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SEMICLASSICAL MICROLOCAL NORMAL FORMS
AND GLOBAL SOLUTIONS OF MODIFIED
ONE-DIMENSIONAL KG EQUATIONS

by Jean-Marc DELORT (*)

ABSTRACT. — The method of Klainerman vector fields plays an essential role in
the study of global existence of solutions of nonlinear hyperbolic PDEs, with small,
smooth, decaying Cauchy data. Nevertheless, it turns out that some equations of
physics, like the one dimensional water waves equation with finite depth, do not
possess any Klainerman vector field. The goal of this paper is to design, on a model
equation, a substitute to the Klainerman vector fields method, that allows one to
get global existence results, even in the critical case for which linear scattering
does not hold at infinity. The main idea is to use semiclassical pseudodifferential
operators instead of vector fields, combined with microlocal normal forms, to reduce
the nonlinearity to expressions for which a Leibniz rule holds for these operators.

RESUME. —  La méthode des champs de Klainerman joue un réle essentiel
dans I’étude de l'existence globale de solutions d’équations aux dérivées partielles
hyperboliques non-linéaires & données petites, réguliéres, décroissantes a ’infini.
Toutefois, certaines équations issues de la physique, comme 1’équation des ondes
de gravité en profondeur finie, ne posseédent pas de champ de Klainerman. Le but
de cet article est de développer, sur une équation modele, un substitut & la méthode
des champs de Klainerman, qui permette d’obtenir des résultats d’existence globale,
méme dans le cas critique pour lequel il n’y a pas diffusion linéaire & I'infini. L’idée
essentielle est d’utiliser des opérateurs pseudo-différentiels semi-classiques au lieu
de champs de vecteurs, combinés avec une méthode de formes locales microlocale,
afin de réduire la non-linéarité & des expressions pour lesquelles une régle de Leibniz
est valable pour de tels opérateurs.

Introduction

The goal of this paper is to develop a semiclassical normal forms method
to study global existence of solutions of nonlinear hyperbolic equations

Keywords: Global solution of Klein-Gordon equations, Klainerman vector fields, Mi-
crolocal normal forms, Semiclassical analysis.

Math. classification: 35171, 35A01, 35B40.

(*) This work has been partially supported by the ANR ANAE. It has been initiated
during a visit of the author at Fields Institute, during the “Thematic Program on the
Mathematics of Oceans”.



1452 Jean-Marc DELORT

with small, smooth, decaying Cauchy data, in the critical regime, and when
the problem does not admit Klainerman vector fields. Let us explain our
motivation on a simple model of the form

(0.1) (D: — p(D))u = N(u)

where (t,z) — u(t,x) is a C valued function defined on R x R, D, = %%,
D= %8%’ p(§) is a real valued Fourier multiplier and N(u) a cubic non-
linearity. If for instance p(§) = +/1+ &2, the left hand side of (0.1) is
just the half Klein-Gordon operator acting on u. Such a problem is crit-
ical because the best time decay one can expect for the solution of the
linear equation (D; — p(D))u = 0 with smooth, decaying Cauchy data
is [Ju(t, )|~ = O(t'/?), so that a cubic nonlinearity N(u) will satisfy
N (u(t, )|z < Ct~Yult,)|| 2, with a time factor t~1 just at the limit of
integrability. In the case of the Klein-Gordon equation p(§) = /1 4 £2, the
question of global existence has been settled long ago. On space dimension
larger or equal to 3, Klainerman [18] and Shatah [25] have proved indepen-
dently that such equations have global smooth solutions when the Cauchy
data are smooth enough, small enough, and decay rapidly enough at infin-
ity. Klainerman uses the fact that there is a family of vector fields having
nice commutation properties to the linear part of the equation (i.e. vector
fields Z such that [D; — p(D), Z] is a multiple of D; — p(D)). On the other
hand, the proof of Shatah relies on normal forms methods. A similar re-
sult has been proved in two dimensions by Simon and Taflin [26] and by
Ozawa, Tsutaya and Tsutsumi [24]. In one dimension, Moriyama, Tonegawa
and Tsutsumi [23] have shown that solutions exist over time intervals of
length e¢/ 52, where € is the size of the Cauchy data, and Moriyama [22] has
found special nonlinearities for which global existence holds true. In [3, 4],
a general answer has been given, through the determination of a null con-
dition under which global existence holds true in dimension one, for small
compactly supported Cauchy data. It is likely that this null condition is
optimal, i.e. that when it is not satisfied solutions may blow up in finite
time, but this remains unproved. One only knows examples of nonlinear-
ities for which some Cauchy data give rise to blowing up solutions (see
Yordanov [36] and Keel and Tao [17]). Let us mention also that, for one
dimensional Klein-Gordon equations with cubic nonlinearities depending
only on the solution (and not on its derivatives), a simpler proof of the
asymptotics of the solution obtained in [3] has been given by Lindblad and
Soffer [20]. Moreover, related problems, including for systems, have been
studied by Sunagawa [28, 29, 30, 31].
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In all the papers mentioned above concerning one dimensional problems,
two tools play an essential role: normal forms methods and Klainerman
vector fields. The latter are useful since, on the one hand, they commute
approximately to the linear part of the equation and, on the other hand,
their action on the nonlinearity ZN(u) may be expressed from u, Zu using
Leibniz rule. This allows one to prove easily energy estimates for Z*u, and
then to deduce from them L bounds for u, through Klainerman-Sobolev
type inequalities.

