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PROJECTIVE INVARIANTS
OF AN ORTHOGONAL ENNUPLE
IN A FINSLER SPACE

by H. D. PANDE (*)

1. Introduction.

We consider an n-dimensional Finsler space F, with the
fundamental metric function F(z, £). This fundamental
function is positive homogeneous of the first degree in 4, it
is >0 for X(#)25~0 and the quadratic form (3°F?/od'04/)E/
is positive definite in the variables &. The metric tensor
1s given by

1) afe 8) 2L Tha P, 6 (), ()

This tensor is symmetricin the in dices i,j and positive
homogeneous of degree zero in 4'. The contravariant compo-
nents g'(z, ) of the metric tensor 1s determined by

(1 k=
Sk . .
0 if k=1
The covariant components of the unit vector along the direc-
tion of the element of support (zf, #') are given by
(1.3) l(z, ) =3F(z, ).

The covariant derivative of a vector X¥(z, £), depending on
the element of support, with respect to z* in the sense of

(1.2) gz, 2)gulz, 3) =

(*) With the Department of Mathematics, University of Gorakhpur, India, when
this work was started.

() d, = dfoxi and d, = d/oi'.

() Numbers in brackets refer to the references at the end of the paper.
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Cartan is given by
(1.4)  Xi(=, 2) = (X)) — (;X)Gi + XTI,
where

(1.5a) Gi(z, %) 2= §,Gi(=, @),
(1.5b) Gz, &) 2 yiu(m, &),

Yir(z, #) being the Christoffel’s symbols of second kind [1] and
[%i(x, ) are the Cartan’s connection coefficients symmetric
in their lower indices and homogeneous of degree zero in their
directional arguments. We have [1]

(16)  Gixa, &) = Dii(a, 9}/ = Gifa, ),

where Gi(z, ©)=2L0,Gi((z, ).

Let Ap{a=1, 2, ..., n} be the unit tangents of n-con-
gruences of an orthogonal ennuple. The subscript « @ » in the
paranthesis simply distinguishes one congruence from the
other. The covariant and contravariant components of Ay,
will respectively be denoted by A,; and Af,. Since n-con-
gruences are mutually orthogonal, we have [2]

(1.7) 8@ Bl = Suy
1, if a=1b
where the Kronecker delta 3, = 0. if actb We have
the Ricci coefficients of rotation, given by [2, 3]
(1.8) Yaoe(@, #) == Moy Akl

where the symbol | denotes the covariant derivative with
respect to 2* in the sense of Cartan and

(1‘9) P’%m)(x’ j’) '—d—.—f‘" % Ymhm)\éh)'

The geometric entities @i, (z, &) are called the first curva-
ture vector of a curve of congruence in Finsler space [3].

2. Projective transformation.

The equation of a geodesic
dz*

2 ek . J
2.1) dj:;" + Mi(e, do/ds) %% —0
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assumes the following form by the transformation of its para-
meter s to t [4]:

A

(2.2) dt2 T LD, 3)i % NEZ 4 D, @)+ = 0,
where

(2.3) iz, 2) = [z, #).

The equation (2.2) remains unchanged if we replace the Car-
tan’s connection coefficient [i(z, 2) by a new symmetric

coefficient [}i(x, &), given by [6]
(24) Fjl'r<x’ .’IJ) = ;}lf(xy ) + 28bpl:) + ij-'ti,

where p,(z, £) is a covariant vector, positively homogeneous
of degree zero in its directional arguments and

(2.5) pilz, ©) =L 8pi(z, ).

DiériniTion 2.1. — Let F, and F, be two spaces with
fundamental tensor g;(x, &) and gz, &) at the corresponding
points. Then the spaces are said to be in geodesic correspondence
if their geodesics are the same and we shall call (2.4)a « projective
change » of the Cartan’s function ['ji(z, %).

Contracting (2.4) with respect to the indices ¢ and j, we
get

(26)  Tilla, 4) = [Tz, 3) + (n + L)pu(=, 9).
Differentiating (2.6) with respect to 4', we obtain
(2.7 alTi(e, 3) = 3Lz, &) + (n + 1)pula, ).

