nL'W
(0,0 *(*D2g) (0,00 m)| _ oo
qO(aae; Aan) = <)\’77>m’ € )\,nLg,Qa
we get
(0,7)" F [P0, 73 A m)]
A, ™
s’ —k
a,7
< / <’7 —<9>N20' 9>s’—kp0(ﬁy - 97 a, 07 )\7 77)(10(0'7 9, >\7 77) do
which is an element of Lioan, ~ by Lemmas 3.8 and 3.7. This proves R €
g 50H§ % and in a similar way we obtain R € \I'm"’m/_k?OHg/_%er.

(2b). Here, the remainder is

o vidn = > B'/(/ £k 135np(0,7—9;A,77+t9)dt>

\BI=k
x Z("DJq)(0; A\, n) db,

and arguments similar to those used in (a) give the desired conclusion if
k=Fk.If k <k, we just truncate the expansion after E;_; and note that
the resulting remainder term, which is the sum of the remainder term after
expanding to order k' and the expansion terms Ej,..., Ey/_1, indeed lies
in \I]m—i-m/—k;OHs

g
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(3). We again use formula (3.10) for the remainder term and put

r(n; O)x (¢l = In+¢)) r(m; Ox (<] < n + <)
)\mfk(é-) ’ )\mfk(n + C) ’

m1(n;¢) = ma(n;¢) =

the point being that, by equation (3.3), for any u € Cé’o,
(=D (o) = [ 70 - ¢, C)ac) de
— [ Rl = GOm0 (O + Aol [ Faln = €00 de
= (r1(2,"D)Ap—itt) (1) + (Apm—rr2(z, "D)u)"(n).

It remains to prove that r(z,"D),ro(z,D) € \Pm/?OHﬁ/_k. First, we treat
the case P € zU™. Then for any N € N, we obtain, using

sup (C+t&)™F (O™ F + (g™,

0<t<1
that

kIR , s'—k m—k m—k

X po(n —&,&¢)q(&;¢) dE
- / G0, & Opon — £.& Oao(€: €) de,

where po(n,§;¢) € Lg% L2 is defined as in (3.11) (with s replaced by N)
and qg € LO"L2 as before We have to show G(1,§;¢) € L, L§ in order
to be able to apply Lemma 3.7. For [£| > 2|n|, we 1mmed1ately get, for N
large enough,

m—k
(€) ) = 12(¢] > 2ln)),

(Qm=*

where N’ = N — (k — s’)4+. On the other hand, if |£| < 2|n|, we estimate

1
6060 5 g (1 n

s’ —k m—k
G(’?af;C)wa_(g;I\wS/_k(l‘*‘éci )X(C|>|’7+C|)

and use that |¢| > |p + ¢| implies |n| < |n + (| + | — ¢] < 2|¢|, hence the
product of the last two factors is uniformly bounded, giving G(n,§;() €
L;’?ch(m < 2|n|) by Lemma 3.8.
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In the case P = p(0,y; xD,, D, ), we get the estimate

(0,7) “F|Fi (o, v A )|
(A, )™

< /G(Uv s 0; >‘7 77)170(7 - 97 a, 9; )\v 77)‘]0(0» 0; )‘a 77) dea

where pO(’y?Ua 97 )‘777) €Ly L2 qo(aa 97 )"77) € Li?nLg,97 and

o,0,A\,n""y
(,~)% ~F (o,0)™ "
Glo,7,0;A,m) = (v = 0N (o, 0)s—* b (A, mym—t

<x(Iuml = 1(,7) + (A, m)]).

As above, separating the cases |(o,0)| > 2|(o,7)| and |(0,68)| < 2|(0,7)|,
one obtains G € Ly, /\,nL§7 and we can again apply Lemma 3.7.

The second remainder term ro is handled in the same way.

Next, we prove that (1)-(2) also hold for the corresponding b-operator
spaces. Using exactly the same estimates as above, one obtains the respec-
tive symbolic bounds for the remainders on each line Im A = ag. What
remains to be shown is the holomorphicity of the remainder operator in .
This is a consequence of the fact that the derivatives 8,\8? p, |B] = k, and
Oxq, satisfy the same (in the case of symbols of smooth b-ps.d.o.s, even bet-
ter by one order) symbol estimates as 8? p and ¢, respectively. Indeed, for
(1a), i.e. for non-smooth b-symbols, this follows from the Cauchy integral
formula, which for dyq gives

o b azen)
8/\q(Z7Aa77) - 2 %;()\) (0_ _ )\)2 do

where () is the circle around A with radius 1. Namely, since |0 — A| =1
for o € y()\), we get the desired estimate for dyq from the corresponding
estimate for ¢ itself. We handle 8,\8? p similarly. (1b) and (2) for b-operators
follow in the same way.

Finally, let us prove (1), (2a) and (3) for &’ > 0 following the argument of
Beals and Reed in [7, Corollary 1.6], starting with (1a): Choose a partition
of unity on R™ consisting of smooth non-negative functions xo, . .., x» with
supp xo C {|¢| < 2}, and || > 1 on supp x;. Then

PoQxo("D) € UFHE o U0

can be treated using (la) with ¥’ = 0, taking an expansion up to order
k > m + Kk > m; all terms in the expansion as well as the remainder term
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are elements of W~%9H hence P o Qxo("D) € ¥=°CH$ can be put into
the remainder term of the claimed expansion.

Let us now consider PoQx;(®D). For brevity, let us replace Q by Qx;(°D)
and thus assume |(;| > 1 on supp ¢(z, ¢). Then by the Leibniz rule,

}C/
PoQ"DE = PPD¥ 0 Q - Z cj PPD¥ =3 o ("DI q)(z,"D)
Jj=1

for some constants cj» € R. Composing on the right with(" bDZ_lk/ thus
shows that P o () is an element of the space

Y

S w0y o ' R g

Jj=0
In view of the part of (la) already proved, the j-th summand has an
expansion to order k — 7 > m + k' — j with error term in the space
\I/{)"Lk,;OHﬁ [\Ilg”m'*k;oHﬁ], where we use k —j > k— k'’ > 0 and s <
(s =j3)—(k—j)[s<(s—7)—2(k—j)+ (m+ k" —j)]. Using the same
idea, one can prove (1b), (2a) and (3). O

Notice that we do not claim in (3) that Ry and Rs lie in b-operator spaces

if ¢ does. The issue is that 1/A,,(¢) in general has singularities for non-real
(. In applications later in this paper, we will only need the proposition as
stated, with the additional assumption that p is a b-symbol, since instead
of letting the operators in the expansion and the remainder operator act on
weighted spaces, we will conjugate P and @ by the weight before applying
the theorem.

4. Reciprocals of and compositions with H; functions

In this section, we recall some basic results about 1/u and, more gen-
erally, F'(u), for v in appropriate b-Sobolev spaces on an n-dimensional
compact manifold with boundary M, and smooth/analytic functions F'.

Remark 4.1. — We will give direct proofs which in particular do not
give Moser-type bounds; see [37, §§13.3, 13.10] for examples of the latter.
However, at least special cases of the results below (e.g. when C*°(M)
is replaced by C or R) can easily be proved in a way as to obtain such
bounds: The point is that the analysis can be localized and thus reduced

(M) To be precise, one should take bD;lk/;('L(bD), where x; = 1 on supp x; and || > 1/2
on supp x;.
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to the case M = R7; a logarithmic change of coordinates then gives an
isometric isomorphism of H{(R") and H*(R™), and on the latter space,
Moser-type reciprocal/composition results are standard, see [37].

4.1. Reciprocals

Let M be a compact n-dimensional manifold with boundary.

LEMMA 4.2. — Let s > n/2+1. Suppose u,w € Hi(M) and a € C*(M)
are such that |a 4+ u| > ¢o > 0 on suppw. Then w/(a+u) € HS (M), and
one has an estimate

[s]+1
L°°(K)>

(4.1)

Proof. — We can assume that suppw and suppu lie in a coordinate
patch of M. Note that clearly w/(a +u) € LZ. We will give an iterative
argument that improves on the regularity of w/(a 4+ u) by (at most) 1 at
each step, until we can eventually prove Hy regularity.

1
a—+u

w

< Cxcllwllme (14 fullme)™ (1 +

a+u s
Hb

for any neighborhood K of supp w.

To set this up, let us assume w/(a + u) € Hglfl for some 1 < ¢’ < s.
Recall the operator Ay = Ay (°D) from Corollary 2.5, and choose 1, €
C°°(M) such that ¢¥g = 1 on suppw, ¥ = 1 on supp)y, and such that
moreover |a + u| > ¢, > 0 on suppt, which can be arranged since u €
H C C°. Then for K = supp ¢,

w w w
oo 2] < - oone 22 o o 22
a+ullL? a+ullL? a+ullL?
w 1 w
S + [ wta+wa,——|
a+ullL? a+ ullL>(K) a+ullL?
w 1
: e
Sllata L%—F eyl PN <||¢ w2 + ||¥ a+u]a+u 2
(4.2)
< w n 1
a+ullL? a+ ullLe=(K)
w w
s’ As’a ‘ )
x (”wa +Ha+uHH§'*1 +H¢[ u]aJru L@)

where we used that the support assumptions on 1y and ¢ imply (1 —
V)Aghy € U= and ¢[Ay,a] € U¥ 1. Hence, in order to prove that
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w/(a +u) € Hf , it suffices to show that [Ay,u]: Hglfl — L. Let v €
Hélfl. Since

(Awuw)™(C) = / At (Q)R(C — m)(n) di
(ko) (() = / (¢ — m)Aw (n)D(n) d,

we have, by taking a first order Taylor expansion of Ay (¢) = Ay (n+(¢C—n))
around ¢ =7,

([As; ufo)”™

(©)
Z/(/a/\ (n+1t(¢ - n))dt)(bDﬁ)(C n)o(n) dn

[Bl=1
We will to prove that this is an element of L% using Lemma 3.7. Since for
Bl =1,
07 Xt (¢ = )] < 0+ 8¢ = m)*

B — | = Lol =m s vo(n)
|("DZu)"(¢ = n) Tt [v(n)] e
for ug,vg € L?, it is enough to observe that
<77+t(<_77)>5/_1 < 1 1 LOOL2
e e e e

uniformly in ¢ € [0, 1], since s — 1 > n/2.
To obtain the estimate (4.1), we proceed inductively, starting with the
obvious estimate

/a0l < Rolligh o+ wll=o < ollag (14| 54, )

Then, assuming that for integer 1 < m < s, one has

-1

Jufa+ )l S Dol (14| ] ) 0 elg)

we conclude, using the estimate (4.2),

|l
a+ullHp
1 w
S o ()|
ol Dol (ot + ot g 2
m+1
S s (1+ loale) (Tl
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Thus, one gets such an estimate for m = |s]; then the same type of estimate
gives (4.1), since one has control over the H{ '-norm of w/(a + u) in view

of s —1 < [s] and the bound on |lw/(a + u)|| ;1 O
b

In particular:

COROLLARY 4.3. — Let s >n/2+ 1.

(1) If w € H{(M) does not vanish on supp ¢, where ¢ € C°(M), then
bfu e Hi(M).

(2) Let « > 0. If w € H%(M) is bounded away from —1, then
1/(1+u) € 1+ H(M).

Proof. — The second statement follows from
1 U
— =—— c H>YM). O
l+u 14w v (M)
We also obtain the following result on the inversion of non-smooth elliptic
symbols:

PROPOSITION 4.4. — Let s >n/2+ 1, m € R, k € Ny.
(1) Suppose p(z,¢) € S™FH: (R} ; Hom(E, F)) and a(z,() € S° are
such that ||p(z, ()™ ltom(r,z) < co(C)™™, co < 00, on supp a. Then
ap~! € ST™FHE (R ; Hom(F, E)).
(2) Let o > 0. Suppose that p'(z,() € S™"H,*(R'};Hom(E, F)),
p"(z,¢) € S™(R%; Hom(E, F)) and a(z,¢) € S° are such that
H(p/l)_lnHom(F,E)a (0’ +p//)_1HHom(F,E) < co{¢)~™ on suppa.
Then
a(p' +p")"t€alp’)t + ST (R ; Hom(F, E)).
Proof. — By multiplying the symbols p and p’ by (¢) ™™, we may assume
that m = 0.

(1) Let us first treat the case of complex-valued symbols. By Corollary 4.3,
a(+,¢)/p(-,¢) € HE, uniformly in ¢; thus a/p € S%°Hg. Moreover, for
ol <k,

of0 ?zla?anleaglp
o () = X e, 7

D pl/-‘,-l

where the sum is over all 81+ -+ 8, +v1+---+7, = a with |v;| > 1,
1 < j < v. Hence, using that H} is an algebra and that the growth
order of the numerator is —|a|, we conclude, again by Corollary 4.3,
that 0¢'(a/p) € S=led0frs: thus a/p € SR HY.
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If p is bundle-valued, we obtain ap~* € SO0 H (m, Hom(F, E)) us-
ing the explicit formula for the inverse of a matrix and Corollaries 3.10
and 4.3; then, by virtue of

Oc(ap™") = (9ca — ap™ (Ocp))p™ ",

similarly for higher derivatives, we get ap~! € S%* [ (R%; Hom(F, E)).
(2) Since a(p'+p”)~t = (a(p”)_l) (I—l—p’(p”)_l)_l, we may assume p”’ = I,

a € S°(R7; Hom(F, E)) and p' € S**Hy*(R'}; End(F)), and we need

to show

(I+p)"' — 1€ S H>(RY;End(F)).
But we can write
(I+p)" =T=—pT+p)7"

which is an element of S%YH,"*(R" ; End(F')) by assumption. Then, by

an argument similar to the one employed in the first part, we obtain

the higher symbol estimates. O

4.2. Compositions

Using the results of the previous subsection and the Cauchy integral
formula, we can prove several results on the regularity of F'(u) for F' smooth
or holomorphic and u in a weighted b-Sobolev space. The main use of such
results for us will be that they allow us to understand the regularity of the
coeflicients of wave operators associated to non-smooth metrics.

In all results in this section, we shall assume that M is a compact n-
dimensional manifold with boundary, s > n/2 + 1, and a > 0.

PROPOSITION 4.5. — Let u € HY*(M). If F: Q — C is holomorphic in
a simply connected neighborhood Q of u(M), then F(u)—F(0) € Hy"“(M).
Moreover, there exists € > 0 such that F(v) — F(0) € H>*(M) depends
continuously on v € Hy'™ (M), [lu — v|[gse <e.

Proof. — Observe that u(M) is compact. Let v C C denote a smooth
contour which is disjoint from w(M ), has winding number 1 around every
point in u(M), and lies within the region of holomorphicity of F. Then,
writing F'(z) — F'(0) = zFy(z) with F} holomorphic in €2, we have

U 1
F(u) — F(0) = M}{H(C)C_u dg,
Since v 3 ¢ — u/(¢—u) € HY*(M) is continuous by Lemma 4.2, we obtain

the desired conclusion F(u) — F(0) € H>“.

ANNALES DE L’INSTITUT FOURIER



QUASILINEAR WAVE EQUATIONS 1323

The continuous dependence of F'(v) — F(0) on v near u is a consequence
of Lemma 4.2 and Corollary 3.10. O

PROPOSITION 4.6. — Let v’ € C*°(M), u"” € H“(M); put u = u' +u”.
If F: Q — C is holomorphic in a simply connected neighborhood 2 of
uw(M), then F(u) € C*°(M)+ H,“(M); in fact, F(v) depends continuously
on v in a neighborhood of u in the topology of C*°(M) + H,>*(M).

Proof. — Let v+ C C denote a smooth contour which is disjoint from
u(M), has winding number 1 around every point in u(M), and lies within
the region of holomorphicity of F. Since v’ = 0 at 9M and u” is continuous
by the Riemann-Lebesgue Lemma, we can pick ¢ € C*(M), ¢ = 1 near
OM, such that ~ is disjoint from «'(supp ¢). Then

. )
¢F@0-—2wzf}é ,7 )dc

F C C — N
o e
¥
the first term equals ¢F(u ), and the second term is an element of H;"® by
Corollary 4.3. Next, let ¢ € C*° (M) be identically equal to 1 on supp(1—¢),

and (E = 0 near M. Then ¢u € H{; in fact, it lies in any weighted such
space. Thus,

27i

(- 0pF) = o f O Eac e g

and the proof is complete. O

If we only consider F'(u) for real-valued w, it is in fact sufficient to as-
sume F' € C*°(R; C) using almost analytic extensions, see e.g. Dimassi and
Sjostrand [12, Chapter 8]: For any such function F and an integer N € N,
let us define

e iy)k
(4.3) (x+iy) = ] (@)x(y), z,y€R,
k=0

where x € C°(R) is identically 1 near 0. Then, writing z = x + iy, we have
for y close to 0:
(4.4)

0:F(2) = 5(0u +10,) a2 = WL 041 F) ) x(0) = O( m 21",

Observe that all u € C*°(M) + H,“(M) are bounded, hence in analyzing
F(u), we may assume without restriction that F' € C°(R; C).
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PROPOSITION 4.7. — Let F € C°(R; C). Then for u € Hy“(M;R), we
have F(u) — F(0) € HY®(M); in fact, F(u) — F(0) depends continuously
on u.

Proof. — Write F(z) — F(0) = zFy(z). Then, with (F})y defined as
in (4.3), the Cauchy-Pompeiu formula gives the pointwise identity
0z (F1)n(C)

(—u
Here, note that the integrand is compactly supported, and 1/(¢ — u(z)) is

F(u)—F(O):—E/(C dedy, (=z+1y.

™

locally integrable for all z. In particular, we can rewrite

1 U

4.5 F(u) — F(0) = —= lim O (F1)n (¢ dz dy.
45 P -FO) =t [ oFowO
Now Lemma 4.2 gives
U
< C sa)| 1 —s—2
il S CUulg)m =2,
since u is real-valued. Thus, if we choose N > s+ 2, then
- u s,
is bounded by (4.4), hence integrable, and therefore the limit in (4.5) exists
in H'®, proving the proposition. O

We also have an analogue of Proposition 4.6.

PROPOSITION 4.8. — Let F € C*(R;C), and v € C®(M;R),u" €
H>*(M;R); put u = o +u”. Then F(u) € C>*°(M) + H,“(M); in fact,
F(u) depends continuously on wu.

Proof. — As in the proof of the previous proposition, we have the point-
wise identity

Flu' +4") - F)

1 . ~ 1 1
T ;{% | Tm ¢ >3 BC(Fl)N(C)(C —u - (- U') e dy
9z (F "
— —— lim el 1)N,(C) e drdy
TONO S |mess ¢ —u (C—u)—u

Writing fn = 85(ﬁ1)N, we estimate the Hy“-norm of the integrand for
¢ € C\ R using Lemma 4.2 by

H ~ (<) !

U
¢—u

(=T [ Tm ¢ 7%

L(HY)

< |59
¢—u

~Y
L(H®) H®
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here, we denote by |||

LOHD™)s for a function h, the operator norm of mul-
tiplication by h on H;'®. We claim that the operator norm

~(C)
(-

is bounded by |Im ¢|N¥~*71; then choosing N > 2s + 3 finishes the proof
as before. To prove this bound, we use interpolation: First, since u’ is real-
valued, we have by = O(|Im |7 |fn(¢)]) = O(|Im¢|N~1) by (4.4). Next,
for integer k > 1, the Leibniz rule gives

.|

L(H)

k
be $ Y I ¢ 10 v () < [Tm PN+,
=0
where we use that |94 fx (¢)| = O(|Im ¢|Y) for all ¢, as follows directly from
the definition of fy. By interpolation, we thus obtain b, < |[Im ¢|V =571, as
claimed. g

5. Elliptic regularity

With the partial calculus developed in §3, it is straightforward to prove
elliptic regularity for b-Sobolev b-pseudodifferential operators. Notice that
operators with coefficients in H{ for s > n/2 must vanish at the boundary
by the Riemann-Lebesgue Lemma, thus they cannot be elliptic there. A
natural class of operators which can be elliptic at the boundary is obtained
by adding smooth b-ps.d.o.s to b-Sobolev b-ps.d.o.s, and we will deal with
such operators in the second part of the following theorem.

THEOREM 5.1. — Let m,s,r € R and (y € bS*M. Suppose P =
P,, + R, where P,, € HV(R"; E, F) has principal symbol p, and R €
oY R B F).

(1) Let P = P, and suppose p = j is elliptic at o, or
(2) let P = Py+ P, where Py € \I/{f(@; E, F) has principal symbol po,
and suppose p = p + pyg is elliptic at (p.
Let 3 € R be such that § < s —1 and s > n/2 + 1+ (—35)4. Then in both
cases, if u € Hg"‘m_l’r(m; E) satisfies
Pu=fc¢€ Hs’r(m; F),

it follows that Co ¢ WEy ™" (u).
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Proof. — We will only prove the theorem without bundles; adding bun-
dles only requires simple notational changes. In both cases, we can assume

that » = 0 by conjugating P by x~

T

: moreover, Ru € H; by Proposition 3.9

by the assumptions on s and §, thus we can absorb Ru into the right hand
side and hence assume R = 0. Choose ag € S elliptic at (y such that p is
elliptic on supp ag, and non-vanishing there, which only matters near the

zero section.

(1)

Let A, be as in Corollary 2.5. By Proposition 4.4,

q(2,¢) := ao(z,)Am(C)/p(2,¢) € S“ Hy,.
Put Q = ¢(z,°D). Then by Theorem 3.12 (1a), using P = P, €
WO,

Qo P =ay(z,"D)A,, + R’
with R € U™~ hence by® Proposition 3.9
ao(z,"D)Apu = Qf — R'u € H.
Then standard microlocal ellipticity implies (o, ¢ WEF; T (u).
If ¢ ¢ bT;@@, then the proof of part (1) applies, since away from
JE— + JE—
ORT, one has U C HEU™. Thus, assuming (p € ngﬁRﬁ, we note
that the ellipticity of p at (o implies pg # 0 near (y, since the function
p vanishes at OR”. Therefore, Proposition 4.4 applies if one chooses
ag € SY as in the proof of part (1), yielding
Q(Za C) = Clo(Z, C))‘W(C)/p(zv C) = q~0(za C) + QO(Za C)?

where Gy € S“CH, g0 € S°. Put Qvo = Go(z,"D), Qo = qo(z,"D), then

(Qo + Qo) o (P + Py) = ag(z,"D)A,, + R’
with
R/ c \Ifm_l;OH§71 + \Ijm—l;OHﬁ 4 \I/m_l;OHS71 + \11?71

C \I/mfl;OHg*—l 4 \Ilfbn—l’

where the terms are the remainders of the first order expansions of
@0 o ﬁm, @0 oPy, Qpo ﬁm and Qg o Py, in this order; to see this, we use
Theorem 3.12 (1a), (2b), (2a) and composition properties of b-ps.d.o.s,
respectively. Hence

ao(z,"D)Amu = Qof + Qof — R'u € Hy,

®) For Qf € Hf, we need s > § and s > n/2+ (—8§)4. For R'u € H,

Lyweneed s—12>3

and s —1>n/2+ (—8) 4.
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which implies {y ¢ WF; T (u). O

Remark 5.2. — Notice that it suffices to have only local H," member-
ship of f near the base point of (3. Under additional assumptions, even
microlocal assumptions are enough, see in particular [7, Theorem 3.1]; we
will not need this generality though.