It turns out that there are natural equations for which such vector fields
do not exist. A very challenging one is the water waves equation with
finite depth and flat bottom. Let us recall some results concerning these
equations. We do not try to give exhaustive references, and refer to the book
of Lannes [19] and to [1, 2] for a more complete bibliography. Local existence
of solutions for the water waves problem with infinite depth and zero surface
tension has been established by Sijue Wu [32, 33]. Similar results in the
case of finite depth and a flat bottom may be found in Chapter 4 of the
book of Lannes [19]. Concerning long time existence with small, smooth,
decaying Cauchy data, Sijue Wu proved global well-posedness in dimension
3 (i.e. for a two-dimensional interface) in [35] and almost global existence
in dimension 2 (i.e. for a one-dimensional interface) in [34] (see also the
recent paper of Hunter, Ifrim and Tataru [14]). The existence of global
solutions in dimension 3 has been established independently by Germain,
Masmoudi and Shatah [10]. Finally, global existence in dimension 2 has
been proved independently by Ionescu and Pusateri [16] and by Alazard
and Delort [1, 2].

The latter results are shown using in an essential way that the infinite
depth water waves equation admits a Klainerman vector field. This is no
longer true for the corresponding equation with a finite depth flat bottom.
Actually, in this case, a simplified model for the equation may be written
under the form (0.1) with p(¢) = (£tanh&)'/? (see section 3.6.2. in [19]).
An idea of the new difficulties one has to face can be easily seen from the
study of the solution of (D; — p(D))u = 0 with u|t—o = up € S(R) i.e.

0.2) ulta) = 5 / PO 4 (€) de.

The critical points of the phase solve tp/(£) + = 0. Denote by A the set
A={(z,&);2+ p'(§) = 0} given by the preceding condition at time ¢t = 1.
Then A has the following form:

TOME 66 (2016), FASCICULE 4



1454 Jean-Marc DELORT

Figure 1. A for water waves

It is well-known that the fact that A is a graph above | — 1,1[—{0}
implies that if K is a compact subset of that set, for 2’ in K, u(t,tz’)
c(z)

behaves asymptotically as 76”“(”’/), with a phase w given by

(0-3) w(a') = pldp(a")) + z'dp(a’),

where ¢ :]—1,1[—{0} — R is such that A = {(2/, dp(2")); 2’ €]—1,1[—{0}}.
On the other hand, because of the vertical tangent at x = +1 in Figure 1,
¢(z’) does not stay bounded if 2/ — +1, so that, unlike what happens
in infinite depth, v/#||u(t, )|z~ blows up when ¢ goes to infinity. This is
one the main difficulties one would have to cope with to prove global well-
posedness for the water waves equation for a one dimensional interface,
in the case of finite depth. We do not address this problem here, noticing
however that for other equations for which the set A has the same structure
at small frequencies as in Figure 1, global existence of small solutions is
known: we refer to the paper of Hayashi and Naumkin [12] devoted to
modified KdV equations.