3. Projective invariants.

Taeorem 3.1. — If A,y(z) and Ngu(x) are the contravariant
and covariant components of an orthogonal ennuple, then the
following geometric entities are invariant under the projective
change :

1
(3.1)  Ai(w, ) == Ny —

w1 Mo 32 py )‘(b)ms(f)‘(b)lk)g
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and
(3.2) Az, ©) == B MMl — [k
Proof. — If we denote by A,z the covariant derivative of

A,y 1n the sense of Cartan for the connection coefficients
['ji(z, £), then we have

(33) )\za)l_k‘ - bk)\ia) + )\'(]a)r:]kll('
Hence we get in consequence of (2.4)
(3.4) Mok — Mae = Mo {28ps + piuct'}-

Multiplying (3.4) by A,y throughout and summing with
respect to a and using the orthogonality condition (1.7), we
obtain

(3.5) 2 hax(Mak — Atap) = (n + 1)y
Eliminating the vector pi(z, £) from equations (3.4) and (3.5),
we get
(3.6)  Aayi — Mo = + w1 Mo [3 2 Aom(Mhir — M)
+ & 2 Aom(Aos — Mow) |

Again, with the help of (2.6), equation (3.5) yields
(3.7) }9 )\(a)i()\éa)li — léa)lk) = r?l - F’{I,
which gives us (3.2).

TaeoreM 3.2. — When F, and F, are in geodesic corres-
pondence, we have the following geometric entities which are
invariant under the projective change:

(38) C'k(ﬁ, .'i;) LU )\éa)|k 7\(‘,){23(1[' BY + 370 P },

—|—1

and
(3.9) C¥ 2 )=y — —I— ] 7\(,,)3 2 20 emSiA Gy
+ a4
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Proof. — Using equations (2.6), (2.7) and (3.4), we get

(3.10) Az — Ao = - 1)\(‘:)[8 (TyL — YD)

+ S(IY) — %) + @%,(Tk — T3],

which yields the result (3.8).
Again, eliminating p,(z, £) and pu(z, ) from equations

(2.7), (3.4) and (3.5), we obtain

- . 1 ;7 m m
(3.41) A — Mo = | =My 2 (b)m[al'()\(b)ll_: — AByiw)
+ S(ABy — o)) + ——— My 0Tk — T30,
+ 1
which gives us (3.9).
Taeorem 3.3. — When F, and F, are in geodesic corres-

pondence, we have the following projective invariant geometric
entities :

(3.12) Sz, &)=Y, —

(CahyITh + S Ay [F))
1
n 4+ n+1

_1
n+1
7\(“))\(,,)‘7\@).1;‘ (s) jFYk’
and

(343)  Stult, 8) 25 Yo — =2 [ 3 GuYouu + )]

1 ; .is *
pa—— Mayhihbad'd; T,

and
(3.14) Sy(z, &)=t N Y — Ny U3,

where Y,. are Ricci coefficients of rotation.

Proof. — Multiplying (3.10) by the product Ay, and
using the orthogonality relation (1.7), we get

v 1 - o

(3.15) Yabc - m (8‘1ka¢)[’¥1 —‘l” gbc)\‘(la)rw‘/}
j .i3 T 1 *
+ Ma)l(b)i)\'(cc)zv bjFYD = Yabc - m (8,,,,7\2‘0)[1-{1

+ Cochly[Yf + Maheyprtya'd, 7)),
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where the projectively transformed Ricei coefficients of rota-
tion are given by

(3.16) Yaoe == Mojihonhly-

Similarly, multiplying (3.11) by the product A\l and
using the orthogonal relation (1.7), we obtain (3.13).

Again, multiplying (3.7) by A}, and making use of (1.7),
we get

(3-17) E Y_aab - 7\2‘1,)?’{1 = Z Yaab - M‘b)l’ﬂ,

which shows that S,(z, #) are invariant under the projective
change.

I'am thankful to Professor R. S. Mishra for his kind help
in the preparation of this paper and to Professor J. P. O. Sil-
berstein for his valuable suggestions.
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