6. Propagation of singularities

We next study the propagation of singularities (equivalently the propaga-
tion of regularity) for certain classes of non-smooth operators. The results
cover operators that are of real principal type (6.3) or have a specific radial
point structure (6.4). For a microlocally more complete picture, we also
include a brief discussion of complex absorption (6.3.3).

The statements of the theorems and the ideas of their proofs are (mostly)
standard in the context of smooth pseudodifferential operators; see for ex-
ample Hormander [23] and Vasy [40] for statements on manifolds without
boundary and Hassell, Melrose and Vasy [17], Baskin, Vasy and Wunsch [6]
as well as [19] for the propagation of b-regularity near radial points in var-
ious settings. Beals and Reed [7] discuss the propagation of singularities
on manifolds without boundary for non-smooth ps.d.o.s, and parts of §§6.1
and 6.3 follow their exposition closely.

6.1. Sharp Garding inequalities

We will need various versions of the sharp Garding inequality, which
will be used to obtain one-sided bounds for certain terms in positive com-
mutator arguments later. For the first result, we follow the proof of [7,
Lemma 3.1].

PROPOSITION 6.1. — Let s,m € R be such that s > 2—m and s > n/2+
2+ my, where my = max(m,0). Let p(z,() € S*" 12 H: (R ; End(E)) be
a symbol with non-negative real part, i.e.

Re(p(z,()e,e) >0 2€R?,(€R"e€E,

where (-,-) is the inner product on the fibers of E. Then there is C' > 0
such that P = p(z,°D) satisfies the estimate

Re(Pu,u) > —Cllulf, u € CF(RY;E).
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Proof. — Let g € C°(R™) be a non-negative even function, supported in
(I <1, with [¢*(¢)d¢ =1, and put

1 £—¢
F(G8 = tqamt (<<>1/2> '

Define the symmetrization of p to be

Pay(7,7,¢) = / F(n, p(z, )F(C.€) de.

Observe that the integrand has compact support in £ for all i, z, {, therefore
Dsym 15 well-defined. Moreover,

(Pymn ("D, 2, *DYu) () = / Baym (1,1 — €, O)A(C) dC,

hence, writing v = (u;), p = (Pij);, Psym = ((Psym)ij), and summing over
repeated indices,

Re(peyun ("D, 2, *D)u, u) = Re / / By (1 — € C)og(C) () dC

—re [ ( [e<reoae) dc)j ( [emrmean dn>i

xpij(z,§) d§ dz

_ / / Re(p(z, ) F("D; )u(z), F(°D: €)u(z)) dé dz > 0.

Thus, putting (2, °D) = psym ("D, 2, D) — p(z, D), it suffices to show that
r(2,¢) € S H2(R7; End(E)), i.e.

(217 (0; Ol ena(e)
(¢)2m

in order to conclude the proof, since Proposition 3.9 then implies the con-
tinuity of r(z,"°D): H"(R; E) — H, ™([R";E). From now on, we will
suppress the bundle E in our notation and simply write | - | for || - |gna()-
Now, 7(z,PD) acts on C° by

(6.1) <ro(m; Q) ro(m;¢) € LELy.

(r(z *D)u)~(n) = / R — ¢, OR(C) dC;
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hence
7(1;¢) = Dsym(n + ¢, m,¢) — D(1; C)
(6.2) - / F(n+ ¢ €)p(m: €)F (¢, €) dé — pn; )
- / F(n+ 6 €) (m:€) — plm; ) F(C. ) de
(6.3)

+ [0+ 6.6 = FGORROF(C.€) de
where we use [ F((,£)?d¢ = 1. To estimate 7(n; ¢), we use that

5 (O )
[P; O = = s po(m ), po(mi €) € LELy.

We get a first estimate from (6.2):

~ . 1
A0 01 % | e

where S is the set

S ={€ = I <(OV2IE =+ QI < (n+ )P}
In particular, we have (¢) ~ (£) ~ (n+ () on S, which yields
<<>2m+17n/2 <<>2m+1

(m /£<<<4>1/z Po(m: &) dé + Wp()(m <)

<€>2m+1 . <C>2m+1 .
S P0(77» 5) df + <77>S Po (777 C)a

[7(n; Q) <
We contend that

wir Q= [ wirgde e 171

Indeed, this follows from Cauchy-Schwartz:

2
/ / po(m; &) d| dn S / () / [po (7€) * dé i
[€—¢I<(¢)t/2 lE—CI<(C)1/2
S <C>n||P0(77;§)H%g°L$]-

We deduce
2m—+1
A0l < & zms PO, i) € LEL2,
If |n| = |€|/2, this implies
s—1|7 0.
(6.4) W < égipé’(n;o S po(m:6)s

thus we obtain a forteriori the desired estimate (6.1) in the region |n| >

€1/2.
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From now on, let us thus assume |n| < |¢|/2. We estimate the first integral
in (6.3). By Taylor’s theorem,

p(n;€) = p(n; ¢) = 9cp(1; €) - (€ =€)
1
+ [ 0= 0= .0 C (e = 0)- (6 = )
and since () ~ (¢) on supp F(, &), this gives

p(n;€) = (05 ) = cp(11: Q) - (€ = O) + € = CPO((¢)*™ ) on supp F(C, ),

where we say f € O(g) if [f| < |g|h for some h € LZ°L7. The first integral
in (6.3) can then be rewritten as

0B ) [ (€= ) (Pln+C.€) - FIG€)) PG €) de
+0(0™ ) [l = PR+ COF G de,

where we use [(§ — ¢)F(¢,€)*d¢ = 0, which is a consequence of ¢ being
even.
Taking the second integral in (6.3) into account, we obtain

(6.5) 7(n; O S (My + My + Ms)py'(n;€), o' (n;¢) € LELE,

where

2m—+1
Miin.¢) = & /'5 Vet c.o - FOIFE o) de

)
(n)
2m~+1 2
i - S 16
)

5 F(n+CEF(CE)dE

<C 2m—+1
(m)®

M, is estimated easily: On the support of the integrand, one has |€—(|? <
(€), thus

M (n.¢) = / (F(1+ C.€) — F(C.€)F(C.€) de| .

S s
I+ QrrAT

here, the term (¢)™/? in the numerator is (up to a constant) an upper
bound for the volume of the domain of integration. Since we are assuming

[nl < [¢1/2, we have (n+¢) 2 (C), which gives Ms(n,¢) < (¢)*™/(n)*.

MZ(T’a C) 5
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In order to estimate M; and M3, we will use

20k 6.0 = s (G ) + et ({s )

2 _ az(() §—C
8CF(C3€)7 <<—>n/4+1q2(<c>1/2 9
where the a; are scalar-, vector- or matrix-valued symbols of order 0, and
g5 € C(R™). ) )
Hence, writing F(n+¢,§)—F(¢, &) = n-0:F(¢+1tn, §) for some 0 < ¢ < 1,
we get

(@t ()2l <
(me (M /A2 (s
where we again use || < |¢|/2 and (¢ + tn) = (C).
Finally, to bound M3, we write

Ml(na C) SJ

1
Fn+C6) — F(C.&) = -0 F(C.6) + / (1= ), BF(C + tn,€) - ) e

and deduce

<C>2m“< ()"l
(e \(Or/atH()m/4

] / (9cq) <<§<>1/C2) ‘ <<€<>1/C2> dg‘

IRRCE
()" n|? )

(¢yn/a+1()rm/4

Ok

~ ()i

Joen (i) o () s =

which holds since ¢ has compact support. Plugging the estimates for Mj,
j=1,2,3, into (6.5) proves that (6.1) holds. The proof is complete. O

The idea of the proof can also be used to prove the sharp Garding in-
equality for smooth b-ps.d.o.s:

MS(na C) 5

+

+

where we use

PROPOSITION 6.2. — Let m € R, and let p(z,() € S*™ T (R"; End(E))
be a symbol with non-negative real part. Then there is C' > 0 such that
P = p(z,"D) satisfies the estimate

Re(Pu,u) > —Cllul|f, u € CE(RY; E).
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Proof. — Write p(x,y;¢) = p(y;¢) + pM(z,y;¢), where p®(y;¢) =
p(0,y;¢) and pM) = xp € HS?*™+!1. The symmetrization p(°D, z,"D),
defined as in the proof of Proposition 6.1 is again non-negative, and the
symbol of the remainder operator r(z,"D) = psym ("D, z,°D) — p(z,"D) is
the sum of two terms pé% —p(® and pg,zn—p(l). The proof of Proposition 6.1
shows that pgﬁn —pM e S§2mi0 oo Tt thus suffices to assume that p = p©
is independent of z, which implies that pgym is independent of = as well,
and to prove 7(y,”D) = (psym — p)(y, °D): H™ — H, ™.

Similarly to the proof of Proposition 6.1, we put

1 (U B )\,'Y - 77)
FOvme) = <A,n>n/4q< )72 >

Psym (s 05 y5 A, m) = // F(p,0;0,7)p(y; 0,7)F (A, m;0,7) do dy
and obtain
(Psym ("Ds y; "D)u)~(p, 0) = /ﬁpsym(pﬁ;@ — ;. p,m)t(p,m) dn
Fr(0;An) = Fpsym(A, 0 +n;0; A, m) — Fp(0; A, n),
thus
Fr(0;\,n)

= // F(X\,0+n;0,7)(Fp0;0,7) — Zp6; \,n) F(A\,n;0,7) do dy

+//(F(M9 +n;0,7) — F(\,1m;0,7)) Zp(0; A\, n)F (X, n;0,7) do d-.

Then, following the argument in the previous proof, we obtain

)\7 2m -
60 1FrA ] < Gl A, (i) € L3, I,
where we use
(A, m)2m

| Fp(0; X, m)| = po(0; A,m),  po(0;A,m) € LY, L,

<9>N+2

which holds for every integer N (with py depending on the choice of N).
An estimate similar to the one used in the proof of Proposition 3.9 shows
that (6.6) implies r(y, °D): Hy — H:™?™ for all s € R. O

Finally, we merge Propositions 6.1 and 6.2.

COROLLARY 6.3. — Let s,m € R be such that s > 2—m, s >n/2+2+
s Let p(z,C) € S H2Hs (RT, End(E)), po(=,¢) € 57+ (RT; End(E)
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be symbols such that p = pg + p has non-negative real part. Then there is
C > 0 such that P = p(z,"D) satisfies the estimate

Re(Pu,u) > ~Cllul}pn, u € C(RT; E).

Proof. — The symmetrized operator psym(°D, 2, D) is again non-nega-
tive, and the symbol of the remainder operator (2, °D) = psym ("D, z,PD) —
p(z,PD) is the sum of two terms posym — po and Psym — p. The proofs of
Propositions 6.1 and 6.2 show that (po.sym —Po)(z, °D) and (Psym —P)(z, °D)
map H{™ to H_.™, hence r(z,"D) maps H{" to H_,™, and the proof is
complete. O

6.2. Mollifiers

In order to deal with certain kinds of non-smooth terms in §§6.3 and 6.4,
we will need smoothing operators in order to smooth out and approximate
non-smooth functions in a precise way. We only state the results for un-
weighted spaces, but the corresponding statements for weighted spaces hold
true by the same proofs.

LEMMA 6.4. — Let s € R, x € C2°(R,). Then x(z/¢) — 0 strongly as
a multiplication operator on Hg(R%) as € — 0, and in norm as a multipli-
cation operator from H;“(R%?) — H(R") for o > 0.

Proof. — We start with the first half of the lemma: For s = 0, the state-
ment follows from the dominated convergence theorem. For s a positive
integer, we use that

w0 (1 (2)) =S (2) 9 (2). v

is bounded and converges to 0 pointwise in x > 0 as ¢ — 0, thus by virtue
of the Leibniz rule and the dominated convergence theorem, we obtain
x(z/€)u(z,y) = 0 in Hi(R%) for u € Hi(R%). For s € —N, the statement
follows by duality.

Finally, to treat the case of general s, we first show that x(-/e¢) is a
uniformly bounded family (in € > 0) of multiplication operators on H(R™)
for all s € R: For s € Ny, this follows from the above estimates, for s € Z
again by duality, and then for general s € R by interpolation. Now, put
M = supg..<q Ix(-/€)llHz»mz < 00. Let w € Hyj and § > 0 be given, and

TOME 66 (2016), FASCICULE 4



1334 Peter HINTZ

choose w’ € Hp® such that [|w’ —w| s < 6/2M. By what we have already
proved, we can choose ¢y > 0 so small that

IxC/e)w g < lx(/)w'llyra <6/2, € < eo;

then
, , J 0
IxC/eywllerg < lxC/e)(w = w)llmg + Ix(/e)w'llmy < Mgz + 5 =6
Concerning the second half of the lemma, the case s = 0 is clear since
x%x(x/e) — 0 in L°(R,) as € — 0; as above, this implies the statement
for s a positive integer, and the case of real s again follows by duality and
interpolation. |

LEMMA 6.5. — Let M be a compact manifold with boundary. Then
there exists a family of operators J.: C~*°(M) — C(M?°), € > 0, such
that J. € U, (M), and for all s, € R, J. is a uniformly bounded family
of operators on H}'® (M) that converges strongly to the identity map I as
e — 0.

Proof. — Choose a product decomposition 9M X [0, &), near the bound-
ary of M, and let x € C°(R), x = 1 near 0, supp x C [0,1/2]. We can then
define the multiplication operators x(z/e) globally on H *°(M). By the
previous lemma, I — x(-/€) converges strongly to I on H{(M); moreover,
supp(u — x(-/e€)u) C {z > €}. Thus, if we let J. be a family of mollifiers,
J. € U, (M), Jo—Iin WY (M) for & > 0, such that on the support of
the Schwartz kernel of J,, we have |z, — x| < €/2 near OM x dM where
x1, T2 are the lifts of x to the left and right factor of M x M, then we have
that J.(u — x(-/€)u) is an element of H (M) with support in {z > €/2},
thus is smooth. Therefore, the family J, := J. o (I — x(-/€)) satisfies all
requirements. O

6.3. Real principal type propagation, complex absorption

We will prove real principal type propagation estimates of b-regularity for
operators with non-smooth coefficients by means of a positive commutator
argument which is standard in the smooth coefficient case; we recall the
argument below.

THEOREM 6.6. — Let m,7,s,5 € R, a > 0. Suppose P= ]Bm + ]Bm_l +
R, where P,, € Hy“U(R%;E) has a real, scalar, homogeneous prin-

cipal symbol p,; moreover, let P, 1 € Hg_l’alll{)”fl(@; E) and R €
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UTARYE E) + 01 (R E). Suppose s and § are such that
(6.7) §5<s—1, s>n/2+7/24+(2-3)4.

(1) Let P = P and p = pyn, or
(2) let P=Py+ P, where P, € U(R™; E) has a real, scalar, homoge-
neous principal symbol pg. Denote p = py + P -
In both cases, if u € H§+m73/2’r(@; E) is such that Pu € H)"(RT; E),
then WFier*l’r(u) is a union of maximally extended null-bicharacteris-
tics of p, i.e. of integral curves of the Hamilton vector field H,, within the
characteristic set p~1(0) C PT*R7 \ o.

The proof, given in §§6.3.1 and 6.3.2, in fact gives an estimate for the
H§+m_1’r-norm of u: Suppose E, B,G € ¥ are such that all forward or
backward null-bicharacteristics from WFy (B) reach the elliptic set of E
while remaining in the elliptic set of G, and ¢ € C°(R%) is identically 1
on m(WFy(B)), where m: PT*R” — R} is the projection, then

||BUHH§+'m71.7~
b

< CUIGPull g + | Bull e + [ Pullgisr + ] yrom-s/2.)

in the sense that if all quantities on the right hand side are finite, then
so is the left hand side, and the inequality holds. See Figure 6.1 for an
illustration. In particular, it suffices to have only microlocal HS’T member-
ship of Pu near the parts of null-bicharacteristics along which we want to
propagate Hg“"*l’r regularity of u. The term involving 1 Pu comes from
the local requirements for elliptic regularity, see Remark 5.2.

Figure 6.1. Illustration of the propagation estimate (6.8). Here, 7 is a
null-bicharacteristic, i.e. an integral curve of the Hamilton vector field
of the principal symbol of P.

In §6.3.3, we will add complex absorption and obtain the following state-
ment.
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THEOREM 6.7. — Under the assumptions of Theorem 6.6, let ) €
(R E), Q = Q*. Suppose E,B,G € W) are such that all forward,
resp. backward, bicharacteristics from WF} (B) reach the elliptic set of E
while remaining in the elliptic set of G, and suppose moreover that q < 0,
resp. ¢ = 0, on WF(G), further let ¢ € C*(R) be identically 1 on
7(WFL(B)), then

||BU||H§+7n71,7‘ < C(HG(P - ZQ)uHHi,r + ||Eu||H§+7n71,T
DL —iQ)ul gz-1r + llull sm—s/2r)

in the sense that if all quantities on the right hand side are finite, then so
is the left hand side, and the inequality holds.

In other words, we can propagate estimates from the elliptic set of F
forward along the Hamilton flow to WF{(B) if ¢ > 0, and backward if
qg<0.

Conjugating by " (where z is the standard boundary defining function),
it suffices to prove Theorems 6.6 and 6.7 for r = 0. Moreover, as in the
smooth setting, we can apply Theorem 5.1 on the elliptic set of P in both
cases and deduce microlocal Hg"'m regularity of u there, which implies
that WF; ™™ ! (u) is a subset of the characteristic set of P, and thus we
only need to prove the propagation result within the characteristic set. We
will begin by proving the first part of Theorem 6.6 in §6.3.1; the proof is
then easily modified in §6.3.2 to yield the second part of Theorem 6.6. To
keep the notation simple, we will only consider the case of complex-valued
symbols (hence, operators acting on functions); in the general, bundle-
valued case, all arguments go through with purely notational changes.

Before commencing the proofs of the above theorems, we briefly sketch
the proof of Theorem 6.6 (for the weight » = 0) in the smooth setting using
a positive commutator estimate in the form given by de Hoop, Uhlmann
and Vasy [21], which roughly goes as follows (omitting a number of ‘ir-
relevant’ terms and glossing over the fact that the argument needs to be
regularized in order to make sense of the appearing dual pairings): Sup-
pose ¢ ¢ WF}(u), 0 = §+ m — 1; we want to propagate microlocal Hf
regularity of v along a null-bicharacteristic strip v of P from ( to a nearby
point ¢’ € 7. To do so, we choose a symbol a € S?~™+! with support
localized near -y, which is decreasing along the Hamilton flow of p except
near ¢ (where we have a priori information on ), i.e. Hya = —b*+e, where
e € S27 is supported near ¢, and b € S?7 is elliptic near ¢’. Then, denot-
ing by A, B, E formally self-adjoint quantizations of a, b, e, respectively, we
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obtain
(610)  |[Bull3ans) = (B*Bu,u) = (Eu,u) — (ilP, Alu, u) + (Gu, u),

where (-,-) denotes the (sesquilinear) dual pairing on L3(M), and G =
B*B — E +i[P, A] € U7, For simplicity, let us assume u € Hg_l/Q(M)
and P = P*; then, expanding the commutator and integrating by parts to
write ([P, AJu,u) = (Au, Pu) — (Pu, Au), and using that Pu € HY "
moreover using that (Fu,u) is bounded by the regularity assumption on
u at ¢, and using that (Gu,u) is bounded since u is in Hg_l/Q, we obtain
Bu € L%. Hence by elliptic regularity, u € HY microlocally near ¢’, finishing
the argument. Notice the loss of one derivative compared to the elliptic
setting, which naturally comes about by the use of a commutator: We
can only propagate H regularity of w, not HY +1 regularity, even though
Pue HZm

For the proof in the non-smooth setting, we will be choosing most op-
erators in this argument (A, B, F, G in the above notation) to be smooth
ones and thus have to absorb certain non-smooth terms into an additional
error term F' of symbolic order 20, which without further caution would
render the above argument invalid; by judiciously choosing B and E, we
can however ensure that the symbol of F' in fact has a sign, thus the ad-
ditional term (F'u,u) appearing in (6.10) can be bounded by a version of
the sharp Garding inequality which we proved in §6.1.

6.3.1. Propagation in the interior

For brevity, denote M = M We start with the first half of Theorem 6.6,
where we can in fact assume o = 0 since we are working away from the
boundary, as explained below. Thus, let P = P,, + P,,—1 + R, where we
assume

m>=1

for now,
P, € Hy ¥y with real homogeneous principal symbol,
Py € H o
Re Uy 0 1
and let us assume that we are given a solution

o—1/2
(6.11) we HI V2,
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to the equation
Pu=feH ™

where 0 = §+m — 1 with § as in the statement of Theorem 6.6. In fact,
since

R: H Y c HO™' — HZ ™

by Proposition 3.9,%) we may absorb the term Ru into the right hand side;
thus, we can assume R =0, hence P = P,,, + P,,,_1.

Moreover, let v be a null-bicharacteristic of the principal symbol p,, of
P,,, and assume that H,  is never radial on v, i.e. that H,  is linearly
independent from the generator of dilations in the fibers of PT* M\ 0 - recall
that at radial points, the statement of the propagation of singularities is
void. Note that the non-radiality in particular means that v NPT, suM =10
since p,, vanishes identically at the boundary, and in fact this setup is
the correct one for the discussion of real principal type propagation in
the interior of M. All functions we construct in this section are implicitly
assumed to have support away from OM. Even though we are working
away from the boundary, we will still employ the b-notation throughout
this section, since the proof of the real principal type propagation result
(near and) within the boundary will only require minor changes compared
to the proof of the interior result given here.

The objective is to propagate microlocal Hy regularity along v to a point
Co € PT*M \ o, assuming a priori knowledge of microlocal HY regularity
of u near a point (, on the backward bicharacteristic from (y; the location
and size of this region will be specified later, see Proposition 6.8. We will
use a positive commutator argument.

Step 0. Outline of the symbolic construction of the commutant. — The
idea, following [21, §2], is to arrange for H, = p!=™H, , p = ((),

(6.12) H, a=—b®+e—f,

where a, b, e are smooth symbols and f is a non-smooth symbol, absorbing
non-smooth terms of H, a in an appropriate way, which however has a
definite sign; by virtue of the sharp Garding inequality, we will be able to
bound terms involving f using the a priori regularity assumptions on wu.
As in the smooth case, terms involving e will be controlled by the a priori
assumptions of u near (. If b is elliptic at (y, we are thus able to prove the
desired Hy regularity at (p. The actual commutant to be used, which has

©) Weneeds—1>0c—m+1lands—1>n/24+(m—0—1)4.
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the correct symbolic order and is regularized, will be constructed later; see
Proposition 6.8 for its relevant properties.

The general strategy for choosing the non-smooth symbol f is as follows:
Non-smooth terms T', which arise in the computation and are positive, say
T > ¢ > 0, are smoothed out using a mollifier J, giving a smooth function
JT, but only as much as to still preserve some positivity JT —c/4 > ¢/4 >
0, and in such a way that the error T' — JT + ¢/4 is non-negative; then
b2 = JT — c¢/4 is a smooth, positive term, and f = T — JT + ¢/4 is non-
smooth, but has a sign, and T = b? + f. The mollifiers we shall use were
constructed in Lemma 6.5.