The other major difficulty one encounters in the study of an equation of
the form (0.1) with p(¢) = (£tanh €)'/2 is due to the fact that there does
not exist a vector field Z with nice commutation properties with D; —p(D).
As already mentioned, the existence of such a vector field plays an essential
role in the proofs of global well-posedness for the water wave equation in
infinite depth.

ANNALES DE L’INSTITUT FOURIER
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The goal of this paper is to show how this problem may be overcome
on a model equation, for which there does not exist a Klainerman vector
field, but which does not display the extra difficulty related to points with
vertical tangent in Figure 1. More precisely, we consider an equation of the
form (0.1) where p(§) is a general function such that the associated set A
has the following shape:

Figure 2. A for modified KG

We refer to Section 1 for the precise assumptions on p. We just notice
here that they hold for any small perturbation of /1 + £2. With such gen-
eral hypothesis, one cannot expect to find a vector field commuting to
Dy — p(D) modulo a multiple of that operator. A first attempt to overcome
this difficulty could be to try to use the analysis of space-time resonances
introduced independently by Germain, Masmoudi and Shatah in [8, 9] and
Gustafsson, Nakanishi and Tsai [11]. We refer to the paper of Germain [6]
for a general introduction to this method. This approach encompasses in
some way normal forms and Klainerman vector fields, but proved to be
useful as well when no commuting vector field exists. This is the case for in-
stance for systems of Klein-Gordon equations with different speeds in three
dimensions, that have been studied by Germain [7] and Ionescu and Pau-
sader [15]. However, these results hold in high dimension, when solutions of
the linear equation decay at an integrable rate, so that the solutions of the
nonlinear problem will scatter at infinity. This is not the case for our model
problem (0.1). Let us mention also recent works by Lindblad and Soffer [21]
and by Sterbenz [27] dealing with one dimensional Klein-Gordon equations

TOME 66 (2016), FASCICULE 4



1456 Jean-Marc DELORT

with non constant coefficients, that make use of a limited “amount of com-
mutation” between the natural Klainerman vector field and the coefficients
of the nonlinearity.

The strategy we employ in this paper to prove global existence for our
model equation (0.1) in the absence of commuting vector field relies on the
construction, through semiclassical analysis, of pseudodifferential operators
commuting to D; — p(D), that can replace vector fields when combined
with a microlocal normal forms method. This approach is much related
to the ideas underlying space-time normal forms, as is discussed below
at the beginning of Subsection 2.1, but replaces integration by parts in
Fourier integrals by systematic use of symbolic calculus for semiclassical
pseudodifferential operators — which is itself a consequence of stationary
phase formulas. Let us describe our method on the example of equation

(0-4) (Di —p(D))u = u® + [uf*u.

We make first a change of variables and unknowns u(t, ) = %v(t, %), that
allows to rewrite (0.4) as

(0.5) (Dt = Op, (A, )))v = h(v* + [v[*v)

with A(z, &) = z€+p(§) — i%, the semiclassical parameter h being h = 1/,
and the operator associated to a symbol a being given by

Opn(a)o = o [ e ata, h)o(e) de.

One first remarks that the operator £ = +Opy,(z + p/(£)), whose symbol
vanishes exactly on the set A of Figure 2, commutes exactly to the linear
part of equation (0.5). On the other hand, £ is not a vector field, so that no
Leibniz rule holds to compute the action of £ on the nonlinearity from v and
Lv. Nevertheless, a Leibniz rule holds for the action of £ on [v]*v. Actually,
since A in Figure 2 is a graph, we may find a smooth function ¢ :]—1,1[— R
such that A = {£ = dp(x)}, so that the quotient e(z,§) = gj{f;((i)) is
smooth, and |e| stays between two positive constants when (z, £) stays in a
compact subset of | — 1, 1[xR. Consequently, one may write, using symbolic
calculus for semiclassical operators,

L= %Oph(e(g — dy(x))) = Op,(e) [%Oph(f — dp(x))] + Opy(r),

ANNALES DE L’INSTITUT FOURIER
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with some other symbol r. If one makes act the main contribution in the
right hand side of the above equality on |v|*v, one gets

Opa(e)[(D — g (w)) (uf0)]