Step 1.1: Symbolic construction of the commutant on ®S*M. — To
start, choose 77 € C*(*S*M) with 7(¢o) = 0, Hp, 7(¢o) > 0, i.e. 7} mea-
sures, at least locally, propagation along the Hamilton flow. Choose o; €
C>®(PS*M),j=1,...,2n—2, with 0;(¢o) = 0 and H,,, 0;({o) = 0, and such
that dij, do; span T (PS*M). Put w = Z?Z;Q 07, so that w!/? approxi-
mately measures how far away one is from the bicharacteristic through (y.
Thus, |7] +w'/2 is, near (o, equivalent to the distance from ¢, with respect
to any distance function given by a Riemannian metric on *S* M. Then for

d€(0,1),e e (0,1],8 € (0,1] and F > 0 (large) to be chosen later, let
~ 1
¢=n+ 25
and, taking xo(t) = e71/* for t > 0, xo(t) = 0 for t < 0, and x; € C®(R),

x1 =0, /X1 € C*®(R), suppx1 C (0,00),suppxj C (0,1), and x; =1 in
[1,00), consider

a = Xo (F_l(ZB—?))xl (77:66—&-1).

First, we observe that H,  #({o) = Hp,.7n(¢o) > 0; but x1 (Lf;s + 1> =1

€
near (g, SO

Hp,.a(Co) = —F 107 H,, 0(Co)xo(2F ~18) <0

has the right sign at (p.
Next, we analyze the support of a: First of all, If { € supp a, then

#(¢) <265, 1(¢) = —0 —ed = —20.

Since w > 0, we get 1 = ¢ — w/e25 < ¢ < 236 < 26, thus w = €25(¢p — 7)) <
4€262, i.e.

(6.13) —0—ed <1 <289, w2 <25 on supp a.
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In particular, we can make supp a to be arbitrarily close to {y by choosing
0 > 0 small, hence there is 6o > 0 small such that H, 7 > ¢y > 0 whenever
7] < 260 and w'/? < 26y. The support of a becomes localized near w = 0
by choosing € > 0 small. The parameter 8 then allows one to localize supp a
near the segment 77 € [—4; 0]. Moreover, we have

(6.14) —0—e6 <H<—6, w'/?<2 on suppansuppy;,

which is the region where we will assume a priori microlocal control on .
Observe that by taking € > 0 small, we can make this region arbitrarily
closely localized at 7 = —¢, w = 0.

Choose X1 € C*(R), X1 = 0, such that X1 = 1 on supp x}, and supp X1 C
[0,1]. Since the coefficients of H,,, are continuous because of s > n/2 + 1,
we can choose a mollifier J as in Lemma 6.5, acting on functions f defined
on "T*R% by (Jf)(2,¢) = J(f(-,¢))(z), such that

oo o () (5.
(6.15) f' = xo <F‘1 (m-?)) {741 (T(;(S—H)
+ =ty (u (T4

hence e — f' = xoHp,, x1, we have f' > 0. Note that e € C*> has support as
indicated in (6.14), and f' € H ™! in the base variables.

In order to have (6.12), it remains to prove that the remaining term of
Hp..a, namely x1H,, X0, is non-positive; for this, it is sufficient to require
Hp,.¢ > co/2 onsuppaif § < dg. From the definition of ¢, this would follow
provided

6.16 H, w| < coe?d/2
Pm

on supp a. Now, since for s > n/2 + 2, H,, o, is Lipschitz continuous and
vanishes at (y, we have
2n—2

(6'17) |H;me| g 2 Z |U7‘|Hprn0-.]| < Cw1/2 (|ﬁ| +w1/2) )
j=1

hence (6.16) holds if 2C€5(26 + 2€8) < coe2/2, which is satisfied provided
16C6/co < €. Let us choose € = 160§ /¢y, with ¢ small enough such that
€ < 1. For later use, let us note that then near 7 = —9, the ‘width’ of the
support of a is

25/2
6.18 W U <2,
(015 C7 +fil) ~
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hence by (6.14), the region where we will assume a priori microlocal control
on u (i.e. suppe) has size ~ §2.
Now, let

b= (F6)"/2\/(JH,, )6 — co/4

el () (5 ),

' = (f 5)*1 ((Hp,, — JHp, )+ co/4)

XXS(F1<%3?>>X1(ﬁ;;S+1>,

where J is the same mollifier as used in (6.15); we assume it is close enough
to I so that |(H,, — JH,, )¢| < co/8, which implies (JH,, )¢ — co/4 >
¢p/8 > 0 and f’ > 0. Putting f = f' 4+ ", which is Hg_l in the base
variables, we thus have achieved (6.12).

Step 1.2: Incorporating the correct symbolic order into the commutant.
Next, we have to make the commutant, a, a symbol of order 20 — (m — 1),
so that the ‘principal symbol’ of i[P, A], i.e. H,, a, is of order 2, hence b
has order o, which is what we need, since we want to prove Hy regularity
of u at (p. Thus, define

g = pof(mfl)/2al/2’
and let
(6.19) i = (L+tp)"!

be a regularizer, ¢, € S~! for ¢ > 0, which is uniformly bounded in S°
for ¢ € [0,1] and satisfies ¢; — 1 in S* for £ > 0 as t — 0. We define the
regularized symbols to be d; = @i and a; = ?p>*~ ("~ Va = 42,

We compute H,, ¢+ = —tpiH, p. Amending (6.12) by another term
which will be used to absorb certain terms later on, we aim to show that
we can choose by, e; and f; such that, in analogy to (6.12), for N > 0 fixed,

to be specified later,
Hy, a; = ©;p° (Hp,a+ ((20 —m+ 1) — 2teip) (p~'H,,, p)a)
= —b; — N*p" la,+e — fi,
that is to say,
(6.20) ©;p° (Hpa+ [((20 —m + 1) — 2toip) (p~'H,,. p) + N?] a)
=—b; +e — fi.
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Here, note that, using the definition of ¢y, tpp; is a uniformly bounded
family of symbols of order 0. To achieve (6.20), let us take

2 20
€t = PP e

(6.21) i
fe=f+1, fl=er>f,

where e, f are given by (6.15); we will define f;’ momentarily. Using xo(t) =
t2x4(t), we obtain
Hp,.a+ [((20 —m +1) = 2tpip) (0~ 'Hy, p) + N?| a

et = (1) (0

— [((20 =m+1) = 2tp:p) (p~ 'Hyp,, p) + N?] F_15(25 - ¢>2>

5
il (o ) (15)

Thus, if F is large enough, the term in the large parentheses is bounded
from below by 3¢y /8 on supp a, since |28 — ¢/J| < 4 there. (The last state-
ment follows from —26 < 77 < ¢ < 286 < 26 and S < 1.) Therefore, we can
put

(6.22) b, = <F6>-1/2sotp“(<JHpm>¢

— [((20 = m+1) = 2tpsp) (p~ " (JH,,, )p) + N?]

a2y 2)”

i (oo 2)) o (B 40).
= (Fé) ' pip™ ((Hpm — JHp,. )0
— [((20 = m+1) = 2tep) (p~ " (Hp,, — JH,,.)p)]
x F_16(2ﬁ - ?)2 + C8O>

o6 (1 (28-5) ) (50 41).

with f// > 0 if the mollifier J is close enough to I, and thus obtain (6.20).
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We now summarize this construction, slightly rephrased, retaining only
the important properties of the constructed symbols. Let us fix any Rie-
mannian metric on "S*M near ¢y and denote the metric ball around a
point p with radius r in this metric by B(p,r).

PROPOSITION 6.8. — There exist g > 0 and Cy > 0 such that for

0 < 0 < 6o, the following holds: For any N > 0, there exist a sym-
bol & € S§7—(m=1/2 and uniformly bounded families of symbols G, =
oo € ST~m=1/2 (with ¢, defined by (6.19)), by € S7, e; € S*? and
fi € 52"?°°H§71, ft = 0, supported in a coordinate neighborhood (inde-
pendent of §) of {y and supported away from OM, that satisfy the following
properties:

(1) a;Hp, d; = —b7 — N2p™71a? + e, — f;.

(2) by — by in SH for £ > 0, and by is elliptic at (p.

(3) The support of e, is contained in B((y — dH,, (Co), Cod?).

(4) For t > 0, the symbols have lower order: a; € S~ (m=1/2=1 p, ¢

5771 e, €822 and f, € 52"_2?°°H§*1.

The commutant given by this proposition will now be used to deduce the
propagation of regularity in a direction which agrees with the Hamilton flow
to first order.

Step 2. Expanding the commutator; bounding error terms. — Let A€
\Ifg_(m_l)/2 be a quantization of & with WF}(A) C suppa, let ® be a
quantization of ¢y, i.e. ®; € UY is a uniformly bounded family, &, € vy !
for t > 0, and let A, = Ad,. Moreover, let B, € W7 be a quantization of b,
with uniform b-microsupport contained in a conic neighborhood of v, such
that B, € ¥} is uniformly bounded, and B; € \Ilgfl for ¢t > 0. Similarly,
let E; € U39 be a quantization of e; with uniform b-microsupport disjoint

from WFY (u) in the sense that
(6.23) | Eull g is uniformly bounded for ¢ > 0.

This is the requirement that u is in H on a part of the backwards bichar-
acteristic from (y, more precisely in the ball specified in Proposition 6.8.

In a sense that we will make precise below, the principal symbol of the
commutator i A¥[P,,, A;] is given by &, H,, &, which is what we described
in Proposition 6.8. We compute for ¢ > 0, following the proof of [7, Theo-
rem 3.2]:

Re(i A} [P, AgJu, u) = Re((iPy Agu, Agu) — (1A, P, Agu))

1 < - ” v < .
(624) = §<’L'(P7n — P;;)Atu, Atu> — Re(iAtf, Atu> —+ Re<iAth_1U, Atu>,

TOME 66 (2016), FASCICULE 4



1344 Peter HINTZ

where (-, -) denotes the sesquilinear pairing between spaces which are dual
to each other relative to L. The adjoints here are taken with respect to the
b-density i—w dy, and in the case where P acts on a vector bundle, we use the
smooth metric in the fibers of F for the adjoint. This computation needs
to be justified, namely we must check that all pairings are well-defined by
the a priori assumptions on u so that we can perform the integrations by
parts.
First, we observe that

Ar A Pyu e A AHS - H" VP c 1o

because of s > |0 —m — 1/2| and AfA; € ¥2°~™"!. Since (0 — 1/2) +
(=0 +1/2) = 0 is non-negative, the pairing (A*A, P, u,u) is well-defined.
By the same token, the pairing </v1thu, /Lu) is well-defined, hence we can
integrate by parts, justifying half of the first equality in (6.24). For the
second half of the first equality, we use P, € H ¥ and'® Corollary 3.10
to obtain

PnAyu e PoH™? C H ™2,

Ar P A e H 2,

which by the same reasoning as above proves the first equality in (6.24).
For the second equality, we write P,, as a sum of terms of the form w@,,
with w € H, @, € ¥1', for which we have

(6.25) (Apu, wQp Avu) = (WA, QuAu) = (QF WA u, Au),

where the first equality follows from Asu € H{)n/Q and QAwu € Hgm/z,(ll)
and for the second equality, one observes that the two pairings on the right
hand side in (6.25) are well-defined, and we can integrate by parts, i.e.
move @, to the other side, taking its adjoint.

Now, since the principal symbol of P,, is real, we can apply Theorem 3.12
(3) with k = 1, %" = 0 to obtain P,,,— P}, € U LoWO0 g5~ gm-10 st
Therefore, Proposition 3.9 implies that P, — P, defines a continuous map
from Hk()m_l)/2 to Hb—(m—l)/2,(12) thus

(P — Prr) A, Au)| < C1||fv1tU\|f{ém-1>/2

with a constant C7 only depending on P,,.

(10) This requires s > m/2; recall that we are assuming m > 1.
(11) We need s > m/2 and can then use Corollary 3.10.
(12) pProvided s — 1 > (m—1)/2and s—1>n/2+ (m—1)/2.
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Looking at the next term in (6.24), we estimate

v v 1. v v
[(Acf, Avu)| < ZHAtf”fq;(m—m/z + HAtUHiIém—n/z < Co+ ||Atu\|i1k<)m—1>/27

where we use that

Atf c Hg—m+1—a+(m—1)/2 _ Hb—(m—l)/2

uniformly.
For the last term on the right hand side of (6.24), the well-definedness
is easily checked.(™® To bound it, we rewrite it as

<Atpm—lualetu> = <Pm—1/vltu,letu> + <[151t, Ppilu, Atu>
The first term on the right hand side is bounded by C’gH/VltuHZ(m,lW for
b

some constant C3 only depending on P,,_1; indeed, Py,,_1: Hém_l)/Q —

H-(™ /2 45 continuous.() For the second term, note that Pm,lfvlt €

b
H§71Wg+(m71)/2 can be expanded to zeroth order, the first (and only)
term being p,,, —1G; and the remainder being R} € Hg_lkllg“m*l)/%l. (For
notational convenience, we drop the explicit t-dependence here; inclusions
are understood to be statements about a t-dependent family of operators
being uniformly bounded in the respective space.) Next, we can expand
A;P,,_1 to zeroth order by Theorem 3.12 (3) with k&’ = 0 — again obtaining
Pm—1d; as the first term — which(® yields a remainder term R/ + Ry,
where

Rlll e \I/U+(m71)/271;0Hg—2
Ry € Wy~ (M2l gm0 a2,
We can then use Proposition 3.9 to conclude that
R] = Rlll _ R/l c ‘IJU—F(m—l)/Q—l;OHg*z
is a uniformly bounded family of maps'®)
Ry: HO7V? 5 g

which shows that (R;u, zzltu> is uniformly bounded. Moreover, we can apply
Proposition 3.9 and use the mapping properties of smooth b-ps.d.o.s to

(13) We need s —1 > |c —m+1/2| and can then use Corollary 3.10 to obtain Pp,_iju €
Hc‘—m+l/2
b .
(14) This requires s — 1 > (m—1)/2and s —1>n/2.
(15) Assuming o — (m—-1)/2>1.
(16) The requirements are s — 2 > —-m/2+1,s—=2>n/24+ (m/2—-1)4.
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prove that Rou € Hy (m=1)/2 jq uniformly bounded.(!” We thus conclude
that

[{[As, Pr—a]u, Au)| < Ca(N) + [ A% 1y 25
b
where Cy, while it depends on N in the sense that it depends on a semi-
norm of the N-dependent operator A constructed in Proposition 6.8, is
independent of ¢.
Plugging all these estimates into (6.24), we thus obtain

Re(iA; [P, AlJu,u) > —(Ca + Ca(N)) = (Cr + 1+ Cs + D[ A% n 12,

where all constants are independent of ¢t > 0, and C7, Cs, Cj are in addition
independent of the real number N in Proposition 6.8. Choosing N? >
C1 + C3 4 2, this implies that there is a constant C' < oo such that for all
t > 0, we have

(6.26) Re < (m;; [P, Af] + NZ(AAt)*(A/lt))u,u> >—C,
where A := A(,,_1)/2. Therefore,

(6.27)
Re ( (17 [P, A+ B{ By + N*(AA)* (AA) — By u,u) > O+ B3,

Here, we use that (Fyu,u) is uniformly bounded by (6.23).

Step 3. Using the symbolic commutator calculation. — The next step
is to exploit the commutator relation in Proposition 6.8 in order to find
a t-independent upper bound for the left hand side of (6.27). The key is
that(!®) Theorem 3.12 (3) gives

i[Prm, Ad) = (Hp,,4:)(2,°D) + Ry + Ry
with uniformly bounded families of operators
El c \I,a+(m—1)/2—1;0H1§72
-§2 c \Ilg_(m_l)/Q_Q o \I/m;OH§72.
Notice that H, a; € H]f;_15""“”””*1)/2 uniformly. If we applied Theo-
rem 3.12 (3) directly to the composition A% (H,, d;)(z, D), the regularity
of the remainder operator, say R, obtained by applying Theorem 3.12 (3),

would be too weak in the sense that we could not bound (Ru,u). To get
around this difficulty, choose

o—(m—1)/2—1 — —o+(m—1)/2+1
J+ c \Ijb ( )/ J € \Ijb ( )/

i

(I7) Indeed, we have u € Hg_l/z C Hg_l, and \I/m_l?DHf)_z: Hg_l — Hy ™™ is
continuous if s =2 >0 —-m,s—2>n/2+ (m—o0)4.
(18) Applicable with k =2,k' =0if o — (m —1)/2 > 2.

ANNALES DE L’INSTITUT FOURIER



QUASILINEAR WAVE EQUATIONS 1347

with real principal symbols 5+, = such that
(6.28) JYJT=I+R, ReU;>.

Observe that J ’flf; is uniformly bounded in ¥}. Then by Theorem 3.12

3);

iJ =AY [Py, Ar] = (5 d:H,,, 4:)(2,°D) + Ry + R + Rz + Ry,

Ry = J AR, € U} o wot(m=1)/2-1:0 ps=2
(6.29) Ry = J = AjRy € Wy~ (D27t o gm0 pya-2
' R; € ‘I/g+(m_1)/2;0H§_2
R, € \I’g o \Ija+(m71)/2;0H§—2.
Applying Proposition 3.9, we conclude that R; (1 <j<4)isauni
formly bounded family of operators

Hg—l/Z N Hb_m/27

thus, since (J*)* € HSL/Q, the pairings (Rju, (J7)*u) remain uniformly
bounded.
Hence, Proposition 6.8 implies

Jt (z‘J*A’[ [P, A+ J7 BB, + J-N2(AA,)* (AA) — J*Et)
= T (I (@ Hy, a0 + b + N*p" a2 — e)](2,"D) + R + G)
(6.30) = JT((—j fo)(2,"D)+ R+ G),
where R = Ry + Ro + R3 + Ry and G € \I/g+(m_1)/2; G appears because
the principal symbols of the smooth operators on both sides are equal. We

already proved that (JT Ru,u) is uniformly bounded; also, (J"Gu,u) is

uniformly bounded, since JTG € \11%071 and u € Hg_l/Q.

It remains to prove a uniform lower bound on(??)

Re(J*(j7 fe) (2, "D)u, u) = Re((5™ fe) (2, "D)u, (JF) ).

(19) The conditions s — 2 > —m/2+1 and s — 2 > n/2 + m/2 are sufficient to treat
Ri,R3 and R4. For Ra, weneed s—2>c0c—m—1/2and s—2 >n/24+ (m+1/2—0)4.
(20) 7y justify the integration by parts here, note that j~ fi € S‘"Hm_1)/2_13‘X’H§_1
for t > 0, thus (7 fi)(z,PD)u € Hb_m/%'_1 provided s =1 > —m/2+1, s —1 >
n/2 4+ (m/2 — 1)+, which follows from the conditions in Footnote 19.
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In order to be able to apply the sharp Garding inequality, Proposition 6.1,
we need to rewrite this. Since jT is bounded away from 0, we can write

(5~ fi)(z,"D) = [ij ] (2,"D)o (J*)*+ R, R @ Hm=D/20s1

by Theorem 3.12 (2b), since j~ f;/57 € S™TH®° H~!. Now (Ru, (J*)*u) is
uniformly bounded, since (J*)*u € H}" /2 and Ru € H m/2 are uniformly
bounded.®*") We can now apply the sharp Garding inequality to deduce
that

630 Re( [T D)0 (70 = el > -
b
where the constant C' only depends on the uniform S 2"?‘X)Hg*l—bounds on
ft and the Hgil/Q—norm of u.??)
Putting (6.27), (6.30) and (6.31) together by inserting I = J*J~ — R in
front of the large parenthesis in (6.27) and observing that the error term

Re <§(m; [Po, A + BB, + N2(AA,)*(AA,) — Et)u, u>

is uniformly bounded,®®) we deduce that || Byu| 12 is uniformly bounded for
t > 0. Therefore, a subsequence By, u, t; — 0, converges weakly to v € L%
as k — o0o. On the other hand, B;,u — Bu in Hy °°; hence Bu = v € L%,
which implies that uw € Hf microlocally on the elliptic set of B.

Step 4. Removing the restriction on the order m. — To eliminate the
assumption that m > 1, notice that the above propagation estimate for a
general m-th order operator can be deduced from the mg-th order result
for any mg > 1, simply by considering

PAY(A"u) = f + PRu,

where A1 € \Ilg(m_m") is elliptic with parametrix A~ € ¥~ and
ATA™ =T1+R, R e U, . If we pass from P to PAT, which means passing
from m to mg, we correspondingly have to pass from o to g = 0 —m+mg
in equation (6.11); in other words, the difference 0 —m = oy — mg remains
the same.

(21) por Ru, we need s—1 > n/2+m/2, which follows from the conditions in Footnote 19.
(22) This requires s — 1 > 2 — m/2and s —1>n/2+2+m/2.

(23) Indeed, A7 A¢Pru € Hy, 7%/
and Aju € H{)nm_l is uniformly bounded, hence so is PhAwu € Hb_
s 2 m/2+1, which follows from the condition in Footnote 14, and therefore A} P Aju €

Hg073/2 is uniformly bounded.

is uniformly bounded because of s > |oc — m — 1/2|;

m/2—1 . .
/ in view of
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Step 5. Collecting the regularity requirements. — Thus, let us collect
the conditions on s and § = ¢ — m + 1 as given in the footnotes in the
course of the argument: All conditions are satisfied provided

(6.32) 3/2—s<35<s—1, §=(5—myg)/2,
(6.33) s>n/2+2+(3/2-58)4, s>n/2+3+mo/2

for some mg > 1. The optimal choice for my is thus mo = max(1,5—23) =
1+ 2(2 — 5)4; plugging this in, we obtain the conditions in the statement
of Theorem 6.6:

s>n/2+7/24+(2-35)y, §<s—1

Thus, we have proved a propagation result which propagates estimates in
a direction which is ‘correct to first order’ To obtain the final form of the
propagation result, we use an argument by Melrose and Sjostrand [29, 30],
in the form given in [21, Lemma 8.1]. This finishes the proof of the first
part of Theorem 6.6.

Remark 6.9. — For second order real principal type operators of the
form considered above, with the highest order derivative having Hy coef-
ficients, the maximal regularity one can prove for a solution u with right
hand side f € Hgfl is Hg“ with § being at most s — 1, i.e. one can prove
u € Hy, which is exactly what we will need in our quest to solve quasilinear
wave equations.

6.3.2. Propagation near the boundary

We now aim to prove the corresponding propagation result (near and)
within the boundary OM: Thus, let P = Po—l-ﬁ, where P = Py, + P,y —|—]§,
with Py € U7 and P, € H*WU" having real homogeneous principal
symbols, P,_1 € Hg_l’“\llgl_l and R € \I/{)”_ZOH{;_L“ as before, and
let us assume that we are given a solution

u € Hg_l/Q

to the equation
Pu=feH ™,
where 0 = 5§+ m — 1. In fact, since

R: HZ Y2 c HZY — HE ™+,

we may absorb the term Ru into the right hand side; thus, we can assume
R=0, hence P=PF,, + P,,_1.
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Moreover, let v be a null-bicharacteristic of p = pg + pr,; we assume H,, is
never radial on . Since Hp,, = 0 at ng w M, this in particular implies that
Hp, is not radial on yN b sy M, and the positivity of the principal symbol
a¢Hpa, of the commutator there comes from the positivity of & H,,d.

The proof of the interior propagation, with small adaptations, carries
over to the new setting. We indicate the changes: First, in the notation of
§6.3.1, Hyo; now only is Holder continuous with exponent «, thus (6.17)
becomes
«

[Hp,, 0] < Ceol/2 (Ji] +w'/2)
Hence, for (6.16) to hold, we need
Cw' ([ + w'/?)* < coe®6/2,

which holds if 2!+2¢C§1+ < ¢ged/2; let us thus choose € = 41+*C3%/cy;
in particular € < 1 for § small enough. Thus, the size of the a priori control
region near 17 = —4, cf. (6.18), becomes

2
1/2 Cco€e~0

X S~ . 1700 Oa51+a7
20(|7] + wt/2)=

w
which is small enough for the argument in [21, Lemma 8.1] to work. Further,
defining the commutant a as before, we replace the a priori control terms

e, f" in (6.15) by
e = xo(Hpo + JHp,. )x1 + X1,
(6.34) , o ? -

where we choose the mollifier J to be so close to I that f’ > 0; here, we use
that the first summand in the definition of f’ is an element of H§71 in the
base variables, hence for s > n/2+1 in particular continuous and vanishing
at the boundary OM, and can therefore be dominated by X1. We then let
e; and f{ be defined as in (6.21) with the above e and f’. We change the

terms b; and f/ in (6.22) in a similar way: We take

mzwa”ﬂww(mm+me¢
— [((20 = m+1) = 2teup) (p~ ' (JH;,, + Hpo)p) + N7

xFld(Q,B?)ZCé))l/Z

el ()
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1= (£ 6 G ((Hﬁm My, )0
— [((20 = m+1) — 2teep) (p~ " (Hp,, — JH5,.)p)]

x F15(28 - %)2 + ?)

(7 (o) o (75 1)

As before, we can control the term (Eyu, u) in (6.27) by the a priori assump-
tions on u. The new feature here is that f/, f// > 0 are not just symbols
with coefficients having regularity Hgfl, but there are additional smooth
terms involving X7 and ¢o/8. Thus, we need to appeal to the version of the
sharp Gérding inequality given in Corollary 6.3 to obtain a uniform lower
bound on the term (J*(j~ f:)(z, °D)u,u) in (6.30).

Since the computation of compositions and commutators in the proof
of the prev10us section for Py is standard as Py is a smooth b-ps.d.o, and
since P and Pm 1 lie in the same space as the operators called P,, and
P,,_1 there, all arguments now go through after straightforward changes
that take care of the smooth b-ps.d.o. Fp.

This finishes the proof of Theorem 6.6.

6.3.3. Complex absorption

We next aim to prove Theorem 6.7, namely we add a complex absorbing
potential Q@ = ¢(z,"D) € ¥ with Q = Q* and prove the propagation of

o—1/2

HY regularity of solutions u € Hy to the equation

(P—iQ)u=feH ™,

where « is a null-bicharacteristic of P, in a direction which depends on the
sign of g near . Namely, we can propagate Hy regularity forward along
the flow of the Hamilton vector field H), if ¢ > 0 near v, and backward
along the flow if ¢ < 0 near ~.

Let I be an open neighborhood of . It suffices to consider the case that
q > 0in I'. Recall that the proofs of the real principal type propagation re-
sults given above only show the propagation in the forward direction along
the flow; the propagation in the backward direction is proved completely
analogously (or simply by considering forward propagation for —P), and
in the presence of complex absorption leads to the reversal in the condition
on the sign of ¢ described above. We thus focus on the forward propagation
estimate: Here, the only step that we have to change in the real principal
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type propagation proofs is the right hand side of equation (6.24), where we
have an additional term in view of Pu = f — P,,—1u + iQu, namely

—Re(id; iQu, Ayu) = Re(A;Qu, Au)
= Re(QAu, Aju) + Re(47[4;, Qlu, u).

The first term on the right is bounded from below by _C5HA’thu||H(7nfl)/2
b
and will be absorbed as in (6.26), and the second term is bounded by the
o . o—1/2 . . .
a priori microlocal Hy regularity of v in I, since

Re( A7 (A, QJu, u) = 5 (Quu, )
with
Qr = Aj[4, Q1+ [Q. A4,
= (A7 — AD[A;, QI+ [Ay, [Ar, Q) + @, A7 — A4,
uniformly bounded in \I!ff’*l in view of the principal symbol of A, being

real and the presence of double commutators.
This finishes the proof of Theorem 6.7.

6.4. Propagation near radial points

We will only consider the class of radial points which will be relevant in
our applications; see §8, where an example of an operator with this radial
point structure is presented. We remark that the conditions at the ‘radial
set’” L below do not entail that H,, is indeed radial there, i.e. a multiple of
the generator of dilations in the fibers of PT*M \ o, but this does hold in
the application on exact static de Sitter space, which is why we kept the
terminology. (In more general applications, the setup below thus really gives
the propagation at ‘generalized radial sets.’) The point is that the standard
propagation of singularities results proved in the previous sections do not
give any information at (generalized) radial sets: In the case of radial sets,
this is clear since the Hamilton flow at a radial point stays within the
fiber of the b-cotangent bundle over that point, and more generally in the
case of generalized radial sets L considered here, one cannot propagate any
regularity into (or out of) L in finite time using standard propagation.

The setting is very similar to the one in [19, §2]: There, the authors con-
sider an operator P € ¥I"(M; E) with real, scalar, homogeneous principal
symbol p on a compact manifold M with boundary Y = 0M and boundary
defining function z, where the assumptions on p are as follows:
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(1) At p=0,dp # 0, and at PS; M Np~1(0), dp and dz are linearly
independent; hence ¥ = p~1(0) C PS*M is a smooth codimension
1 submanifold transversal to "S5 M.

(2) L =L,yUL_, where Ly are smooth disjoint submanifolds of *S}. M,
given by Ly = L1 NPSy M, where L4 are smooth disjoint sub-
manifolds of ¥ transversal to "S5 M, defined locally near ®Sy M.
Moreover, the rescaled Hamilton vector field H, = p*~™H,, (which
is homogeneous of degree 0) is tangent to L1, where, as before,
p = ((), and H,, is the Hamilton vector field of p.

(3) There are functions 50,3 €C>®(Ly), BO,E > 0, such that

(6.35) pHpp Yoe = FBo,  —a 'Hpz|n. = FBBo.

(4) For a homogeneous degree 0 quadratic defining function pg of £ =
EJr U ,C, within Z,

(6.36)  F Hppo — f1po = 0 modulo terms that vanish cubically at L,

where 3; € C®(%), f1 >0 at L.
(5) The imaginary part of the subprincipal symbol is homogeneous, and
equals

(6.37) ot (1

Qi(P - P*)> = £3Bop™ " at Ly,

where B\ € C*®(Ly;7* End(E)), m: L+ — M being the projection

to the base; note that B is self-adjoint at every point.
These conditions imply that L. is a sink, resp. source, for the bicharacter-
istic flow within PS3, M, in the sense that nearby null-bicharacteristics tend
to L4 in the forward, resp. backward, direction; but at Ly there is also
an unstable, resp. stable, manifold, namely £ . In general applications, L
(and likewise L_) will be the union of one or several connected components
of the (generalized) radial set; on static de Sitter space, Ly and L_ will be
the two halves of the conormal bundle of the cosmological horizon within
future infinity; see Figure 7.2.

In the non-smooth setting, we will make the exact same assumptions on
the ‘smooth part’ of the operator; the guiding principle is that non-smooth
operators with coefficients in H;'”, & > 0, s > n/2 + 1, have symbols and
associated Hamilton vector fields that vanish at the boundary, thus would
not affect the above conditions anyway, with the exception of condition (4),
which however is only used close to, but away from L, and the positivity of
FH,,po there is preserved when one adds small non-smooth terms in H** to
p. In order to be able to give a concise expression for the threshold regularity
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(determining whether one can propagate into or out of the boundary), let
us define for a function b € C*°(Ly, 7* End(F)) with values in self-adjoint
endomorphisms of the fiber,

iLnfb :=sup{X € R: b > AT everywhere on L},
+

supb :=inf{\A € R: b < A I everywhere on Ly }.
Ly

We then have the following theorem:

THEOREM 6.10. — Letm,r,s,5s € R,a > 0. Let P = P0+]5, where Py €
\Iﬁﬁ”(@, E) has a real, scalar, homogeneous principal symbol pg, further
P=P,+P, 1 +R with P, € Hy“Um(R%; E) having a real, scalar,
homogeneous principal symbol pr,, moreover Py, € Hﬁ_l’o‘\llghl (R E)
and R € UARY E) + U E0HT V(R E). Suppose that the above
conditions (1)-(5) hold for py and Py in place of p and P. Finally, assume
that s and § satisfy

(6.38) §<s—1, s>n/2+7/24(2—3)4.

5

Suppose u € Hb+m_3/2’r(ﬂ; E) is such that Pu € H)"(R; E).

(1) If 54 (m —1)/2 — 1 +inf, (8 — rB) > 0, let us assume that in a
neighborhood of Ly, £+ N {z > 0} is disjoint from WE; "7 (u).
(2) If 54+ (m—1)/2+supy, (B—rf) < 0, let us assume that a punctured
neighborhood of L., with L1 removed, in N ngRfm is disjoint

) ¥
from WF; ™™~ B ().
54+m—1,r (U) )

Then in both cases, L4 is disjoint from WEFy

Adjoints are again taken with respect to the b-density d—; dy and the
smooth metric on the vector bundle E. We remark that condition (6.37)
is insensitive to changes both of the b-density and the metric on E by the
radiality of Hy, at Ly; see [40, Footnote 19] for details.

Remark 6.11. — Since WF; ™ " (u) is closed, we in fact have the
conclusion that a neighborhood of L4 is disjoint from WF?m*l’r(u). As
in the real principal type setting (see equation (6.8) in particular), one can
also rewrite the wavefront set statement as an estimate on the L?b norm of
an operator of order §4+m —1, elliptic at L, applied to u. In particular, we
will see that it suffices to have only microlocal HS’T membership of Pu near
the part of the radial set that we propagate to/from, and local membership
in H{ ™', which comes from a use of elliptic regularity (Theorem(5.1) in our
argument.
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Moreover, as the proof will show, the theorem also holds for operators
P which are perturbations of those for which it directly applies: Indeed,
even though the dynamical assumptions (1)-(4) are (probably) not stable
under perturbations, the estimates derived from these are. Here, perturba-
tions are to be understood in the sense that Py may be perturbed within
W, and ]gm, ]Sm_l and R may be changed arbitrarily, with the estimate
corresponding to the wavefront set statement of the theorem being locally
uniform.

The proof is an adaptation of the proof of [19, Proposition 2.1], see
also [40, Propositions 2.10 and 2.11] for a related result, to our non-smooth
setting. Before giving the full proof, we briefly recall the commutator proof
in the smooth setting, for the weight r = 0, and under the assumption P =
P* € U"(R%; E), ignoring issues of regularization: Putting o = §+m — 1
and p = p~™p, where p is the principal symbol of P, we consider the
commutant a = p”~(M=D/24)(pg)aby (x)1ho(p), where 1,100,101 € C°(R) are
identically 1 and have non-positive derivative on [0, c0). Since the Hamilton
vector field H,, of is radial at L1 (or, more generally, tangent to the gener-
alized radial set L), the positivity in the commutator calculation comes
from the weight: Concretely, working near L,

aHya = g2 Piboun (Bo(o — (m = 1)/2)p0un
+ (I_alx)xwiwwo + (HpPO)w/wowl + (pr)¢6¢¢1>~

The first term is the main term giving ‘positivity’ at Ly. Let us only treat
the case 0 — (m —1)/2 > 0, then the main term is positive at L by (6.35),
as is the third term by (6.36), while the second term is negative; it is on
its support that we need to make a priori regularity assumption. (The last
term is supported on the elliptic set of P and will therefore be controlled
by elliptic regularity.) We then let A be a quantization of a and obtain
(tA*[P, Alu,u) = ((B{B1 — B3B> + B3Bs)u,u) (plus lower order terms
and terms controlled by Pu using elliptic regularity), with By € ¥f elliptic
at L, ; therefore, dropping the term involving Bs,

1Brullz> < ||Baullpz + Re(iA*[P, AJu,u).
Upon expanding the commutator, integration by parts (this is where 3
from (6.37) comes into play if P is not formally self-adjoint) and applying

Cauchy-Schwarz, absorbing terms involving Au into the left hand side, we
can therefore control w in HY microlocally at L. provided we have H{
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control on u on the support of 1} ()1 (po)1bo(p) and HZ ™! control on
f = Pu.

Proof of Theorem 6.10. We again drop the bundle E from the notation.
Since Ru € H{ by the a priori regularity on u, we can absorb Ru into

f=Pu

and thus assume R = 0.

Step 1: Symbolic construction of the commutant. — Let us assume

for now; these conditions will be eliminated at the end of the proof.

Define the regularizer o.(p) = (1 + tp)~! for ¢ > 0 as in the proof
of Theorem 6.6, put pg = p~"py and ¢ = § + m — 1, and consider the
commutant

ar = @i(p)1(po)vo(po)ib () p? M= 1/2]

where ¥, 10,11 € C°(R) are equal to 1 near 0 and have derivatives which
are < 0 on [0, 00); we will be more specific about the supports of ¥, ¥, 11
below. Let us also assume that «/—¢1)’ and \/—111)] are smooth in a neigh-
borhood of [0,00). As usual, we put H; = p'~™Hj; . We then compute,

using Hp, o1 = —t@iHp, p:

arHp, ar = 3 p* Yoty ((0 —(m—=1)/2—tppy)(p~ " Hz,. p)tboth1

+ (27" Hp,, @) a0t + (i, p0)'viots + H, (po)ii ),

and to compute a;H, a;, we can use (6.35) to simplify the resulting ex-
pression.

To motivate the next step, recall that the objective is to obtain an esti-
mate similar to (6.26); however, since in the present situation, the weight
p?~(m=1/2 can only give a limited amount of positivity at L., we need
to absorb error terms, in particular the ones involving P — P*, into the
commutator a;Hy,  a:, where p,, = pg + Dy, is the principal symbol of P
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and also of P, := Py + ﬁm. Thus, consider

aHy,, a0 £ p™ i BoB = i o oty
x ([0 = (m—1)/2 ~ tpgr + B)
+ (0 = (m—1)/2 — tpp:)(p~ " Hp,, p) | W0t
+ (BBo £ & Hy,, @) zdor & (Hyopo + Hp,, po)d diotn
+ (=mBopo % Hyp,, POW%%)-
Recall that tpy; is a bounded family of symbols in S°, and we in fact have

[tppe| < 1 for all t. We now proceed to prove the first case of the theorem.
Let us make the following assumptions:

e On supp(¢ o pg) Nsupp(to © po) Nsupp(¢y o x):

-~

(6.39) Bolc —(m—1)/2—-140)
(o = (m —1)/2—tppe)(p~ " Hp,.p)|

The first condition is satisfied at Ly by assumption, and the second
condition is satisfied close to Y = {z = 0}, since p~'Hz, p = o(1) as
z — 0 by Riemann-Lebesgue.

e On suppd(z1 o) Nsupp(¢) o pg) N supp(tho o po):

BBy =c1 >0, |v7'Hy, 2 < er/2.

co >0

>
< ¢p/4 for all ¢ > 0.

The second condition is satisfied close to Y, since z7'H; z = o(1) as
z — 0.

e On suppd(z) o po) Nsupp(¢1 o ) Nsupp (o © po):

(6.40) F Hpopo 2 %po >c >0, [Hp, pol <ca/2.
e On supp d(tbo © po) Nsupp(y o po) N supp( o x):
(6.41) lp™ " pm| = 3 > 0.

This can be arranged as follows: First, note that we can ensure

(6.42) Ipol > 265
there; then, since |p~™pm| = o(1) as © — 0, shrinking the support of
1 if necessary guarantees (6.41).

We can ensure that all these assumptions are satisfied by first choosing /1,
localizing near bS;‘,M , then v, localizing near Ly within the characteristic
set py 1 (0) of Py, such that the inequalities in (6.39) and (6.40) are strict on
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Py (0), then choosing vy (localizing near p;*(0)) such that strict inequal-
ities hold in (6.39), (6.40) and (6.42), and finally shrinking the support of
11, if necessary, such that all inequalities hold.

We can then write
(6.43)

_ " & —_
arHy, 0% p"Ma}0B = £ (o el + 0]+ 0 — B+ fit gt

where, with a mollifier J as in Lemma 6.5,

b1t = wip” Yoty {50(0 — (m —1)/2 — tpp; + B)

. co11/2
(o= (m=1)/2 = tpe)(p~ THz0) — 2|
co11/2
ba,e = pep” o1/ — Yy {:F (Hpopo + JHp,, p0) — f} )

b = oup” b0/~ (B0 £ 2™ M,z + D) a]
9¢ = 970”7V * oyt (—=mBopo £ Hp,, Po),
and fr = f1,t + fo,e + f3,¢ with
fie= %20261/)21/)37//%

x [i(a = (m=1)/2=tpee) (p~" (Hp,, — JHz,)p) + 3860] ’

Jor = @§P2U¢¢,¢g¢% (i(Hﬁm o ‘]Hﬁm)po B %2) ’

far = @i p* VPP (ixfl(Hiim — JHp, )z — %) .

In particular, by ¢, bt € S7, b3 € z'/287 f, € SQU?OOH}TI + 5% g, €
H§715’2” + 527 uniformly, with the symbol orders one lower if ¢ > 0 for b; 4,
j=1,2,3, and two lower for f, g;. The term b%,t will give rise to an operator
which is elliptic at Li. The term b%’t (which has the same, ‘advantageous,’
sign as by ;) can be discarded, and the term —b%ﬁt, with a ‘disadvantageous’
sign, will be bounded using the a priori regularity assumptions on u. An
important point here is that the non-smooth symbol f; is non-negative if
we choose the mollifier J to be close enough to I; in fact, we then have
fit = 0for j =1,2,3. Lastly, we will be able to estimate the contribution
of the term g¢; using elliptic regularity, noting that its support is disjoint
from the characteristic set p;,1(0) of P.

Step 2. Expanding the commutator; bounding error terms. — Let A; €
\ng(mq)/z and Bj ¢, Bay, B3y € Y] denote quantizations with uniform
b-microsupport contained in the support of the respective full symbols
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at,b1,¢,b2 and bz Then we compute as in the proof of real principal
type propagation (see equation (6.24) there):

Re(iA} [P, At]u,u) = — <21i(Pm — P¥)Au, Atu>

—Re(iAsf, Ayu) + Re(iAy Py u, Agu).

We split the first term on the right hand side into two pieces corresponding
to the decomposition P, = Py + ﬁm_ The piece involving P, will be dealt
with later. For the other piece, note that P, is a sum of terms of the form
TWQy,, where w € H is real-valued and Q,, = gm(2,°D) € U has a
real principal symbol. Now,

T W, — (Tanm)*
= 7w (@m — Qp,) + 7% (wQy, — Qpw) +7(Qy, — T QT w,
thus, using Theorem 3.12 (3) with &£ = 1, ¥’ = 0 (applicable because we are
assuming m > 1) to compute QF,w and with £ = 0,k = 0 to compute the
last term, we get
i(Pm — Pp) = R+ Ra + R,
where

Ry € Hy "Wt Ry € Wy ™! o WO ™1 Ry € w10

Let x € C°(Ry), x = 1 near 0. Writing R; as the sum of terms of the form
w'Q’, where w' € Hg_l’a and Q' € \Ilg%l, we have for ¢ > 0, which we
can choose to be as small as we like provided we shrink the support of the
Schwartz kernel of Ay:

(w'(2)Q" Ayu, Ayu) = (x(z/€ ) (2)Q Ayu, Ayu);

2

T(m—1)/2) where ¢ — 0
b

by Lemma 6.4, this can be bounded by c. || Asul|

as € — 0.2% In a similar manner, we can treat the terms involving R
and R3. Hence, under the assumption that the Schwartz kernel of A; is
localized sharply enough near OM x OM, we have

(P = P Avtt, A} < Cis -+ 61| Al

for an arbitrarily small, but fixed § > 0.
Next, for § > 0, we estimate

[(Aef, Avu)| < Cs + 5|\Atu||§{£m—1>/2’

(24) This argument requires that elements of Hli*l are multipliers on Hlim_l)/Q, which
is the case if s — 1 > (m —1)/2.
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using that [|A;f|| ;- m-1/2 is uniformly bounded.
b

Finally, we can bound the term (A Pp,_ju, Ayu) as in the proof of The-
orem 6.6, thus obtaining

(A1 Pr—1u, Awu)| < Cs + Ol Al -

Therefore, writing @ := o (Py — ) € U]' ", we get
£ Re((1A7 [P, Ai) + AT QA u, uy < Cs5 + 5\|Atu||?{(m_1)/2
b

Now, using that |(B; 3By su, u)| = || Bysul|3. is uniformly bounded because
of the assumed a priori control of u in a neighborhood of Ly in £LLN{x > 0},
we deduce, using the operator A = A, _1)/2:

Re( (£i47[Pn, A £ A;QA — L (A4)"(AA)
(6.44) — B} By — B3 By + B;;,tB?,,t)u, u>

o
<G5+ (5 - g) HAtUHfH]()m—lW - ||Bl,tu||2Lga

where we discarded the negative term — (B3, B u,u) on the right hand
side. If we choose 0 < ¢(/8, then we can also discard the term on the right
hand side involving A;u, hence

C A% « C N
(6.45) ”Bl,tU”le? <C - Re<<izAt [P, Af] £ ATQA; — go(AAt) (AA,)
6.45 i
— By B1t— B3 ;B + B;th,t)u, u>

Step 3. Using the symbolic commutator calculation. — We now exploit
the commutator relation (6.43) in the same way as in the proof of Theo-
rem 6.6: If we introduce operators

o—(m—1)/2—-1 — —o+(m—1)/2+1
J-‘r c \I/b ( )/ J e \I,b ( )/

)

with real principal symbols j*,j~, satisfying J*J~ = I+ R, R € e
we obtain, keeping in mind (6.37),

Re<J— (iiA;‘ [P, Af] £ AXQA,; — %O(AAt)*(AAt)
— Bi,Biy — By, Bay + Bj Bay Ju, (J1)'u)
> Re< {j_ (:I:athmat + pm—1a§50§ — %Opm_la?
B, =B, + B, )| (2 D), (TH) ) — ©
=Re((j~ fo)(z, "D)u, (J*)*u) + Re((5~g¢) (2, "D)u, (J7)*u) = C,
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where we absorbed various error terms in the constant C'; see the discus-
sion around equation (6.30) for details. The term involving f; is uniformly
bounded from below as explained in the proof of Theorem 6.6 after equa-
tion (6.30). It remains to bound the term involving g;. Note that we can
write (§7g¢)(2,¢) as a sum of terms of the form w(z)p:(¢)%s(z,¢), where
we H™ orw e C®, and s € S7Fm=D/2+1 " and we can assume

("S*M nsupp s) Np,,,' (0) = 0,

since this holds for g; in place of s. Thus, on PS*M N supp s, we can use
elliptic regularity, Theorem 5.1, to conclude that WFEH(U) N (*PS*M N
supp s) = (; but this implies that

(wp?s)(z,"D)u € Hy, "1

is uniformly bounded. Therefore, we finally obtain from (6.45) a uniform
bound on || By sul 12, which implies Byou € L? and thus the claimed mi-
crolocal regularity of u at L., finishing the proof of the first part of the
theorem in the case m > 1, r = 0.