1 1
= Op,,(e) {2\v|2(D - Edgo(x))v —v? (D — Ed@(m))v},
that is a quantity whose L? norm may be bounded by C|[v||%||Lv]| Lz
(if one re-expresses in the right hand side (D - %dgp(m))v from Lv). In

other words, £ obeys a Leibniz rule when acting on |v]?v, so that, only the
contribution v® in the right hand side of (0.5) is problematic. The idea is
to eliminate this term in a preliminary step by semiclassical normal forms.
One remarks first that if v(z, ) is a cut-off close to A, equal to one on a
neighborhood of A, one may decompose v = Op,,(v)v + Op,, (1 — v)v, and
write the second term, by symbolic calculus, as

Op [(L2 208 0y p(€))] 0 = Opu(e)Opu e + /()0 + O

z +p'(§)
= hOpy,(e)Lv + O(h)
for some symbol e. If one plugs this decomposition in each factor in v3, one
writes
(0.6) v® = (Op,,(7)v)? + hR(v, Lv)

where R is quadratic in v and linear in Lov. In particular,
L[hR(v, Lv)] = Opy (2 + p'(§))R(v, Lv)

is estimated in L? by C|v||2«]||Lv|| L2, i.e. has the same bounds as if
Leibniz rule were holding. Consequently, we just have to get rid of the
first term in the right hand side of (0.6), introducing a new unknown
w = v+ Opy,(a)[v, v, v], where a is the symbol of a multilinear semiclassical
operator, chosen in such a way that

(D¢ — Op,(\))w = hlw|*w + remainders of higher order in h.

In that way, by what we have seen just above, we are reduced to an equation
where £ commutes to the linear part, and obeys a Leibniz rule when acting
on the nonlinearity. The construction of a, which is similar to the original
normal forms method of Shatah [25], is made by division by the function
p(&1+&+E&3) —p(&) —p(&2) —p(€3), and since, in the first term in the right
hand side of (0.6), v has been localized close to A, it is enough to check
that the division may be performed when &, &5, &3 are all close to dp(z). In
other words, the condition to be checked is that p(3dp(z)) —3p(de(x)) # 0

TOME 66 (2016), FASCICULE 4



1458 Jean-Marc DELORT

for any x in | — 1, 1[. Such a property follows from the assumptions made on
p, and corresponds to the case when the space-time resonant set is empty.
One may repeat this normal form procedure, in order to eliminate all terms
in the nonlinearity that do not obey a Leibniz rule not only for £ but also
for £2. In that way, one reduces to an equation morally of the form

(0.7) (Dyw — Opy,(A\)w = hlw|*w + h?|w|*w + O(h?)

from which one deduces applying £2 an energy inequality of the form
(0.8) [IL2w(t, )2 < [I(z +p'(D))*w(1, )] L2
/ 1w (T, )| || £2w(T, )HLz T 4 remainders.

If one has an a priori estimate ||w(7,-)||L~ = O(e), Gronwall lemma pro-
vides for the left hand side of (0.8) a O(tcez) bound. On the other hand,
one can establish from an a priori L? bound of that type an L™ estimate
for w, using the same method as in [1], i.e. deducing from (0.7) an ODE
satisfied by w. Actually, if one develops the symbol A(z,&) on A, ie. on
¢ = dyp(x), one gets, using that 2 (cz: dp(x)) =0,

Op;,(Nw = w(x)w + h*0p;, (e) (L w)

where w is given by (0.4) and e is some symbol. An a priori assumption of
the form ||L2w(t,-)||rz = O(h~7) for some small o > 0, together with the
semiclassical Sobolev embedding, allows one to deduce from the preceding
equation that [|Op;,(\)w — ww||p~ = O(h?~7), so that (0.7) implies that
w solves an ODE of the form

1
Dyw = w(z)w + ¥|w|2w + time integrable remainder.

The solutions of this ODE corresponding to small initial data being
bounded, one obtains a uniform L control of w. Putting together these L?
and L estimates and performing a bootstrap argument, one finally shows
that (0.5) has global solutions and determines their asymptotic behavior.
To conclude this introduction, let us mention that in the above outline of
proof of our main theorem, we ignored what happens for large frequencies,
which corresponds to points on A in Figure 2 close to the vertical asymp-
totic lines. This is because one can combine the preceding arguments with
elementary H*® estimates for a very large s. The contribution of the fre-
quencies of the solution larger that h=?, for some small 8 > 0, have O(h')
L? norms if s8> N, so that bring just remainders. In that way, most of
the analysis may be reduced to w cut-off for frequencies smaller than h=#.