Step 3’ Propagation below the threshold regularity. — The proof of the
second part is similar, only instead of requiring (6.39), we require

Bo(o — (m—1)/2+ B) < —co < 0
on supp(1r o pg) Nsupp(1hgopg) Nsupp(w; ox), and we correspondingly define

~

b1t = wip” Yoty {*50(0 —(m—=1)/2 —tpp: + )

Fo—(m—1)/2—tpe)(p~ " JHp,p) — =

00}1/2
5 .

We also redefine

~ B ¢ 1/2
bo.o = up”vtboy/ =01 | (B £ 2~ Hz,0 = T )]
fre = TR
300

{q:(a — (m=1)/2 = tpp:) (p~" (Hp, — JHz,)p) + 8] ,

_ c
foa = 000t (Fo~t (Hy, — JH;, o — )z
Equation (6.43) then becomes

-~ C
arHy, ar = p" ai o = F (gopm_la? +07, = b3, + b5, + fit gt) ;

and the rest of the proof proceeds as before, the most important difference
being that now the term bg’t has an advantageous sign (namely, the same
as bit)7 whereas —b%}t does not, which is the reason for the microlocal
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regularity assumption on u in a punctured neighborhood of L. within

bg* Tpn
S a@R 7.

Step 4. Removing the restrictions on the order m and the weight r. —
The last step in the proof is to remove the restrictions on m (the order of
the operator) and r (the growth rate of w and f). We accomplish this by
rewriting the equation Pu = f (without restrictions on m and r) as

(7 "PAt2")(zT"A ) =2 " f + 27 "PRa" (27 "u),

where A* € \I/;F(m_m"), mo > 1, have principal symbols pF(m=70) and
satisfy AYA= = I+ R, R € ¥, *°. Then z~"PA*z" has order myg, and,
recalling s =0 —m + 1,

r"fEHS, z"Auc H]§+m073/2

lie in unweighted b-Sobolev spaces. The principal symbol of the rescaled
operator Py, := 2~ "PyATz" is an elliptic multiple of the principal symbol
of Py, hence the Hamilton vector fields of P, , and P, agree, up to a positive
factor, on the characteristic set of Py; in particular, even though Sy in
equation (6.35) may be different for Py, and Py, E does not change on L.
However, the imaginary part of the subprincipal symbol, hence B\, does
change, resulting in a shift of the threshold values in the statement of the
theorem: Concretely, we claim that

(6.46)
mo— 1 * mo— ) m—m a
oot <2Z~(P0,r _PO,T)> =+p™ 1By (54— TO —Tﬁ) at L.

Granted this, the threshold quantity is the sup, resp. inf, over L4 of
G4 (mo—1)/24+ B+ (m—mo)/2—rB=5+(m—1)/2+ 5 —rB.
To prove (6.46), let us write Py = P/ + P/ _,; we can arrange for P/

to be (formally) self-adjoint by letting P, = (Po + P{)/2 and P.,_, =
(Py — P§)/2, and we shall also assume AT = (A™)*. We then compute

1
oot (22 (z7"P),_ATa" — xTAJr(P,'n_l)*xr))

mo— —m — 1 * mo— A
= (P = (Pa))) = 0™ o,
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and

1
0_7n0—1 — (xfrP/ A+£L'T o l,rA+P/ (Eir)
b 21 m m

= oy (;Z,[P;n,A+])
+ 0,?”71 (;i(x_r[anA*', 2" —2"[AT P, x_r]))
m— Mo
2
== (mmoﬂo - TEBO) Pt — rpox T H pmg—m .

mo—1 —1
=+ Bop™ " —ra Hy ymo-m®

2

The last term on the right hand side involving py vanishes at L., prov-
ing (6.46).

Step 5. Collecting the regularity requirements. — Lastly, the regulari-
ties needed for the proof to go through are that the conditions in (6.32)
hold for some mg > 1; thus, choosing mo = max(1,5—25) = 1+2(2—-3)4,
we obtain the conditions given in the statement of Theorem 6.10. ]

7. Global solvability results for second order hyperbolic
operators with non-smooth coefficients

Even though complex absorption is a useful tool to put wave equations
on some classes of geometric spaces into a Fredholm framework, as done
by Vasy [40] in various dilation-invariant settings, and microlocally easy
to deal with, it is problematic in general non dilation-invariant situations
if one wants to prove the existence of forward solutions, as pointed out
by Vasy and the author [19]. We shall adopt the strategy of [19] and use
standard, non-microlocal, energy estimates for wave operators to show the
invertibility of the forward problem on sufficiently weighted spaces; using
the microlocal regularity results of §§5 and 6, we will in fact show higher
regularity and the existence of partial expansions of forward solutions.

7.1. Energy estimates

Let (M, g) be a compact manifold with boundary, where g is a Lorentzian
b-metric satisfying

(7.1) g €C®(M;S**T*M) + Hi(M; S**T* M),
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with s € R to be specified later, where the b-Sobolev space here is defined
using an arbitrary fixed smooth b-density on M. Let U C M be open, and
suppose t: U — (to,t1) is a proper function such that dt is timelike on U.
We consider the operator

P=0,+L, L¢&(C®+H "Difff +(C™+ H™?).

Remark 7.1. — Although all arguments in this section are presented
for P and [J, acting on functions, the results are true for P and [J,; acting
on natural vector bundles as well, e.g. the bundle of g-forms; only minor,
mostly notational, changes are needed to verify this.

For s > n/2, one obtains using Lemma 4.2 and Corollary 3.10 that in any
coordinate system the coefficients G* of the dual metric G are elements of
C*°+ Hy, and all Christoffel symbols are elements of C*° 4 H, g_l. Therefore,
by definition of [y, one easily obtains that

O, € (C* + H)Diffy + (C*° + H ')Diff},
thus
(7.2) P € (C* + Hy)Diffy + (C* + Hy ")Diff} + (C> + H?).

PROPOSITION 7.2. — Let tg < Tp < T) < Th < t1 and r € R, and
suppose s > n/2 + 2. Then there exists a constant C' > 0 such that for all
u € HY'" (M), the following estimate holds:

[l gz ey gy S CUPU o v iy 2y + el g e )

This also holds with P replaced by P*. If one replaces C' by any C' > C,
the estimate also holds for small perturbations of P in the space indicated
in (7.2).

Proof. — Let us work in a coordinate system z1 = z,20 = y1,...,2p =
Yn—1, Where x is a boundary defining function in case we are working near
the boundary. By piecing together estimates from coordinate patches, one
can deduce the full result. Write baj = 0,, for 2 < j < n, and b9, = x0,
if we are working near the boundary, P9, = 0, otherwise. Moreover, let us

fix the Riemannian b-metric

_ da?
§=—5 +dy’
T

near the boundary, § = dz? + dy? away from it. We adopt the summation
convention in this proof.

We will imitate the proof of [40, Proposition 3.8], which proves a similar
result in a smooth, semiclassical setting. Thus, consider the commutant

ANNALES DE L’INSTITUT FOURIER



QUASILINEAR WAVE EQUATIONS 1365

V = —iZ, where Z = z72"x(t)W with y € C>(R), chosen later in the
proof, and W = G(—,"%dt), which is timelike in U. We will compute the
‘commutator’
(7.3) —i(V*P = P*V) = —i(V*0O, = O}V) —iV*L +iL"V,
where the adjoints are taken with respect to the (b-)metric §. First, we
need to make sense of all appearing operator compositions. Notice that
V € x72(C*® + H)Diff}, and writing V = —iZ7%;, we get
V* = —i0,29 =V —i("9;Z7) € 72" (C>° + Hy)Diff}, + 272" (C>® + H ™),
similarly

O,, 005, P* € (C + H)Diffy + (C* + Hy~ ")Diffy, + (C + Hy™2);
now, since
(C™ + Hy™/)DIff(C> + Hy ")Diffy € Y (C* + Hy 7 Hy~*H)Diff)

I<j

it suffices to require s > n/2 + 2, since then Hf:ij:k*j C Hgfk*j for
0</,k<2,0<j+k<3

Returning to the computation of (7.3), we conclude that —i(V*O, —
OyV) € (C> + H7%7?"\Difff, and thus its principal symbol is defined.
Since it is a formally self-adjoint (with respect to §) operator with real coef-
ficients that vanishes on constants, it equals ®d*CPd provided the principal
symbols are equal. To compute it, we adopt the computation by Vasy [39,
§3] to the present context: Let us write

—i(V*Og — O;V) = —("0r.2")0,y +i[0y, V] —i(0, — O%)V.
We define S* € C> + Hg_l by
op(—i(0g —ON)V) =28"Z7G¢ = (S 27 + S Z2°) G-
Moreover, with Hg denoting the Hamilton vector field of the dual metric
of g,
Hg = GijCibaj + Gij(jbaz‘ - (bakGij)CiCjan

we find o (—i(V*0, — OyV)) = B (¢ with

B = Y0, (Z*GY) + G*(P0,27) + GI*(P0p Z°) 4+ 8177 + ST Z¢

€x(C™ + Hg_l),
thus
—i(V*0, — OV) =*d*C", ¢ =BY.
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Let us now plug Z = x~2"xW into the definition of B¥ and separate
the terms with derivatives falling on x, the idea being that the remaining
terms, considered error terms, can then be dominated by choosing x’ large
compared to x. We get

B = 4= (%) (GFWI + GIFW — GlIWE)
(7.4) (G (a2 W) + GI (PDa 2 W)
02 WEGH) 2 (ST + STW)).
Notice here that for a b-1-form w € C>°(M;PT*M), the quantity
By (@) = %(bakx)(Gikwj +GWE— GIWF

5 [, ")) + () (g ) — (W), 0)c]

= X' () Ew,ai(w)

is related to the sesquilinear energy-momentum tensor
b\ T Ly
By pge(w) = Re((w, "dt) gw(W)) — 3 dt(W)(w,w)a,

where (-,-)g is the sesquilinear inner product on ®*T*M. This quantity,
rewritten in terms of b-vector fields as

By y () = Re(@(X)a(V)) ~ 3 (X, V) (@,w)a,

is well-known to be positive definite provided X and Y are both future
(or both past) timelike, see e.g. Alinhac [1]. In our setting, we thus have
Ew vy = Ew,w > 0 by our definition of W. Correspondingly,

(7.5) C=az"2"Y'A+z xR

with A positive definite and R symmetric.
We obtain(?>)

(7.6)  (—i(V*P — P*V)u,u) = (C’du, *du) — (iLu, Vu) + (iVu, Lu).

(25) The integrations by parts here and further below are readily justified using s >
n/242: In fact, since we are assuming u € H>", we have Vu € Hé’fT fors>n/2,s>1,
and then P*Vu € Hb_l’_T provided multiplication with an Hg_j function is continuous
Hé — H&fj for j =0, 1,2, which is true for s > n/2 + 1; similarly, one has Pu € Hg’T
provided s > n/2, and then V*Pu € H}:L*T if multiplication by an H}i*j function is
continuous Hb_j — Hgl for j = 0,1, which holds for s > n/2,s > 1.
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We now finish the proof by making x’ large compared to x on t~1([T}, T1]),
as follows: Pick T} € (T1,t1) and let

%(s) = T (T__:;> Yo(=F (s = T}), () = X(&)H(T1 — 5),

where H is the Heaviside step function, xo(s) = e~ "/*H(s) € C>°(R) (which
satisfies x{(s) = s72x0(s)) and X1 € C°°(R) equals 0 on (—o00,0] and 1 on
[1,00); see Figure 7.1.

x(s)

Sl !
T T >

toTo T} T t,

! 1
T T

Figure 7.1. Graph of the commutant . The dashed line is the graph
of the part of X that is cut off using the Heaviside function in the
definition of x.

Then in (T}, T7),

X' (s) = —=F “'xo(=F s = T))H(Ty — s) — xo(—F " (T1y — T}))ér,
=—F (s —T{)"*x(s) = xo(—=F ~"(Ty = TY))dr,,

in particular x(s) = —F ~1(s — T})2x'(s) on (T}, T1); hence for any v > 0,
we can choose f > 0 so large that x < —yx’ on (7§, T1); therefore

1,
—(X'A+xR) > =5 x'X1 A on (T, Th).
Put x1(s) = x1(s)H(T1 — s), then

—(C%du, *du) > %<:r_2’ﬂ(—X'Xl)Abdu7 P

+ Xo(fFil(Tl - Tll))<x72rA6T1bdu’ bdu> - C/Hbdu”i[]?ﬂ‘(t—l([TO)TS]))7
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and the term on the right hand side involving dp, is positive, thus can be
dropped. Hence, using equation (7.6) and the positivity of A,

(7.7)
coll VX 0 < 5 (=X xa) Al )
< Ol s gy + O Pl g I 2] -
+ O+ Il 2
€ Ol gy + O 2Pullg + CHV Xl

+ "IV ~x xwlngm,

where the norms are on t~!([Ty,7T1]) unless otherwise specified. Choosing
F large and thus ~ small allows us to absorb the second to last term on
the right into the left hand side. To finish the proof, we need to treat the
last term, as follows: We compute, using Wy = x'G("dt,%dt) = myx’ with
m € C* + H{ positive,

(W™ + 272" xW)u, u)
—((Wa™2"x — 272" xW)u, u) — ((divg W)z ™" xu, u)

\%

—(z 2" mxu, U>H°(t—1([To,T1])) — (27 wxu, w) — ((divg W)z~ xu, u)

|| _X le u”HO s { 1( TI T1 || |X/|m1/2

- CH\/QUHHgm(rl([To,Tﬂ))’

2
ullgor (e, )

where w = 2>’ Wz 2" € C* + H;. Similarly as above, we now choose F
large to obtain

2
IV =l ey my
b 2 / 2
< C”\/;( duHHS,r + CH X+ ‘X/ UHHE’T(tfl([TO,Té]))'

Using this estimate in (7.7) and absorbing one of the resulting terms,
b 2 . . .
namely 7||\/X du||Hg'T(t*1([T5,T1]))7 into the left hand side finishes the proof

of the estimate, since v/—x’x1 has a positive lower bound on t=1([T}, T1]).

That the estimate holds for perturbations of P follows simply from the
observation that all constants in this proof depend on finitely many semi-
norms of the coefficients of P, hence the constants only change by small
amounts if one makes a small perturbation of P. (|
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7.2. Analytic, geometric and dynamical assumptions on
non-smooth linear problems

The arguments of the first half of [19, §2.1.3] leading to a Fredholm
framework for the forward problem for certain P, e.g. wave operators on
non-smooth perturbations of the static model of de Sitter space, now go
through with only minor technical modifications. Because there are large
dimension-dependent losses in estimates for the adjoint of P relative to the
regularity of the coefficients of P, say C*° 4 H{ for the highest order ones,
the spaces that P acts on as a Fredholm operator are roughly of the order
s—n/2.

This can be vastly improved with a calculus for right quantizations of
non-smooth symbols just like the one developed in this paper for left quan-
tizations. Right quantizations have ‘good’ mapping properties on negative
order (but lossy ones on positive order) b-Sobolev spaces. Correspondingly,
all microlocal results (elliptic regularity, propagation of singularities, in-
cluding at radial points) hold by the same proofs mutatis mutandis. Then,
viewing P* as the right quantization of a non-smooth symbol gives esti-
mates which allow one to put P into a Fredholm framework on spaces with
regularity s — e, € > 0.

Our focus here however is to prove the invertibility of the forward prob-
lem, whose discussion in the second half of [19, §2.1.3] (in the smooth
setting) we follow.

We now describe the general setup; a concrete example to keep in mind
for the remainder of the section is the wave operator on a (perturbed) static
asymptotically de Sitter space. Let us from now assume that the operator

P=0,+L, Le(C®+H ""Diff} + (C®+ H "),
with a > 0, and g now satisfying
g € C®(M;S**T*M) + HY“(M; S**T* M),
is such that:

(1) P satisfies the dynamical assumptions of Theorem 6.10, i.e. has the
indicated radial point structure. Let L., B, B be defined as in the
statement of Theorem 6.10,

(2) P e (C®+ HP™)Diff2 4 (C™ + H ™ "*)Diff}, 4 (C*° 4+ Hy~"*); note
that the regularity of the lowest order term is higher than what we
assumed before,

(3) the characteristic set ¥ of P has the form ¥ =X, UX_ with X4 a
union of connected components of ¥, and Ly C ¥.
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We denote by t; and t two smooth functions on M and put for §;, d2 small
Qs,.5, 1= 11 ([01,00)) N 151 ([02,00)), Q=
03, 5, =1 ((01,00)) N5 (62, 00)),
where we assume that:

(4) The differentials of t; and t; have the opposite timelike character
near their respective zero sets within {2, more specifically, dt; is
future timelike, dts past timelike,

(5) putting H; := tj_l(O), the H; intersect the boundary OM transver-
sally, and H; and Hs intersect only in the interior of M, and they
do so transversally,

(6) 5,5, is compact.

Let us make two additional assumptions:

(7) Assume that there is a boundary defining function x of M such that
dx/x is timelike everywhere on 2 with timelike character opposite
to the one of t;, i.e. da/x is past oriented.

(8) The metric g is non-trapping in the following sense: All bicharac-
teristics in ¥q := X NPSEM from any point in Lo N (24 \ Ly) flow
(within ¥q) to S} M U Ly in the forward direction (i.e. either
enter Sy M in finite time or tend to L) and to "Sy, M U Ly in
the backward direction, and from any point in ¥o N (X_\ L_) to
bS;IQM U L_ in the forward direction and to bS}‘JlM U L_ in the
backward direction.

See Figure 7.2 for the setup.

Li 8M L+
H, Q H,
H,y

Figure 7.2. The domain ) on which we have a global energy esti-
mate as well as solvability and uniqueness on appropriate weighted
b-Sobolev spaces. The ‘artificial’ spacelike boundary hypersurfaces Hq
and Hy are also indicated.
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Conditions (1) and (8) are (probably) not stable under perturbations of
P, and it will in fact be crucial later that they can be relaxed. Namely, we
do not need to require that null-bicharacteristics of a small perturbation
P of P tend to L, but only that they reach a fixed neighborhood of L,
since then Theorem 6.10 is still applicable to ﬁ, see Remark 6.11; and this
condition is stable under perturbations.

Denote by H;'"(Qs,,5,)* distributions which are supported (o) at the
‘artificial’ boundary hypersurface t;*(6;) and extendible (=) at t;(d2),
and the other way around for H;'" (s, 5,)**. Then we have the following
global energy estimate:

LEMMA 7.3 (cf. [19, Lemma 2.15]). — Suppose s > n/2 + 2. There
exists rg < 0 such that for r < ro, —7 < 1o, there is C > 0 such that for
u € Hs’T(Qghgz).’_, vE Hi’r(Qghgz)_’., one has

||U’HH&>T(Q§1Y52)°,* < CHP“”H}?”(QJL@)-f’
101270, 5,0 < CUP Ol oy, )

If one replaces C by any C' > C, the estimates also hold for small pertur-
bations of P in the space indicated in assumption (2).

Proof. — The proof follows [19, Lemma 2.15], adapted to the non-smooth
setting as in Proposition 7.2, the point being that the terms in (7.4) with
272" differentiated and thus possessing a factor of r can be used to dominate
the other, ‘error,” terms in (7.5). We require s > n/2 + 2 here in order for
the arguments in Proposition 7.2 to apply. g

Remark 7.4. — For this lemma we in fact only need to assume condi-
tions (4)-(7).

By a duality argument, we thus obtain solvability; furthermore, the re-
sults on microlocal elliptic regularity and the propagation of singularities
proved in §§5 and 6 give us a robust way to show higher regularity:

LEMMA 7.5 (cf. [19, Corollaries 2.10 and 2.16]). — Let 0 < s’ < s and
assume s > n/2 + 6. There exists o < 0 such that for r < g, there is
C > 0 with the following property: If f € H, ~L7(Q)*, then there exists

a unique u € HSI’T(Q)"_ such that Pu = f, and u moreover satisfies
||UHH§/fT(Q)o,— < C”fHHg/*lv’"(Q)o,—'

If one replaces C by any C' > C, this result also holds for small perturba-
tions of P in the space indicated in assumption (2).
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Remark 7.6. — One can prove this Lemma without appealing to mi-
crolocal regularity results by commuting b-vector fields through the equa-
tion Pu = f. However, we use this opportunity to show in the simplest
setting how the microlocal results are used before applying them in a more
substantial way in the proof of Theorem 7.10 below. Moreover, the proof
given here immediately shows that one can choose rg independently of s’, s.

Proof of Lemma 7.5. We follow the proofs of [19, Lemmas 2.7 and 2.9].
Choose §; < 0 and d2 < 0 small, and choose an extension

Fer; ™" (Qs,)" CHY W (Qos,)"
satisfying
(7.8) [T RS i -

By Lemma 7.3, applied with 7 = —r, we have
||¢||H;’T_‘(QO’62)—,O < CHP*QS”HSW(QOM)—V-

for ¢ € HE’F(QOM)_". Therefore, by the Hahn-Banach theorem, there
exists @ € Hy'" (Q9.5,)* such that

(P, ¢) = (@, P*¢) = (f,¢), &€ H (Q05,)7",

and
(7.9) Ha||Hg';‘(QOYl§2).’7 < CHfHHb*”(QOVSQ)-,f'

We can view @ as an element of HS’F(Q(;M;Q)"* with support in Qgs,,
similarly for f; then (P, ¢) = (f,¢) for all ¢ € C(Qg, 5,) (with the dot
referring to infinite order of vanishing at OM), i.e. P = f as distributions
on {3 .-

Now, @ vanishes on Q3 s \ Qo s,, in particular is in Hy ;" there. Elliptic
regularity and the propagation of singularities, Theorems 5.1, 6.6 and 6.10,
. ~ S, i
imply that u € Hy |

H;/Q’T on the elliptic set of P within Q3 5 ; Theorem 6.6 with § = —1/2

gives Hkl)/ 2" _control of @ on the characteristic set away from radial points,

(92§, 5,)- Indeed, by Theorem 5.1 with § = —1, @ is in

and then an application of Theorem 6.10 gives Hém’r—control of & on all of

le,éz'(%) Iterating this argument gives Hé:l’gc(le,(;Q)o, and we in fact get

(26) The conditions of all theorems used here are satisfied because of s > n/2 + 6; if
necessary, we need to make rg smaller, i.e. assume that r» < ro is more negative, in order
for the assumptions of Theorem 6.10 to be fulfilled. Strictly speaking, we in fact need

to use localized estimates in the following sense: If @ € HS’T and Pa € H§71/2’T, and if
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an estimate
||XﬂHHé/,T(SZ(Sl,(S2) < C(”%P’IEHHEI*LT(QMY52) + HSE/H’”HS’T(Q(;L&?))

for appropriate x, x € C®° (leﬁz), X = 1 on supp x. In view of the support
properties of @, an appropriate choice of x and X gives that the restric-
tion of @ to Q is an element of HSI’T(Q)"*, with norm bounded by the
Hglfl’T(Q)"_—norm of f in view of (7.9) and (7.8).

To prove uniqueness, suppose u € HSI’T(Q)"’ satisfies Pu = 0, then,
viewing u as a distribution on €f , with support in (), elliptic regu-
larity and the propagation of singularities, applied as above, give u €
Hyoo (95, 0) € Hifoc( §,.0); hence, for any 5 > 0, Lemma 7.3 applied
tou = U‘QO,; € Hg’T(QOE)‘** gives u/ = 0, thus, since 6 > 0 is arbitrary,
u = 0. (|

COROLLARY 7.7 (cf. [19, Corollary 2.17]). — Let 0 < s’ < s and assume
s >n/2 4+ 6. There exists ro < 0 such that for r < rg, there is C' > 0 with
the following property: If u € H{ " (Q)*~ is such that Pu € HY ~""(Q)*~,
then

Jul < ClIPul v

H (@)%~ @
If one replaces C' by any C' > C, this result also holds for small perturba-

tions of P in the space indicated in assumption (2).

Proof. — Let v’ € Hg/’T(Q)"_ be the solution of Pu’ = Pu given by the
existence part Lemma 7.5, then P(u — u') = 0, and the uniqueness part
implies u = u'. a

We also obtain the following propagation of singularities type result:

COROLLARY 7.8. — Let 0 < s” < s’ < s and assume s > n/2 + 6;

moreover, let v € R be such that s — 1+ infLi(B\— rf3) > 0. Then there
is C > 0 such that the following holds: Any u € HY ()~ with Pu €
Hglfl’T(Q)"— in fact satisfies u € HS/’T(Q)"_, and obeys the estimate

s/ r gC P i — )"
lull .- ye. < CCIPul @e-)

Hg’*le(Q)-,— + ||u||HE”,

If one replaces C by any C' > C, this result also holds for small perturba-
tions of P in the space indicated in assumption (2).

x € C°(Q, ,62) is identically 1 near a point zo, then Pxa = xPu+[P, x|@ is in Hs_l/2’r

§—1,r

in a neighborhood of zo and globally in H, , since [P, x] is a first order operator. By
inspection of the relevant theorems, in particular (6.8), this regularity suffices to apply

the relevant microlocal regularity results and deduce microlocal H§+1/2’T regularity of .
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Proof. — As in the proof of Lemma 7.5, working on s, o for 6; < 0
small, we obtain u € Hy i/,
principal type propagation and the propagation near radial points; the

latter, applied in the first step with § = s” — 1/2, is the reason for the

by iteratively using elliptic regularity, real

condition on s”. Thus, u € Hg/’T(QO 5)* " for 6 > 0. From here, arguing as
in the proof of Proposition 2.13 in [19], we obtain the desired conclusion.

|

Let us rephrase Lemma 7.5 and Corollary 7.7 as an invertibility state-
ment:

THEOREM 7.9 (cf. [19, Theorem 2.18]). — Let 0 < s’ < s and assume
s > n/2+ 6. There exists 1o < 0 with the following property: Let r < rg
and define the spaces

ST — {U c Hs,r(Q)o,—: Pu e H{j—l,r(Q)o,f}, ys,r — Hg,r(Q)o,f.

Then P: X%" — Y*~L7 s a continuous, invertible map with continuous
inverse.

Moreover, the operator norm of the inverse, as a map from Hy ™" (€)®~
to Hy"(Q)* ™, of small perturbations of P in the space indicated in as-
sumption (2) is uniformly bounded.

We can now apply the arguments of [19], see also [40] for the dilation-
invariant case, to obtain more precise asymptotics of solutions u to Pu =
f using the knowledge of poles of the inverse of the Mellin transformed
normal operator family }3(0)7 where the normal operator N(P) of P is
defined just as in the smooth setting by ‘freezing’ the coefficients of P at
the boundary M. This makes sense in our setting since the coefficients of
P are continuous; also, the coefficients of N(P) are then smooth, since all
non-smooth contributions to P vanish at the boundary.

THEOREM 7.10 (cf. [19, Theorem 2.20]). — Let s > n/2+46,0 < a < 1,
and assume g € C°°(M; S**T*M) + H;*(M; S?T*M). Let

P=0,+L, Le(C™®+H ""Difff + (C*>+ H~"%).

Further, let t; and Q C M be as above, and suppose P, §) and g satisfy the
assumptions (1)-(8) above. Let o; be the poles of P(o)~1, of which there
are only finitely many in any half space Imo > —C' by assumption (7).(27)
Let r € R be such that r # Imo; and r < —Imo; + o for all j, and let

(27) See the arguments leading to [40, Theorem 7.5] for an explanation.
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ro € R. Moreover, let 1 < sq < s’ < s, and suppose that
s —2+inf(3—rf) > 0.
Ly
Finally, let ¢ € C*(R) be such that supp ¢ C (0,00) and ¢ o t; = 1 near
OM N Q.

If we assume that the poles o; or P(o)~! are simple, then any solution
u € Hy"™(Q)*~ of Pu= f with f € Hy ~""(Q)*~ satisfies

(7.10) u—Y @ (got)a; = € H(Q)*"
J

1

for some a; € C*(0OM N ), where the sum is understood over the finite
set of j such that —Imo; <r < —Imo; + .

The result is stable under small perturbations of P in the space indicated
in assumption (2) in the sense that, even though the o; might change, all

C*°-seminorms of the expansion terms a; and the Hls)/’r(Q) "~-norm of the

remainder term ' are bounded by C(|ul o0 q)e.- + ||f||H}.:/_1,T for

(Q)"‘)

some uniform constant C' (depending on which norm we are bounding).
In general, without the simplicity assumption, the expansion (7.10) in-

cludes log terms z'%i|log z|¥, 0 < k < m; < oo, with (m; + 1) equal to the

order of the pole of P(c)~" at o = o;.

Proof. — By making r smaller (i.e. more negative) if necessary, we may
assume that ro < r and

so— 1+ inf(B— 7“05) > 0.
Ly
First, assume o, := min;{—Imo;} > r. Then u € H;*"(Q)*~ and Pu =
I € Hﬁ/_l”(ﬂ)"‘ imply v € HSI’TO (©)*~ by Corollary 7.8. Since
P — N(P) € (zC* + H_*)Diff}, + (2> +H§_1’Q)Diﬁ’é—|— (2C>® _|_Hg—1,a)7

we thus obtain f := (P — N(P))u € H§/_2’T°+Q(Q)"_, where we use s >
s'’—2and s —1> s —1; hence

N(Pyu=f—feH 2" Q)"

with 7 = min(r, 79 + «). Applying®® [40, Lemma 3.1] and using the ab-

S

sence of poles of P(¢) in Imo > —r gives u € Hblfl’r (€)*~; but then

(28) This requires s’ > 1 in view of the supported/extendible spaces that we are using
here; see also [19, Footnote 28].
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Pu e H§/717T(Q)"_ implies u € HSI’T/(Q)"_7 again by Corollary 7.8, where
we use

(s —1)— 1—|—inf(§—7"§) > s —2—|—inf(,§—7“~) > 0.

If v* = r, we are done; otherwise, we iterate, replacing ro by ro + «, and
obtain u € HS,’T(Q)'V’ after finitely many steps.

If there are o; with —Imo; < r, then, assuming that 0. — o < rg < o4,
in fact that rg is arbitrarily close to 0., as we may by the first part of
the proof, the application of [40, Lemma 3.1] gives a partial expansion uy
of u with remainder v’ € H}‘j/_l’r/(Q)”_7 where v = min(r, 7o + «). Now
N(P)u; = 0, and u; is a sum of terms of the form aja:i"f with Imo; < —o,
and a; € C*°(OM NQ), in particular u; € H,~"°(Q2)*~; thus
(7.11)

(P — N(P))uy € H> T Q)™ + H7 VT (Q)~ < BVt (Q)*,

where the two terms correspond to the coefficients of P — N(P) being sums
of zC*>- and Hgfl’a—functions. Therefore,

(7.12) Pu' = Pu— N(P)uy — (P — N(P))uy € HS ~2"(Q)*~,

which by Corollary 7.8 implies u’ € HSI’T/ (Q)*~, finishing the proof in the
case that ' =7, i.e. 7 < o, + . If r = 0, + o, we need one more iterative
step to establish the improvement in the weight of u’': We use v’ € HS/’T/
to deduce

N(P)u=f —(P—N(P))u

-1, 2,0 —lo. '~2,0.
EHS T+H§ 7‘+(J¢+H§ U+aCH§ O'+Oé7

where we use (P—N(P))u’ € H§/_2’T/+O‘ and (7.11). Hence [40, Lemma 3.1]
implies that the partial expansion v = u; + v’ in fact holds with «' €
H} ~17 and then Corollary 7.8 and (7.12) imply v’ € H} ", finishing the
proof in the case r = o, + a. O

Remark 7.11. — In the smooth setting, one can use the partial expan-
sion u; to obtain better information on f for a next step in the iteration.
This however relies on the fact that P — N(P) € zDifff there (see the
proof of [19, Theorem 2.20]); here, however, we also have terms in the
space H~V“DiffZ in P — N(P), and H:™!-functions do not have a Taylor
expansion at x = 0, hence the above iteration scheme does not yield addi-
tional information after the first step in which one gets a non-trivial part
uy of the expansion of u.
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If however we encode more precise asymptotics in the function space in
which g lies, then P— N (P) has a partial polyhomogeneous expansion which
can be used to obtain more precise asymptotics for u. See also Remark 8.14.

Combining Theorem 7.10 with Theorem 7.9 gives us a forward solution
operator for P which, provided we understand the poles of P(o)~1, will
be the key tool in our discussion of quasilinear wave equations in the next
section.

8. Quasilinear wave and Klein-Gordon equations on the
static model of de Sitter space
8.1. The static model of de Sitter space

In order to introduce the static model of de Sitter space, we start by
considering (n + 1)-dimensional Minkowski space R?™! with metric gg :=

dz2., —dz? — -+ — dz2. Then n-dimensional de Sitter space is the one-
sheeted hyperboloid

M= {g —d = =1}
with metric g induced by go; thus, g has signature (+, —, ..., —). Moreover,

M?® inherits the usual time orientation from the ambient Minkowski space,
in which 0., ,, is future timelike. We can introduce global coordinates using
the map R, ., x Sp7",  (2p41,0) = (1 + 22,1)Y%0,2,41) € R™L, and
the metric becomes

g= m—(l—i—f )db?
1+22,, el
We compactify M °, first at future infinity by introducing = = 27741-1 in

Zn+1 = 1, say, so the metric becomes

d 2
(8.1) g=a""2 (1 fo —(1+ 12)d92> =: 2723,

where g is a smooth Lorentzian metric down to = 0, and likewise at past
infinity; thus, we have compactified M° to a cylinder
M2 [—1,1]p x S",

say withT = 1—z near x = 0, and T' = 0 at 2,41 = 0. The metric g is a so-
called 0-metric, see [28]. Null-geodesics of g are merely reparametrizations
of null-geodesics of the conformally related metric g. From the point of
view of causality, one can localize the study of (nonlinear) wave equations
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on de Sitter space M by picking a point ¢ at future infinity, say T = 1,
6 = e € S"! C R", considering only the interior Mg of the backward
light cone from g, intersected with {T" > 0} for convenience; we call Mg
the static model of de Sitter space.>”) For an illustration, see Figure 8.1.

Y

Figure 8.1. The ‘future half’ of the static model Mg of de Sitter space,
a submanifold of (compactified) de Sitter space M , Is the backward
light cone from the point q at future infinity, intersected with T > 0.
The full static model is the intersection of the interiors of the backward
light cone from q and the corresponding point at past infinity.

We make this explicit in the coordinates zi,...,z,4+1 of the ambient
Minkowski space: Namely, for each fixed w € §"72 C RZ ! _ | the affine
curve

Yo (Znt1) = (Znt1,@; Znp1) € M C RIFH(—DH

is a geodesic on de Sitter space M °, and written in the coordinates =z =
Zii1s 0= (23 4+ 22)"Y2(z1,...,2,) € S*7! introduced above, it is
equal to

Tolznit) = (@,6(2)), O(x) = (1+2%)"Y(es + 2w).

Thus, we see that the family {v,: w € S"~2} sweeps out the backward
light cone from the point z = 0, § = e;, thus is the boundary of the static
model M¢. In other words, in the Minkowskian coordinates,

Mg ={(21, - 2n41) € M®: 21 > 0,25 + -+ 2 < 1}.

(29) Strictly speaking, this is only the future half of the static model; the full static model
is the intersection of the interior of the backward light cone from (7' = 1,6 = e;) with
the forward light cone from (T'= —1,6 = e1), see [40, §4] for details.
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The backward light cone is a cosmological horizon for M¢: Any causal
(timelike or null) future-oriented curve in M °, starting at a point in Mg,
which crosses the cosmological horizon, can never return to Mg.
On Mg, one can choose static coordinates t € R, Z € R"™' |Z] < 1,
with respect to which the metric g is t-independent, and writing Z = rw,
€ (0,1), w € S"2, away from Z = 0, one has

g=(1—7r*dt* — (1 —rH)~tdr?* —r?dw?.

One can compactify this at future infinity using 7 = e~*

as a boundary
defining function; the coordinate singularity of the metric at » = 1 can
then be resolved by means of a suitable blow up of the corner 7 = 0,r = 1,
with g extending smoothly and non-degenerately past the front face of the
blow-up near the side face 7 = 0; see [40, §4] for details.

We describe a different way of arriving at such a smooth extension of
the static metric past the cosmological horizon. First, we recall the relation
of hyperbolic space H" = {22, —2f — -+ — 22 = 1,z,41 > 0} as a
subset of Minkowski space to the upper half plane model: Define the global
coordinate chart

D:H" 5 (21,22, -5 Zns 2nt1) — (2,9),
2 2
S R
21 + Zn41 21 + Zn41

then the induced metric on H" takes the simple form z=2(dz? + dy?). The
above map @ is in fact well-defined on {21 + zp41 > 0}, and restricting ®
to M° N {21 + zn41 > 0}, the metric on M° has the form

g =z %(dz? — dy?).

Moreover, the point ¢ at future infinity singled out above has coordinates
z =0,y = 0, where we extended ® by continuity to M N {z1 + zn+1 > 0},
and the backward light cone from ¢ is simply the set {|y| = «}; the static
model, compactified at future infinity, therefore is

Ms = {ly| <=,z > 0}.

Blowing up (0, 0) spherically, we introduce coordinates 7 =z € [0,1), Z =
y/x € R"71 |Z] < 1 near the interior of the front face, with respect to
which

d d d
82) g=(1-|z )— —QZ—TdZ dz? = 7'2 (Z T +dZ>
T
which extends non-degenerately as a Lorentzian b-metric past the cosmo-
logical horizon | Z|=1. Moreover, 7 and 1/z,41 are comparable (i.e. bounded
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by constant multiples of each other) near ¢, and in terms of the static time
coordinate ¢, we have 7 ~ e~! over compact subsets of Mg, i.e. away from
the cosmological horizon. In fact, we can define a new time coordinate ¢, by

which is thus smooth on Mg up to (and beyond) the cosmological horizons.
The dual metric of g is

(8.3) G = (Z0y —10,)* — 0%.

Concretely, with r = |Z| and w = 771Z, we introduce p = 1 — r? as a
defining function of r = 1, and compute

(8.4) G = —4;”“282 + 41279. O + (10,)* — 17202,

valid away from r = 0, which extends non-degenerately to u < 0; the
Lorentzian geometry at ;1 = 0 is crucial for our analysis, since [], has radial
points at the conormal bundle to 4 = 0 within 7 = 0, as we will verify below.
Let us therefore use the coordinates p € (—6,1),w € S"72,7 € [0, 00), for
small § > 0, on physical space near the cosmological horizon ¢ = 0 and
the natural coordinates in the fiber of the b-cotangent bundle, which come
from writing b-covectors as

§du+ndw+ad£.

Moreover, we write K for the dual metric on the round sphere; in a co-
ordinate system on the sphere, its components are denoted K%. We shall
also have occasion to use the coordinates Z = rw € R”~! and 7, valid near
r = 0, with b-covectors written

CdZ—l—Ud—T.
T

Then the quadratic form associated with the dual metric G of the static de
Sitter metric g, which is the same as the b-principal symbol of P := [, is
given by

p=0p(P) = —4ru€® + 4’0 + o — %y
—(Z-C—0) = |2
Correspondingly, the Hamilton vector field is
H), = (0¢p)0, — (0up)0t + (05p)T0r — (T07p)00 — T_2H|n|§(
= 4r*(=2u€ + 0)0), — (4€7(1 — 2r®) — do€ — 1™ |nl% )0
+ (4r%€ +20)70, — 7‘72H|,7|§<
=2(Z-(—0)(Z0z —(0c —10;) — 2¢ - Oz.

(8.5)

(8.6)
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We aim to show that P fits into the framework of §7, so that Theorems 7.9
and 7.10 apply to P and non-smooth perturbations of it. Since the metric
g is T-independent, the computations are very similar to those performed
by Vasy [40] in the Mellin transformed picture; also, in [19, §2], it is used,
even if not explicitly stated, that P does fit into the smooth framework
there, but we will provide all details here for the sake of completeness.

Denote the characteristic set of p by ¥ = p~1(0) C *T*M \ o.

LEMMA 8.1. — X is a smooth codimension 1 (conic) submanifold of
PT*M \ o transversal to Ty M.

Proof. — We have to show that dp # 0 whenever p = 0. We compute

dp = (463 (1 — 2r®) — 4o ¢ — r*|nlf )dp + 4r® (=28 + 0)d¢
+ (4(1 — p)€ + 20)do — r~2d|n|%.

Thus if dp = 0, all coefficients have to vanish, thus ¢ = 2u€ and o =
2(p — 1), giving £ = 0 and thus 0 = 0, hence also n = 0. Thus dp
vanishes only at the zero section of PT*M in this coordinate system. In
the coordinates valid near r = 0, we compute

dp=2Z-C—0)-dZ+2((Z ¢ —0)Z —2() -d( —2(Z - ( — o) do,

thus dp = 0 implies Z - ( = o0, hence ( = 0 and then ¢ = 0. Thus, the first
half of the statement is proved. The transversality is clear since dp and dr
are linearly independent at 3 by inspection. O

We will occasionally also use X to denote the characteristic set viewed
as a subset of the radially compactified b-cotangent bundle PT*M or as a
subset of the boundary ®S*M of bT*M at fiber infinity.

8.1.1. Radial points

Since g is a Lorentzian b-metric, the Hamilton vector field H,, cannot be
radial except at the boundary Y = OM at future infinity, where 7 = 0. In
the coordinate system near r = 0, one easily checks using (8.6) that there
are no radial points over Z = 0. At radial points, we then moreover have
Hpp = 4r%(—2p€ + o) = 0, thus o = 2u¢. Further, we compute

H|77|§( = HmKiJ'(w)nj = 277jKij(w)awi - 277i(awk:Kij)njaT]1«'

The coefficient of 9,,, must vanish for all ¢, which implies n = 0, since K is
non-degenerate. Now, if £ = 0, then o = 0, i.e. all fiber variables vanish and
we are outside the characteristic set X; thus £ # 0. At points where o =
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2ué,n = 0,7 = 0, the expression for p simplifies to 4r2u&? 4+ 4u2€2? = 4ué?,
which does not vanish unless 4 = 0. Hence, p = 0,7 =0,7=0,0 =0, and
we easily check that these conditions are also sufficient for a point in this
coordinate patch to be a radial point. Thus:

LeEMMA 8.2. — The set of radial points of L, is a disjoint union R =
R+ UR_, where

'Ri:{NZO,TZO,UZO,UZO,if>O}
:{TZO’Ozovz::FC/‘CH’CZ'

To analyze the flow near L := OR4 C PS*M, we introduce normalized
coordinates

5= 1 i=15=2
& ¢ £
and consider the homogeneous degree 0 vector field H,, := |p|H,. Follow-

ing [6, §3], we get a good qualitative understanding of the dynamics near
Ly by looking at the linearization W of +H, = pH,; note that (£)~! is a
defining function of the boundary of bTM at fiber infinity near L. The
coordinate vector fields in the new coordinate system are

On = PO, §0¢ = 0 05— 50,
Hence

PH, = 4r* (=2 +3)0y, + (4(L = 2r°) — 45 — r~ (1l %) (P05 + 770 + 505
+ (4r2 +20)70, — riQﬁHW%{.

We have pH,, € Vo (PT" M), i.e. it is tangent to the boundary p = 0 at fiber
infinity, and to the boundary of M, given by 7 = 0. Since pH,, vanishes at
a radial point ¢ € PT" M, it maps the ideal Z of functions in C> (bT*M)
vanishing at ¢ into itself. The linearization of pH, at ¢ then is the vector
field pH, acting on Z/7% = T;bT*M , where the isomorphism is given by
[ +Z? — df|,. Computing the linearization W of pH, at ¢ now amounts
to ignoring terms of pH,, that vanish to at least second order at ¢, which
gives

W = 4(=2u +6)0, — 4(p0; + 110>+ 505) + 4707 — 2K (w)1); 0, -

ANNALES DE L’INSTITUT FOURIER



QUASILINEAR WAVE EQUATIONS 1383

We read off the eigenvectors and corresponding eigenvalues:
dp, dn, do with eigenvalue — 4,
dp — do with eigenvalue — 8,
dt with eigenvalue + 4,
dw; — $ K" dn; with eigenvalue 0.
Thus, Ly (L_) is a sink (source) of the Hamilton flow within S} M, with

an unstable (stable) direction normal to the boundary. More precisely, the
T-independence of the metric suggests the definition

Li=0{p=00=0n=0,+>0} C S*M,
so that Ly = PS3 M N L4; moreover L4 C ¥, and H, is tangent to L;
indeed,
(8.7) H, = 4€%0¢ + 4£70, at Ly

Lastly, £4 (£_) is indeed the unstable (stable) manifold at L1. Now, going
back to the full rescaled Hamilton vector field H,,, we have at L+ (in fact,
at Ly):

I Hplpl = FBo, —7 'HyT = FBBo
with Sy = 4 and E = 1; furthermore, near L,
FH,7) =47, FH,0 =46, FHy(u—7)=8(u—7)
modulo terms that vanish quadratically at £, hence, putting 5; = 8, the
quadratic defining function pg := 72 +02+ (1 —0)? of L4 within ¥ satisfies
FHppo — Bipo 2 0

modulo terms that vanish cubically at L.

We have thus verified the geometric and dynamical assumptions (1)-(5)
in §6.4 regarding the characteristic set and the Hamilton flow of p near the
radial set. Note that assumption (5) is automatic here with B = 0, since P
is formally self-adjoint with respect to the metric b-density. In other words,
we have verified assumption (1) of §7.2.

8.1.2. Global behavior of the characteristic set

The next assumption to be checked is (3) in §7.2. This is easily accom-
plished: Indeed, from (8.5), we have

(8.8) p=(0+2r%)% - 4r*¢ —r ik,
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and thus ¥ = ¥ UX_, where
(8.9) Yy ={t(c+2r%)>0}NE ={£(0 - Z-¢) > 0}

since p = 0, 0 + 2r?¢ = 0 implies £ =7 = 0, thus o = 0, thus {o + 2r?¢ =
0} does not intersect the characteristic set p~1(0), and similarly in the
(1,Z;0,(¢) coordinates. Moreover, we have L1 C X4 by definition of L.

We proceed with a description of the domain Q2 C M with artificial
boundaries H; and Hs, which have defining functions t;, to, and check the
assumptions (4)-(8) in §7.2. We first observe that G(4=, 4T) =1 > 0. Now,
pick any § > 0 and 79 > 0 and define

f1=7'0—7', fQZM—F(S.