ANNALES DE L’INSTITUT FOURIER
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1. Global solutions of modified Klein-Gordon equations
1.1. Statement of the main results

As explained in the introduction, the main goal of this paper is to develop
an analogous of the “Klainerman vector fields method” to prove global
existence of small solutions for equations for which there does not exist a
Klainerman vector field. We consider a model problem given by a modified
Klein-Gordon equation of the following type. Consider a strictly positive
first order constant coefficients classical elliptic symbol p(§) i.e. a smooth
strictly positive function defined on R, £ — p(&), which has when £ goes to
+00 an expansion

(1.1) p(e) = cif+ep+eé 4o
where c]i are real numbers with cl+ £ 0,cl # 0. We shall assume

(12) Cli = 41 and there is k € N, k > 2 such that
1.2 _
forany —k+2<j<0, cb=0andc " #0.

This assumption means that, when |{| — 400, p(§) is not equal, modulo
O(]€]™%°), to the symbol || of the half-wave equation. In the case of the

symbol y/1 + £2 of the half Klein-Gordon operator, assumption (1.2) holds
with k = 2. We assume also that p satisfies

€ — p'(€) is strictly increasing and

(1.3) forany A€ Z — {1} and any £ € R, Ap(§) — p(A§) # 0.

Notice that the last condition follows from (1.1), (1.2) when || — 400, so
that it is actually an assumption for £ in a compact set. It is clear that (1.1)
to (1.3) hold for any small enough perturbation of y/1 + £2. We denote

(1.4) A={(-p'(§),£;§ R} CT'R.
Since p’ is strictly increasing and p’(¢) — +1 when ¢ — oo, there
is a smooth strictly concave function ¢ :] — 1,1[— R such that A =

{(z,dp(x)); 2 €] = 1,1[}.
Let F be a polynomial in three indeterminates, with complex coefficients,
of valuation larger or equal to three. We write the cubic part F3 of F as

(1.5) F5(X0, X1, X2) = D Gagaras Xg X1 X52,
lal=3

TOME 66 (2016), FASCICULE 4
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We assume that F' is real valued on R x (iR) x (iR) which implies that
Gagayas 18 Teal (resp. purely imaginary) when o is odd (resp. even). We
consider a solution of the equation

(D} — p(Dy)*)¢ = F(¥, Dytp, Dyt))

(1.6) Pli=1 = €t

Orli=1 = e
where € €]0, 1], 1o, are smooth enough functions, D; = %%, D, =
D = %a%' Our goal is to obtain a global smooth solution when ¢ is small

enough, 1,17 are smooth enough and decay rapidly enough at infinity,
and when the cubic part (1.5) of the non-linearity satisfies the following
“null condition”

(1.7) Qapa 0, = 0 when oy is even.

In other words, we assume that the cubic part of the non-linearity is a com-
bination with real coefficients of ¥?, (D)2, 9(Dp)(Dyth)), (D).
Define a function ® ;] — 1,1[—» R by &

3

(18) ®(2) = Sp(de) a0 — () (de)arzo

- SP(d) (1~ a(dy) Paros — 5 (1~ aldp)dpar,

where 5(&) = 5(p(§) + p(=£)), a(§) = B(&) ™" (p(&) — p(=€))-

THEOREM 1.1. — There are a large enough integer s, a positive number
0, an element € of 0,1] such that, for any real valued couple (1g,%1) in
H*T1(R) x H*(R), satisfying

(1.9) [ollzress + Inllre + la*ollzn + llo*al7- <1,

for any e €]0,¢ep], equation (1.6) has a unique solution v in the space
CO([1, +oo[, H*THNC([1, +ool, H*). Moreover, there is a continuous func-
tion a. : R — C, depending on €, uniformly bounded, supported in [—1, 1],
a function (t,z) — r(t,x) bounded in t > 1 with values in L*(R) N L>°(R)
such that, for any € in ]0, o], the global solution ) of (1.6) has asymptotics

(1.10)  (t, z)

~ Re %ae(a:/t) exp [itw(x/t) +ie|ac (x/t) 2D (x/t) log t]]+t%i+9r(t,x)
where w is the smooth function on | — 1, 1] given by
(1.11) w(r) = zde(x) + p(dp(x)).