Then
dr dr
Gt Mty -0 = G (=2, =7 ) ey = 7 > 0,
G("dty, dto)| =0 = G(dp, dpp)|u=—5 = 46(1 + 8) > 0,
G ("dty, Pdty) | —t,—0 = —4(1 + 8)79 < 0,

thus "dt; and Pdty are timelike with opposite timelike character; indeed,
with the usual time orientation on de Sitter space (namely where —d7/7
is future oriented), t; is future oriented and ty is past oriented, as is dr /7.
Moreover, dt; and dr are clearly linearly independent at Y N Hs, as are dt;
and dty at Hy N Hy. Thus, the assumptions (4)-(7) are verified.

It remains to check the non-trapping assumption (8). Let us first an-
alyze the flow in PTgM \ PTy M; notice that H,7 = 0 in PTyM, thus
bicharacteristics that intersect bT{iM are in fact contained in bT;;M , and
correspondingly bicharacteristics containing points in bT{%M \ bT}*,M stay
in T3 M \ PTy M. There,

(8.10) + H,m = +2(0 +2r?6)7 > 0 on .

In particular, in 4 \ Ty M, bicharacteristics reach "Tj; M (i.e. 7 = 7o)
in finite time in the forward (+), resp. backward (—), direction. We show
that they stay within bT;]‘M : For this, observe that p = 0 and p < 0, thus
r > 1, imply

21¢] < 2ré] < o+ 2r%¢]
by equation (8.8). In fact, if £ # 0, the first inequality is strict, and if £ = 0,
the second inequality is strict, and we conclude the strict inequality

21¢| < |o 4+ 2r%¢| if p =0, < 0.
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Hence, on (X4 \ PTy M) N g, if u < 0, then
(8.11) + Hpp = +4r% (o + 212 — 26) > 0,

thus in the forward (on X, ), resp. backward (on X_), direction, bicharac-
teristics cannot cross "1y, M = {u = —4}.

Next, backward, resp. forward, bicharacteristics in £4\ Ly tend to Ly by
equation (8.10), since H), is tangent to L4, and Ly = L4 N{7 = 0}; in fact,
by equation (8.7), more is true, namely these bicharacteristics, as curves in
ST M \ o, tend to Ly if the latter is considered a subset of the boundary
PS* M of PT"M at fiber infinity. Now, consider a backward, resp. forward,
bicharacteristic v in (34 \ £4) N PTG M, including those within P73 M.
By (8.10), 7 is non-increasing along 7, and by (8.11), p is strictly decreasing
along v once v enters p < 0, hence it then reaches bT;;ZM in finite time,
staying within PTG M. We have to show that v necessarily enters u < 0 in
finite time. Assume this is not the case. Then observe that

(8.12) FHy(0—Z-¢) =52/ =F2(c — Z-¢)* on Xy,

thus 0 — Z - ¢ converges to 0 along 7. Now on X, || = |0 — Z - (|, thus, also
¢ converges to 0, and moreover, on ¥, we have

ol <1Z-¢l+1Z-¢—al < (1+|Z])[C]

since we are assuming |Z| < 1 on v, hence o converges to 0 along ~y. But
Hy,o = 0, i.e. 0 is constant. Thus necessarily ¢ = 0, hence p = 0 gives
|Z - (| = |¢|, and thus we must in fact have |Z| = 1 on +, more precisely
Z = F¢/|¢|], and thus v lies in L4, which contradicts our assumption
v ¢ Li. Hence, v enters |Z] > 1 in finite time, and thus, as we have
already seen, reaches "T; M in finite time.

Finally, we show that forward, resp. backward, bicharacteristics v in
(BLNPTEM\R+)N g tend to L. By equation (8.12), £(0 —Z-() — o
(in finite time) along ~y, hence |(| = |0 — Z - (| on v C X tends to oo, and
therefore

Z-¢ _lo-2-¢ o
1q 1q q
since o is constant along . On the other hand, at points on v where

|Z| > 1,1ie. p <0, we have £H,p > 0 by (8.11). We conclude that + tends
to |Z] =1, i.e. p = 0. Moreover,

<Z~<—0>2:10n2,
[SIY
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thus | Z-¢/|¢|| — 1 along 7; together with |Z| — 1, this implies Z — F¢/|(],
and since o is constant and |{| — oo, we conclude that 7 tends to L. Thus,
assumption (8) in §7.2 is verified.

8.1.3. The normal operator

The Mellin transformed normal operator p (o) of P = 0,, with principal
symbol (in the high energy sense, o being the large parameter) given by
the right hand side of (8.5), fits into the framework of Vasy [40]. In the
current setting, the poles of P(c)~! for P acting on functions have been
computed explicitly by Vasy [38]. In fact, if more generally Py = O, — A,
the only possible poles of ﬁA(a)_l are in

n—1 (n—1)2

(8.13) 52V —iN, 5 = -5 = -

and the pole with largest imaginary part is simple unless A = (n—1)?/4, in
which case it is a double pole. Notice that for A = 0, all non-zero resonances
have imaginary part < —1.

Y

8.2. Quasilinear wave equations

We are now prepared to discuss existence, uniqueness and asymptotics
of solutions to quasilinear wave and Klein-Gordon equations for complex-
and/or real-valued functions on the static model of de Sitter space, in
fact on the domain €2 described in the previous section, with small data,
i.e. small forcing. Keep in mind though that the methods work in greater
generality, as explained in the introduction. In particular, we will prove
Theorems 1.1 and 1.2.

Remark 8.3. — The only reason for us to stick to the scalar case here
as opposed to considering wave equations on natural vector bundles is the
knowledge of the location of resonances in this case, see §8.1.3; the author
is not aware of corresponding statements for bundle-valued equations. The
general statement is that as long as there is no resonance or only a simple
resonance at 0 in the closed upper half plane, the arguments presented in
this section go through. Likewise, we can work on the more general class
of static asymptotically de Sitter spaces, since the normal operator, hence
the resonances are the same as on exact static de Sitter space, and in fact
on much more general spacetimes, provided the above resonance condition
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as well as all assumptions in §7.2 are satisfied; examples of the latter kind
include perturbations (even of the asymptotic model) of asymptotically de
Sitter spaces, see also Remark 8.6.

Let us from now on denote by gqs the static de Sitter metric. We start
with a discussion of quasilinear wave equations.

DEFINITION 8.4. — For s, € R, define the Hilbert space
X5 :=Ceo Hy* ()%™

with norm ||(¢,v)||3sa = ||* + ||v]|2 w0 (e~ - We will identify an element
b

(c,v) € X** with the distribution (¢ o t1)c + v, where ¢ and t; are as in

the statement of Theorem 7.10.

We are now in a position to prove Theorem 1.2 whose statement we
recall:

THEOREM 8.5. — Let s > n/2+ 7 and 0 < a < 1. Assume that for
J=01,

g: X575 (C® + HY70%)(M; S2PT* M),
q: XTI BTV P TR M) ST — HYTTR Q)
are continuous, g is Lipschitz near 0, and
(8.14) llq(w, *du) — q(v, bdv)||H§—1—j,a(Q).,, < Ly(R)|lu — v|| xs-sia

for u,v € X9 with norm < R, then there is a constant C, > 0 so that
the following holds: If L4(0) < Cp, then for small R > 0, there is Cy > 0
such that for all f € H{™"*(Q)*~ with norm < Cy, there exists a unique
solution u € X%% of the equation

(8.15) Oywyu = f + q(u, "du)

with norm < R, and in the topology of X*~%% u depends continuously
on f.

Remark 8.6. — Note that the poles of the meromorphic inverse normal
operator family D/ga(a)’l depend continuously on u, see [40, §2.7], and
the simple pole at 0, corresponding to constant functions being annihilated
by N(Og(u)), is preserved under perturbations. This will be crucial in the
proof, and it also shows that we may allow the metric g(0) to be a perturba-
tion (in the b-sense) of gqs, rather than exact gqs, without any additional
work.
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Remark 8.7. — The permitted range of « is directly linked to the width
of the resonance free strip below the real axis for the basic linear operator.
In particular, R > 0 depends on « in the sense that one must ensure that
the linear operator Uy, for u € X* with norm < R has no resonances
other than 0 in Im ¢ > —a. Since the only resonances of [y
are 0 and —i, the continuous dependence of resonances on the b-metric
ensures that R > 0 can indeed be chosen in this way.

inlmo > -1

Remark 8.8. — Of course, we require all sections g(u) of S2*T*M to
take values in symmetric 2-tensors with real coefficients. If we assume that
q and f are real-valued, we may therefore work in the real Hilbert space

(8.16) Xy =R H “(GR)™

and find the solution u there. This remark also applies to all theorems later
in this section.

Proof of Theorem 8.5. To simplify the notation, we will occasionally write
H7'? in place of H_*(2)*~ if the context is clear.

By assumption on g, there exists Rg such that for v € X* with
lul| xs.o < Rs, the operator Oy, satisfies the relaxed versions of the as-
sumptions (1)-(8) in §7.2 (see the discussion after assumption (8)), thus
Theorem 7.9 is applicable, giving a continuous forward solution operator
Sg(uy on sufficiently weighted b-Sobolev spaces. For such u, the normal op-
erator N(Oy(,)) is a small perturbation of N(Oy,,) in Diff*(Y N Q), and
since further s — 2 — a > 0, we can apply Theorem 7.10 to conclude that
the solution operator in fact maps

S,

g(u) " H{;_l’a(ﬂ).’7 — X5

continuously, with uniformly bounded operator norm
(8.17) [Sgull < Cs,  ullx=e < Rs.

Let Cp, == Cg', and assume that L,(0) < Cp, then Ly(R,) < Cf, for
R, > 0 small. Put R := min(Rs, R,) and Cy = R(Cg' — Ly(R)); let f €
HE1*(Q)*~ have norm < C. Define ug := 0 and iteratively ug,, € X*®
by solving

(8.18) Oy ) Ukt1 = f + q(ug, dug),

ie. ugpry = Sg(uk)(f + q(uk,bduk)). For wugy1 to be well-defined, we need
to check that ||ug| xs.c < R for all k. For k = 0, this is clear; for k > 0, we
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deduce from (8.17) and (8.14) that
luksallee < Cs (1l g+ Lo(R) el )
< Os(R(Cg' = Ly(R)) + Ly(R)R) = R.

We aim to show that the sequence (uy ) is in fact Cauchy in X*~1:®. First,
we observe that for u € X*~ 1% we have

Oywy = 97 ()°D;"D; + §7 (u, "du)’D

with g% (u) € C>° 4+ Hy ™", §9(u, du) € C*° + H{~>®; using the explicit
formula for the inverse of a metric, Corollary 3.10 and Lemma 4.2, we
deduce from the Lipschitz assumption on g that

gij: Xs—l,a s C® +H§—17C¥7 gj: Xs—l,a O™ + Hg—Q,a
are Lipschitz as well; hence, for some constant Cy(R), we obtain
”Dg(u) - Dg(v) H[j(}(s,a,Hg*z*"‘) < Og(R)”u - UHXS*LO‘

for u,v € X1 with norms < R. Therefore, we get the following estimate
for the difference of two solution operators S,y and Sy, u,v € X*%,
with a loss of 2 derivatives relative to the elliptic setting, using a ‘resolvent
identity’:

1Saw)=Sa) | cerz=1e xo-1.0)
(8.19) = [[Sg(uw) ( g(v) — Dg(u))sg(v)”L(Hg—lv”,%fl:a)
. < Cg‘”Dg(u) - Dg(v)HL(Xs,a,H;—“)

< C2C,(R)u = vl 1.0
Here, we assumed Cly is such that Hsg(u)HL(Hs—Z,a Xty < Cg for small
ore,

u € X*% which is where we use that s — 1 > n/2 + 6. Returning to the
goal of proving that (uy)x is Cauchy in X*~1% we estimate

||Uk+1 — U/k‘ Xs—1,a
b

H g(uk) — Uk—l))(f +q(uk-1, dukfl)) HXS*M

11y () (@(ur, "dug) — qlug—1, dug—1))|| xe-1.0

< Cs(Lg(R) + CsCy(R)(Cy + Lo(R)R))|lur — k1l x+-1.0-

Since CgLq(0) < 1, the constant on the right hand side is less than 1 for
small R > 0, recalling that C; = C¢(R) — 0 as R — 0. Therefore, (ux)
converges exponentially fast to a limit v € X*~1'* as k — oo. Since {uz}
is bounded in the Hilbert space X'®“ it in fact has a weakly convergent
subsequence in X'***, and the limit is necessarily equal to u, so u € X%,
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This easily implies the weak convergence of the full sequence uy — u in
XS,

We can prove uniqueness and stability in one stroke: Suppose we are
given ui, us € X>* with norms < R and satisfying

Ogeuyyty = f5 + qlug,"dug), j=1,2,
where the f; € HS ™", j = 1,2, have norm < C. Then the estimate (8.19)
yields
s = wall e se < Cs(Lfs = all g2
(LR + OsCy(R)Cr-+ Ly(B)R) s~ 1),

Arguing as before, the second term on the right can be absorbed into the
left hand side for small R > 0. Hence

lur = uzllxa-re < CNf1 = foll g2
as desired. 0

Remark 8.9. — 1In the case that g(u) = g is constant, see [19, Theo-
rem 2.24] for a discussion of the corresponding semilinear equations. There,
one in particular obtains more precise asymptotics in the case of polynomial
non-linearities, see [19, Theorem 2.35]; see also Remark 7.11.

We next turn to a special case of Theorem 8.5 which is very natural and
allows for a stronger conclusion.

THEOREM 8.10. — Let s > n/2+ 7 and 0 < a < 1. Let N,N' € N,
and suppose ¢, € C°(R;R), gr € (C® + H)(M;S?PT*M) for 1 < k < N;
define the map g: Xg'™ — (C* + Hs’o‘)(M'SQbT*M) by

ch )Gk,

and assume g(O) = gas- Moreover, deﬁne
u, Pdu) = Zu% H Xjpu, ej+Nj=2,N; 21, X5 € (C® + H ).
j=1
Then for small R > 0, there exists C'y > 0 such that for all forcing terms
f e H™ *(Q;R)*~ with norm < C}, the equation
(8.20) Oywyu = f + q(u, "du)
has a unique solution u € Xp'®, with norm < R, and in the topology of

X571 u depends continuously on f. If in fact f € Hgl_l’a(Q;]R)"* for
some s’ € (s,00], then u € Xp .
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The initial metric g(0) can be more general, see Remark 8.6.

Remark 8.11. — As alluded to in §1, the class (C°>°+ Hp°)W, of b-vector
fields is well-defined irrespective of the exponential compactification of the
static de Sitter space: Using the function ¢, from the beginning of §8.1,
one could use 7 := e~ *@®)t with ¢ > 0 a smooth function of the ‘spatial’
variables, to compactify the spacetime, i.e. use 7 as a boundary defining
function of future infinity, which in view of 7 = 79*), 7 = ¢~*+ leads to
a different smooth structure than if one compactifies using 7, however one
easily checks that the space Hy° on the compactification does not depend
on the choice of boundary defining function, and neither does the space
C>® 4+ HE.

Remark 8.12. — One could, for instance, choose the metrics g such
that at every point p € M, the linear space SQprM is spanned by the
gx(p), and in a similar manner the b-vector fields X .

Remark 8.13. — The point of the last part of the theorem is that even
though a priori the radius of the ball which is the set of f € Hsl_l’“(Q)'v_
for which one has solvability in X s according to Theorem 8.5 could shrink
to 0 as ' — oo, this does not happen in the setting of Theorem 8.10.
We use a straightforward approach to proving this by differentiating the
PDE; a somewhat more robust way could be to use Nash-Moser iteration,
see e.g. [35], which however would require a more careful analysis of all
estimates in §§3-7, as indicated, for instance, in Remark 4.1.(30)

Remark 8.14. — If f has more decay, say f € H_~™, it is relatively
straightforward to show that the solution u in fact has an asymptotic ex-
pansion to any fixed order, assuming f is small in an appropriate space.
Indeed, for such a statement, one only needs to replace the spaces X'** by
similar spaces which now encode more precise partial asymptotic expan-
sions, as in [19, §2.3], and prove the persistence of such spaces under taking
reciprocals, compositions with smooth functions etc.

For the proof, we need one more definition:

DEFINITION 8.15 (cf. [7, Definition 1.1]). — For s’ > s, @ € R and
I cbS*M, let

HE’Q;S/’F ={ue H>": WFE/’Q(U) NI =0}.

(30) Recently, this analysis has been done by Vasy and the author [18] and was used
there to study nonlinear waves on asymptotically Kerr-de Sitter spaces.
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Proof of Theorem 8.10. The map g satisfies the requirements of The-
orem 8.5 by Proposition 4.8, and ¢ satisfies (8.14) with L4(0) = 0, thus
Theorem 8.5 implies the existence and uniqueness of solutions in X'*** with
small norm as well as their stability in the topology of X*~1®. The unique-
ness of u in all of X3, in fact in H§7IOC(Q°), follows from local uniqueness
for quasilinear symmetric hyperbolic systems, see e.g. Taylor [37, §16.3].

It remains to establish the higher regularity statement; by an iterative

argument, it suffices to prove the following: If s’ > s, u € X _1/20‘,

lul| x=o < R, and u solves (8.20) with f € H, L9 then u € Xﬂg *: note
that we only make the s’-independent assumption of the X'***-norm of u
being small — the reason for this assumption is that it ensures that O
fits into our framework.

g(u)

We will use the summation convention for the remainder of the proof.
Equation (8.20) in local coordinates reads

(8.21) (9" (u)*0Z; + h (u, "0u)"0;)u = f + q(u, "0u),

where ¢¥ (v), h?(v; z) and q(v; ) are C*°-functions of v and 2. As is stan-
dard in ODEs to obtain higher regularity (and exploited in a similar setting
by Beals and Reed [7, §4]), we will differentiate this equation with respect
to certain b-vector field V: After differentiating and collecting/rewriting
terms, one obtains an equation like (8.21) for Vu, where only the coeffi-
cients of first order terms are changed, and without ¢ and with a different
forcing term; one can then appeal to the regularity theory for the equation
for Vu, which is thus again a wave equation with lower order terms. Con-
cretely, suppose ¥ C ¥ is a closed subset of the characteristic set of [J g(u)>
consisting of bicharacteristic strips and contalned in the coordinate patch
we are working in; we want to propagate X sy regularity of u into Z as-
suming we have this regularity on backward/forward bicharacteristics from
Yorina punctured neighborhood of Y. With 7r: PS*M — M denoting the
prOJectlon to the base, choose x, xo € CM(R") so that x is identically 1
near 7(%) and g is identically 1 on supp y. Let V; € WV (R™) be a constant
coefficient b-vector field which is non-characteristic (in the b-sense) on 5,
which is possible if ¥ is sufficiently small, and put V = xoVy. Applying V
o (8.21), we obtain, suppressing the arguments u, "Ou,

(gijbafj +[h+ (0 Rk 2o, u — 0-, q]baj)Vqu (gij)'Vubﬁijngij [V,bﬁizj]u
=Vf+ (0uq)Vu+(9:,q)[V."05]u
— (8,h)VuPou — W[V, 0;)u — (02, RV, Pop]u =: fi.
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Since Vp annihilates constants, Vu € H, s'=3/2,0 locally near (). Sumlarly,

[V,%0;lu € Hy "=3/29 Jocally near 7(2), and h (u,u) € C* + H; 3/

q(u,Pou) € Hb —3/2a , similarly for derivatives of h7 and ¢; lastly, Vf €

H§/72’0‘, thus f1 € HSLQ’O‘ locally near (). We need to analyze the last

two terms on the left hand side: Since V' is non-characteristic on supp xy D
m(X), we can write

P0; = (1-x)"0; +Q;V + Rj, Q€ V), Ry € W WF(R;) N = 0;

put R; := (1—x)"9; + R; = "9; —Q; V. Note that R; annihilates constants.
We can then write
0% u = "0;Q;Vu + "0; Rju,

and the second term is in Hy~* microlocally near 5. Thus, we have
(g Vu b@fju = ((¢")'Vu'0;Q;)Vu+ (g7)Vu'0; Rju;

the second term on the right is a product of a function in H; ~

s—5/2aoo§]

b0); Rju, the latter a priori being an element of H, ; we will prove

below in Lemma 8.16 that this product is an element of Hé _5/2 s’ =3/2, Z

Moreover, [V, bﬁz] is a second order b-differential operator, vanishing on

constants, with coefficients vanishing near 7 (X); this implies g1 ,bafj]u €

HS 75/2&’00’2. We conclude that
(8.22) Pi(Vu) = fr € Hg/_s/Q,a;s'_z,E’
where

Py =0y + P, P =[(8,,h")0u—8.,¢; + (¢7) Vu9,Q;.

'—1/2,c

Since we are assuming u € X° , and moreover P is an element of

H§/_3/2’O‘\I/%) near (), we see that, a forteriori,
€ (C® + HS ~V)Diff? + (C™ + HY ~>*)W}.

Hence, we can propagate HELLO‘ regularity of Vu into ¥ by Theorems 6.6
and 6.10; recall that these two theorems only deal with the propagation
of regularity which is 1/2 more than than the a priori regularity of Vu,
which is H{;,_g/ %% The point here is that real principal type propagation
only depends on the principal symbol of Pi, which is the same as the

-1,

principal symbol of U, and the propagatlon of H regularity near

radial points works for arbitrary Hb \Ilb—perturbations of O see

g(u)3
Remark 6.11. Therefore, writing u = ¢+ v/ with ' € H, “lZe priori,
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we obtain u’ € Hgl’a microlocally near D by standard elliptic regularity,
since V is non-characteristic on . Away from the characteristic set of
Dg(u),(31) we simply use P,Vu € Hgl_5/2’a
to deduce that v’ € HS/H/Q’& there;(32) here, we would choose V such that
it is non-characteristic on a set disjoint from X. Putting all such pieces of
regularity information together by choosing finitely many such sets f], we
obtain v’ € HS/{SC(Q)"_.

We can make this is a global rather than local statement by extending

and elliptic regularity for P,V

2 to the slightly larger domain € s,, d2 < 0, solving the quasilinear PDE
there, and restricting back to Q; thus v’ € Hy **(€Q)* . 0

To finish the proof, we need the following lemma, which we prove using
ideas from [7, Theorem 1.3].

LEMMA 8.16. — Let o € R and s > n/2 + 1. Then, in the notation of
Definition 8.15, for u € Hf and v € Hg_l’o”s’r, we have uv € Hg_l’a;s’r.

Proof. — Without loss, we may assume « = 0. By Corollary 3.10, uv €
Hﬁ_l, and we must prove the microlocal regularity of uv. Using a partition
of unity, it suffices to assume I' = (R}). x K for a conic set K C R\ o;
moreover, since the complement of the wave front set is open, we can assume
that K is open. By assumption, we can then write

Q)| = “jc(ﬁ),uo e 1%, [9(Q)| = (X;’gf) n fg;(i))vo@,vo €2,

where x ¢ denotes the characteristic function of K, and K¢ the complement
of K. Now, let Ky C K be closed and conic. Then

w0 < ML (1le), 2l

We want to use Lemma 3.7 to show that this is an element of L2, thus
finishing the proof. But we have

(€
(€ =88
and on the support of xk,(¢)xxe<(§), we have | — &| = ¢|¢|, ¢ > 0, thus
XK (Oxre (§)()° o
(€=t T (&)t
since s > n/2 + 1. O

)uo<c — )uole) de

oo T2
€ L L,

2
e L¥L2,

(Sl)Notice that P; and Dg(u

(32) Let us stress the importance of only using local rather than microlocal regularity
information of P;Vu, since the proof of Theorem 5.1, giving elliptic regularity for Vu
solving Pi(Vu) = f, only works with local assumptions on f, see Remark 5.2.