ANNALES DE L’INSTITUT FOURIER
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(Notice that since x + p'(de(x)) = 0, we have dw = dp so that we could
take w = ¢ modifying ¢ by a constant).

The preceding results hold in particular when p(£) = /1 + &2 i.e. for the
usual Klein-Gordon equation. In this case, because of the extra symmetries
of the problem, one may replace the null condition (1.7) by a weaker one

3ap3o + az10 = 0, 3ap21 + aze1 =0

(1.12)
3ap12 — a210 = 0, 3agoz — az01 = 0.
One gets:
THEOREM 1.2. — Under the same assumptions as in Theorem 1.1 for

10,1 and under the null condition (1.12), the equation

(D} — D2 — 1)y = F(), Dotp, D))
(1.13) Yli=1 = etho
5t1/1|t:1 = 67#1

has for € €]0, €g] a unique solution v in C°([1,+oo[, H*+t1)NC([1,+oc[, H®).
Moreover, it satisfies (1.10) with

w(z) =+1— 22

(1.14) )
O(r) = ”3 {(30&300 + a120)2% — @117 + @102 — 3azoo | (1 — 2?) 1/,

The above theorem has been proved in the more general setting of quasi-
linear Klein-Gordon equations in [3, 4], and in the case of non-linearities
depending only on 9, F = F(¢) by Lindblad and Soffer [20], but in both
cases only for compactly supported initial data. This restriction was re-
lated to the method used in those papers, which was relying on the use of
hyperbolic coordinates. A more recent result of Hayashi and Naumkin [13]
treats the case of a quadratic non-linearity 12, without compact support
assumptions on the Cauchy data.

1.2. Semiclassical pseudo-differential operators

The proof of the main theorem will rely on the use of a semiclassical
formulation of the equation. We give in this subsection the definitions and
properties of the classes of symbols and operators we shall use. A general
reference is Chapter 7 of the book of Dimassi-Sjéstrand [5] or the book of
Zworski [37].

TOME 66 (2016), FASCICULE 4



1462 Jean-Marc DELORT

DEFINITION 1.3. — An order function on R x R™ is a smooth map from
R xR"™ toRy: (x,&1,...,&) = M(x,&1,...,&,) such that there are Ny in
N, C > 0 and for any (x,&1,...,&), (Y, 01, -,7n) In R x R™

n

(115)  M(y,m,....na) < Clae — )™ ] 46 — m) M Mz, 6u,... . 60)

1
where (z) = /1 + 2.

For instance, if n = 1, (£), (z), (x)(§) are order functions on R x R. In
the same way

n

(1.16) Mo(&,-..,&n):( Z (&) @)(Z )

1<i<j<n 1
is an order function that is equivalent to the second largest among

(€15 Gn)-

DEFINITION 1.4. — Let n be in N*, M an order function on R x R™,
§ >0, 8>0. Set ¢ for the n-uple ({1, ...,&,). One denotes by S5 g(M,n)
the space of smooth functions

(maglv"wgnvh) - a(xvfla"wfnah)
R x R"x]0,1] - C
satisfying for any ag € N, a € N", k, N € N bounds
(1.18) 9200 (hdn)*a(w,& h)| < CM (x, &)h =00 tleD (1 4 prflg)~N

(1.17)

Notice that when 3 > 0, our symbols decay rapidly in ~”%|¢|. This implies
in particular the following inclusion, valid for any 8 > 0,7 > 0,£=1,...,n

(1.19) Ss,5((€e)",m) € h™P"S5,3(1,n)

that will be used systematically from now on. In the rest of this paper we
shall not indicate explicitly the dependence of symbols in h.

If a belongs to Ss g(M, n) for some order function M, some 6 >0, 8 > 0
we define the n-linear operator Op,,(a) acting on test functions vy, . .., v, by

(1.20) Opy(a)(vi,...,v,)
1 / iz (E1++E€n) (Z‘ hfl,...,hfn H@ g] de, ... d&,.
1

IRCLE
When n = 1, this is just the usual semiclassical pseudo-differential operator
with symbol a. The above classes of operators satisfy the following symbolic
calculus properties, whose proof may be found in [5] if n = 1, and is given
in the appendix for general n.
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PROPOSITION 1.5.