) have the same characteristic set.
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8.3. Conformal changes of the metric

Reconsidering the proof of Theorem 8.5, one cannot bound
[[(Sg(u) — Sg(ﬂ))”ﬁ HE7Lo xse) Sl —vllxee

in general,®® which however would immediately give uniqueness and sta-
bility of solutions to (8.15) in the space X'*®. But there is a situation where
we do have good control on Sg(,) — Sy
A%% namely when [y, and O,y have the same characteristic set, since
in this case, in (8.19) the composition of g,y — g,y with Sy, loses no
derivative (ignoring issues coming from the limited regularity of g(u), g(v)
for the moment — they will turn out to be irrelevant). This situation arises
if g(u) = pu(u)g(0) for pu(u) € C>°(M)+ H(M); that this is in fact the only
possibility is shown by a pointwise application of the following lemma.

(v) as an operator from Héil’a to

LEMMA 8.17. — Let d > 1, and assume g, g' are bilinear forms on R'*¢
with signature (1,d) such that the zero sets of the associated quadratic
forms q, q' coincide. Then g = ug' for some p € R*.

Proof. — By a linear change of coordinates, we may assume that ¢’ is the
Minkowski bilinear form on R!*¢. Let 9ij, 0 < 4,7 < d, be the components
of g, and let us write vectors in R1*% as (r1,2') € Rde. Since ¢'(1,0) # 0,
we have g(1,0) = goo # 0. Dividing g by u := goo, we may assume gop = 1;
we now show that g = ¢’. For all 2/ € R%, |2/| = 1 (Euclidean norm!),
we have ¢(1,2) = 0 and ¢(1,—2’) = 0, hence ¢(1,2') — q(1,—2') = 0, in
coordinates

4290@2 =0, |2']=1,
i>1
and thus go; = 0 for all ¢ > 1. Now let ¢(z') := ¢(0,2’) and §'(2') :=
q'(0,2"), then

i) =-1 <= q(1,2/) =0 <= ¢(1,2/) =0 = {(2') =

thus by scaling § = ¢’ on R%, hence by polarization 9ij = ng forl <i,5<d,
and the proof is complete. O

(33) Indeed, consider a similar situation for scalar first order operators P, := 9; — a0z,
a € R, on [0, 1]t X Ry. The forward solution operator S, is constructed by integrating
the forcing term along the bicharacteristics s — (s,zo — as) of P,, and it is easy to see
that S, € L(L2, L?). However, Sq — Sy is constructed using the difference of integrals of
the forcing f along two different bicharacteristics, which one can naturally only bound
using df, i.e. one only obtains the estimate ||(So — Sp) |12 < la — bl||f|| g1, which is an
estimate with a loss of 2 derivatives, similar to (8.19). The core of the problem is that
there is no estimate of the form ||f(-+a) — f||;2 < |all|f]| 12, although such an estimate
holds if the norm on the right is replaced by the H!-norm.
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In this restricted setting, we have the following well-posedness result;
notice that the topology in which we have stability is stronger than in
Theorem 8.5, and we also allow more general non-linearities g.

THEOREM 8.18. — Let s >n/2+6,0 < a < 1. Let
go € (€ + HY™)(M; S*T* M)
be a metric satisfying the assumptions (1)-(8) in §7.2 on ), for example
go = gas (see also Remark 8.6) and let pi: X5% — X320 be®¥)
map with p(0) =1 and
(8.23) () = p()lxs0 < Lu(R)[[u = vl|xse

for all u,v € X% with norms < R, where L, : Ryo — R is continuous and
non-decreasing. Put g(u) := p(u)go.
(1) Let

(8.24) q: X5 x HETV(Q PTE M) — HY 79 ()%

a continuous

be continuous with q(0) = 0, satisfying
(325 lla(u,"du) — v, ") e segoyer < Lo(B)u— vlxee

for all u,v € X** with norms < R, where L,: Ry — R is continuous
and non-decreasing. Then there is a constant Cp > 0 so that the
following holds: If Ly(0) < Cf, then for small R > 0, there is Cy > 0
such that for all f € Hy™"*(Q)*~ with norm < Cf, there exists a
unique solution u € X% of the equation

(8.26) Dg(u)u = [+ q(u, bdu)

with norm < R, which depends continuously on f.
(2) More generally, if

(8.27) q: X5 x H™ V(4 PTo M)®™ x H ™M ()%~ — HY V" (Q)*~
is continuous with q(0) = 0 and satisfies

||q(u1,bdu1,w1) — q(u27deQ,/LUQ)HHS—l,a(Q)L,
(8.28) b
< Lg(R)(Jluy = w2l oo + flwr — wall 1.0 (e )

for all u; € X%, w; € H™"*(Q)*~ with |ju;| + |lw;| < R, then
there is a constant Cr, > 0 such that the following holds: If Lq(0) <
Cp, then for small R > 0, there is Cy > 0 such that for all f €

(34) Xp'* was defined in (8.16).
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Hé‘l’a(ﬂ)"* with norm < Cf, there exists a unique solution u € X'*¢
of the equation

(8.29) Ogquyu = f + q(u, *du, Oggyu)
with ||l

xse + [|[Ogoul| ya-1.0 < R, which depends continuously on f.
b

Proof. — First, note that N (Oy(,)) = p(u)|y N(Og,), which is a constant
multiple of N (g, ) by the definition of the space X'*®. Thus, as in the proof
of Theorem 8.5, there exists Rg > 0 such that

Syuy: HY7 D Q)" — &5
is continuous with uniformly bounded operator norm
HSg(u) H < CS;

for |Ju||xs.« < Rg; let us also assume that

(8.30) lw(u)] = co >0, |ullxse < Rs.

We now prove the first half of the theorem. Let Cf := Cgl, and as-
sume that L,(0) < Cp, then L,(R,;) < Cr, for Ry > 0 small. Put R =
min(Rg, Ry); let 0 < R < R, to be specified later, and put and Cr(R) =
R(Cg" — Ly(R)); let f € HY "*(Q)*~ have norm < Cy(R). Let B(R)
denote the metric ball of radius R in X*% and define T: B(R) — B(R),

Tu := Sy(u) (f + q(u,bdu)).

By the choice of R, and Cy, T is well-defined by the same estimate as
in the proof of Theorem 8.5. The crucial new feature here is that for R
sufficiently small, T is in fact a contraction. This follows once we prove the
existence of a constant C; > 0 such that for u,v € X*% with norms < R,
we have

(8.31) 1Sa(u) = Sl £ (arz 12 xo0y < CsCilu(R)|u = vl

Indeed, assuming this, we obtain

Xsa.

ITu — Tl x50
<[ So (alw, ") = q(v,"dv))|| ..o
HI(Sg() = Sg))(f + a(v, *dv))||x<.0
< (C5Ly(R) + CsCiL(R)(Cy(R) + Ly(R)R)) |u — ol
and since CsLy(R) < Cqu(E) < 6 <1 for R < R, we can choose R so
small that
(8.32) CsC; L (R)(Cf(R) + Lg(R)R) < 0 — CsLy(R),

Xse]

TOME 66 (2016), FASCICULE 4



1398 Peter HINTZ

where we use that Cy(R) — 0 as R — 0. With this choice of R, T is
a contraction, thus has a unique fixed point u € AX® which solves the
PDE (8.26).

Continuing to assume (8.31), let us prove the continuous dependence of
the solution v on f. For this, let us assume that u; € X*%, j = 1,2, solves

Oguyy = fi + aluy, "duy),

where f; € Hy™"* has norm < C}. Then, as in the proof of Theorem 8.5,

lur = w2l xee < Cs([lfs = fallge-ro

+ (Ly(R) + CiL(R)(C + Ly(R)R)) s — sl ).
Because of (8.32), the prefactor of ||u; — ug|l on the right hand side is
< 0 < 1, hence we conclude
S
llur = uzflxse < m”fl = fall g

as desired.

We now prove the crucial estimate (8.31) by using the identity in (8.19),
as follows: By definition of (I, we have

p(v)
(833) Dg(u) =0 w(v)go Ii(u) = m‘:lg(v) + Eu,va

where E,,, € Hg*’“vb satisfies the estimate(3®)

R (M Z;) HHg—l 7

where the constant C' is uniform for ||u||xs.a, ||v||xse < R. Thus,

| B, v”H ~tay, <C

”( g(v) — g(u)) g(v)”L(Hs Ly
p(v)
Nl e + 1Bl gxerm me-ry 1 Sow) e xone
H /J,(’U,) [:(HS 104 wUL(x s, H, 9(v) L(H, LX)
<H1_M(v) L CCs d(u(v)>H |
p(u) s—1,0 w(u) o
Now,
w(v) 1
1= = ) u) — pv s—1,0
(8.34) H () || po-r.0 21(1) || yomrio lee(w) — p(v)|| 2
< O{LM(R)Hu - UHsta,

(35) To define a norm of an element E € HY?Vy (M), use a partition of unity on M to
reduce this task to a local one, and as the norm of E € Hg’/’vb (@), take the sum of
the HY'”-norms of the coefficients of E.
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where
1

Cl:=C" sup
p(w)

lwllxso <R

X's,0

by assumption (8.30) and Lemma 4.2. Likewise, since "d(u(v)/p(u)) =

b (u(v) /() — 1),

lize) W o

therefore,

(8.35) 1By = Bg)Sg)ll ez -1y < Cilu(R)|u = vl xs.a

< CiLu(R)[lu = vl xs.e

X's:0

for C; = C{(14+CCs), and with HSg(u)Hﬁ(Hgfl,a7Xsya) < Cg and the identity
in (8.19), we finally obtain the estimate (8.31).

We proceed to prove the second half of the theorem along the lines of
the proof of [19, Theorem 2.24]. We work on the Banach space
(8.36)
Vo= {ue X% Oyu € HY, |yl

Ys.o = ||uHXs,cx + ||Dg0u||H§71,a.

The idea is that all operators [y, are (pointwise) multiples of each other
modulo first order operators, thus L, is as good as any other such operator,
and therefore g, in the third argument of the non-linearity ¢ acts as a
first order operator on the successive approximations 7 (0) in the iteration
scheme implicit in the application of the Banach fixed point theorem used
above to solve equation (8.26). Thus, let B(R) denote the metric ball of
radius R < Rg in Y**, and define T: B(R) — Y,

Tu = Sy (f + q(u))

where we write q(u) := q(u, *du, Og(uwyu) to simplify the notation. We will
prove that for R > 0 small enough, the image of T is contained in B(R).
We first estimate for © € B(R) and w € Y*%, using (8.33) and an estimate
similar to (8.34) (with v = 0):

18wl gz-re < 1By wllgg-1e + 1(Bgqw) = Bg(o))wllgg-1.

yeo + Cillul|xs.aflwl

< ] yo
<

(14 CiR)[lw|[ys.»
for some constant a > 0. For convenience, we choose R < @_ ! thus

105y wllgr-re < 2fwllyee, wey™e.
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Using this, we obtain for u,v € B(R):

18wy = Ogoy0ll -1

< HDq(u)(u - U)”Hﬁ*l'a + ”(Dg(u) - Dg(v))UHHsfl*o‘

< 2l — vy + H ((1 - ’;EZ;)DQ(U) - Eu> v

you + C'Ly(R)llu = vl es (g0l - + lollcee )
< (24 3C'Lu(R)R)||u — v

s—1,a
Hy

< 2||lu —v|

yoo < 3llu—vysa

for sufficiently small R, where C’ = C}(1+C). Thus, with L} (R) := 3L,(R),
we have

la() = () -0 < Ly(R) = vy

for u,v € Y** with norm < R.
We can now analyze the map T First, for u € B(R) and f € HS_LO‘,
I ]l < Cy, we have, recalling (8.35), here applied with v = 0,

[ Tu|

wen < Cs(Cy + Ly(R)R)
and

180Tl =10 < H(Bg(0) = Bgu))Sguy (f + (@) -1
+If+ (Z(U)HHS*L“
< (1+CiLu(R)R)(Cy + Ly (R)R).
Thus, if L}(0) < (1+ Cs)~", then
Cf(R) == R((1+Cs + C;Ly(R)R)™" — Li(R))
is positive for small enough R > 0. We conclude that for f € Hg_l’a with
norm < Cf(R), the map T indeed maps B(R) into itself. We next have
to check that T is in fact a contraction on B(R), where we choose R even

smaller if necessary. As in the proof of the first half of the theorem, we can
arrange

(8.37) |Tu — T

xoo <Olu—vfyse, u,veBR)
for some fixed 6 < 1. Moreover, for u,v € B(R),

(8.38)
1040 (T = T)|l grz-1.e < |00y Sguy () = q(0)) ] o1

+ HDg(O)(Sg(u) - Sg(v))(f + q(v))”Hg_l'”"
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The first term on the right can be estimated by

lg(u) = q(@)ll gz + 1(Og(u) = Tg(0))Sg(wy (a(w) = q(0))| -2
< Ly(R)(1+ CiLu(R)R)|ju — v

Ys.a.
For the second term on the right hand side of (8.38), we use the algebraic
identity

Oy (Sgw) = Sg) = (I + Bg0) = Hgu)) ) () = By S
which gives

10g(0)(Sg(u)y = Sg)llcxs—1.0y < (14 Ci L (R)R)Ci L, (R)||u — v|

Yser.

Plugging this into equation (8.38), we obtain
Oyt (T = T0) 1.0 < O (B — v

ys,a
with
C'(R)=(1+C,L,(R)R) (L;(R) +C;L,(R)(Cf(R) + L;(R)R)).

Now if L;(0) is sufficiently small, then since the second summand of the
second factor of C’(R) tends to 0 as R — 0, we can choose R so small that
C'(R) <1 -0, and we finally get with (8.37):

||TU_TU| yse, UV EB(R)7

yoo <O lu—vl

for some 6’ < 1, which proves that T is a contraction on B(R), thus has
a unique fixed point, which solves the PDE (8.29). The continuous depen-
dence on f is shown as in the proof of the first half of the theorem. g

Remark 8.19. — The space Y*¢ introduced in the proof of the second
part, see equation (8.36), which the solution u of equation (8.29) belongs to,
is a coisotropic space similar to the ones used in [40, 19], with the difference
being that here O, is allowed to have non-smooth coefficients. It still is a
natural space in the sense that the space of elements of the form c(¢ot; )+w,
ceCwe Cé’o, is dense. Indeed, since [,, annihilates constants, it suffices
to check that C° is dense in Y5'® := {u € H®: Oyu € HY "}, Let
Je be a mollifier as in Lemma 6.5. Given u € Y7, put u. := Jeu. Then
ue — win HY”, and

Ogotte = JeOgou + [y, Je]w;

the first term converges to g, u in Hfjfl’o‘. To analyze the second term,
observe that we have

OgoJe — JeOgy = Ogo(Je —I) + (I — Jo)0g, — 0
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strongly in L(HTH, HY™5®), and since Hy T € HY® is dense, it suffices
to show that [Dgo, J.] is a bounded family in L(H>®, H;™*). Write

Ug =1+ Q2+ E,
Q, € Diff2, Qy € HY*Diff}, E € (C* + H{~")Diff},.

Then [Q1, J.] and [E, J.] are bounded in L(H, Hy™"*). Now Q2. can be
expanded into a leading order term Q. and a remamder Ry . which is uni-
formly bounded in H{¥{; but also J.Q2 has an expansion by Theorem 3.12
(2a) (with & = k' = 1) into the same leading order term @’ and a remainder
Ry, which is uniformly bounded in U}° H ™!, Hence [Qq, J.] = Ry — Ra.
is bounded in £(Hy™, Hy™"*) by Proposition 3.9, finishing the argument.

8.4. Quasilinear Klein-Gordon equations

One has corresponding results to the theorems in the previous two sec-
tions for quasilinear Klein-Gordon equations, i.e. for Theorems 8.5, 8.10
and 8.18 with [J replaced by [J — m?; only the function spaces need to be
adapted to the situation at hand, as follows: Denote P := O, — m? and
let (o) en be the sequence of poles of ]3(0)’1, with multiplicity, sorted by
increasing — Im crj.(36) Let us assume that the ‘mass’ m € C is such that
Imo; < 0. A major new feature of Klein-Gordon equations as compared
to wave equations is that non-linearities like ¢(u) = uP can be dealt with,
more generally

u, Pdu) = Zu HX]ku ej + N> 2 X1, € (C®° + HX)W,.

See [19, Theorem 2.24] for the related discussion of semilinear equations.
We give an (incomplete) short list of possible scenarios and the relevant
function spaces; for concreteness, we work on exact de Sitter space, but our
methods work in much greater generality.

(1) If Imoy # Im oo, as is e.g. the case for small mass m? < (n — 1)2/4,
let ap = min(1,Im oy — Imoy), and for —Imo; < a < —Imo; + ay,
put

X% = C(r") @ & H)".

(36) See equation (8.13) for the explicit formula. Also keep in mind that everything we
do works in greater generality; we stick to the case of exact de Sitter space here for
clarity.
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We can then solve quasilinear equations of the form explained above
with forcing in Hg_l’a and get one term, c¢7%°!, in the expansion of
the solution. Notice that if the mass is real and small, then all o; are
purely imaginary, hence the term in the expansion is real as well if all
data are, which is necessary for an analogue of Theorem 8.10 to hold.

(2) IfImoy —Imoy < 1, e.g. if m? > n(n —2)/4, let ap := min(1,Im oy —
Imos), and for —Imoy < a < —Imo; + ap, put

x5 = C(r'"") @ C(1'?) @ H“, o3 # 01,
x5 =C(r"") @ C(r"" logT) ® HY®, 09 =071,

then we can solve equations as above with forcing in Hﬁfl’a and obtain
two terms in the expansion. For masses m? > (n — 1)?/4, we have

Imo; = Imos =: —0 and Reo; = —Reos =: p, hence the terms in
the expansion for real data are a linear combination of 77 cos(p7) and
77 sin(pT).

(3) If the forcing decays more slowly than 7991, then with 0 < o < —Im o7y,
we can work on the space

S, . __ S,
X5 = HEO

with forcing in Hy "%

To prove the higher regularity statement in Theorem 8.10 for quasilinear
Klein-Gordon equations, one first obtains higher regularity H, S,’O‘ with 0 <
a < —Imo; and then, if the amount of decay of the forcing is high enough
to allow for it, applies Theorem 7.10 to obtain a partial expansion of u.

In the third setting, the assumption that the mass m is independent of
the solution u can easily be relaxed: Namely, assuming that m = m(u) or
m = m(u, ®du) with continuous (or Lipschitz) dependence on u € X%, the
poles of the inverse of the normal operator family of O,y — m(u)? depend
continuously on u, hence for small u, there is still no pole with imaginary
part > —a, therefore the solution operator produces an element of H;'* for
small u; thus, well-posedness results analogous to Theorems 8.5 and 8.18
continue to hold in this setting. If the forcing in fact does decay faster
than 71, these results can be improved in many cases: Once one has the
solution u € Hy'®, in particular the mass m(u) is now fixed, one can apply
Theorem 7.10 to obtain a partial expansion of u.
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8.5. Backward problems

We briefly indicate how our methods also apply to backward problems
on static patches of (asymptotically) de Sitter spaces; see Figure 8.2 for an
exemplary setup.

Figure 8.2. Setup for a backward problem on static de Sitter space:
We work on spaces with high decay, consisting of functions supported
at Ho and extendible at Hy (notice the switch compared to the forward
problem). In the situation shown, we prescribe initial data at Hy or,
put differently, forcing in the shaded region.

We only state an analogue of Theorem 8.10, but remark that analogues
of Theorems 8.5 and 8.18 also hold. For simplicity, we again only work on
static de Sitter spaces. We use the notation from §7.2.

THEOREM &8.20. — Let s > n/2+ 6, N,N' € N, and suppose ¢ €
C>®(R;R), gi, € (C® + H)(M; S*®T*M) for 1 < k < N; for r € R, define
the map

N
g HY"(Q)™* — (C™ + Hy")(M; S*°T*M = cx(u)gr,
and assume g(O) = gas. Moreover, define
q(u, "du) Zue: H Xjpu, e;+Nj>2,Xj, € (C®+ HE)W (M),

and let further L € Diﬁb with real coefficients. Then there is v, € R such

that for all v > r,, the following holds: For small R > 0, there exists Cy > 0

such that for all f € HS™""(Q;R)™* with norm < Cy, the equation
(Dg(u) + L)u =f+ Q(u» bdu)

has a unique solution w € H;"(;R)™* with norm < R, and in the
topo]ogy of H™ L7(Q)=*, u depends continuously on f. If one in fact has

fe HtS) "(Q;R)™* for some s’ € (s,00], then u € H§/7T(Q;R)—v',
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Remark 8.21. — Notice that the structure of lower order terms is com-
pletely irrelevant here! One could in fact let L depend on w in a Lipschitz
fashion and still have well-posedness.

Proof of Theorem 8.20. — Let rg < 0 as given by Lemma 7.3, and sup-

pose 1 > —rq. As in the proof of Lemma 7.5, we obtain for u € H," ()
with ||Jul| < R, R > 0 sufficiently small, a backward solution operator

Sotuwyt Hy 7T (Q) 7 = HY (@)

for Oy(u
r > 1, with r, > —rg sufficiently large, Sy, restricts to an operator

)y + L, with uniformly bounded operator norm. Now, if we take

Syuy: HE7VT(Q)7* — HY" ()"

Indeed, given v € HS’T(Q)_" solving Oy, v € Hg_l’T(Q)_”, we apply the
propagation near radial points, Theorem 6.10, this time propagating regu-
larity away from the boundary, and the real principal type propagation and
elliptic regularity iteratively to prove v € Hy'"(£2)7*; the last application
of the radial points result requires that r be larger than an s-dependent
quantity, hence the condition on r, in the statement of the theorem. From
here, a Picard iteration argument, namely considering

u = Sgey (f + q(u, bdu)),

gives existence and well-posedness. The higher regularity statement can be
proved as in the proof of Theorem 8.10. O

A slightly more elaborate version of this theorem, applied to the Einstein
vacuum equations, should enable us to construct vacuum asymptotically de
Sitter spacetimes as done in the Kerr setting in [10]. In fact, apart from
constructing appropriate initial data, this should work in the Kerr-de Sit-
ter setting as well, yielding the existence of dynamical vacuum black holes
in de Sitter spacetimes; the point here is that for the backward problem,
one works in decaying spaces, where one has non-trapping estimates in
the smooth setting, as proved in [20] by a positive commutator argument,
which, along the lines of the proofs in §6, holds in the non-smooth setting as
well.37) We point out however that the authors of [10] consider a character-
istic problem, whereas our analysis, without further modifications, would
require initial data on spacelike hypersurfaces placed beyond the horizons,
which makes the construction of initial data much more difficult.

(37) Indeed, the latter has recently been shown in [18].
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