(i) Let n € N*, M(z,&1,...,&n), Mi(x,&1) be two order functions. Let
0<9,0"<1/2,8>0. Let a be in Sy g(M,n), b in Ss» o(Mq,1). There is
a symbol ¢ in S5 g(M (z, &1, ..., ) Mi(z,&1),n) with § = max(d’,d") such
that for any test functions vy, ..., v,

Opy, (a)[Op, (b)v1, - - ., vn] = Opy(c)[v1, ..., vn].
Moreover, one has the asymptotic expansion

(1.21) c(z,&1,...,8) = alz, &, .., &0)b(z, &)

h 8@ 8[) (sl s
+?87&(1:7617"'7€n>%($7£1)+h2(1 (46 ))e(xafl,---;fn)

for some symbol e in Ss g(M(x,&1,...,&)Mi(z, &), n).

(ii) More generally, if n,n' are in N*, 8 > 0,0 < § < 1/2, and if
M(x,&,...,¢&,) and M'(z,&1,...,&,,) are two order functions, if a is in
Ss,3(M,n) and bisin Ss g(M’',n’), there is a symbol ¢ in S5 g(M" ,n+n'—1)
with

Mz, & oy 1 6n)
:M($7£Z/L +"'+§;ﬂa€27~--7€n)M/(xa§£a"-a§;l’)

such that for any test functions vy, ..., v, va, ..., vy

(1.22)  Opy,(a)[Opy, (b) (v, ... vl ), v, .y U]
= Opp(c)[v], .-,V V2, o U]
(iii) Under the same assumptions as in (i), there is a symbol ¢ in
Ss.g(M(z,&1,...,60)Mi(x, &+ +&,),n)
such that for any test functions vy, ..., v,
Op;, (0)[Opp,(a)(v1, ..., v,)] = Opp(c)(v1, ..., vn).

Moreover
(1.23) ez, &1,...,&n)

= b(z, & + -+ Ep)ala, Ery o, &) F R ez 6y 8
for some symbol e in Ss g(M1(z,&1 + -+ + &) M (2, 61,...,&n),n)

Let us study the action of the above operators on L? or L> spaces.
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DEFINITION 1.6. — Let s € R. We define the semiclassical Sobolev space
Hj(R) as the space of families (vy)nejo,1) of tempered distributions such
that (hD)’vy, oo Op,,((£)*)vy, is a bounded family of L?(R). For p € N, we
denote by W™ the space of families (vp,), of elements of S’(R) such that

z/ZOH(hD)PlvhHLw is uniformly bounded.
For future reference, we write down the semiclassical Sobolev injection

(1.24) [onllwe < cgh*1/2||vh||H}p+%+9 for any 6 > 0.

PROPOSITION 1.7.

(i) Let 6 € [0,1/2], a be an element of S5(1,1). Then for any s in R,
Opy,(a) is bounded from Hj to Hj, uniformly in h.

(ii) Let 6 € [0,1/2[, B> 0, n in N*. Set M (&) = > (&) and let p be in
N, ¢ in [1,00]. Then, for any a in Ssg(M?”,n), there is a constant C > 0
such that for any test functions vy,...,v,, any j=1,...,n

(1.25)  [|Opy(a)(va,. .., vn)llLe < CHT"CTEEETT luy|[ L || o

1<0<n
(#]
In particular, if a is in S5 g(1,n), one has
(126)  [Opy(@)(vr,- - vn) g < CHT"CHAE) TT gl
{=1
and if s € N,
n
(127)  [Opy(@)(wr, - vl < OR35S (fugll e T sl ).
=1 j#e

Assertion (i) of the above proposition follows from the definition of
Sobolev spaces, (i) of Proposition 1.4 and the L2-boundedness of elements
of S50(1,1) proved in theorem 7.11 of [5]. We give the proof of assertion
(ii) in the appendix.

Point (ii) in the preceding proposition gives only estimates involving a
loss of some negative power of h in the right hand side. This is unavoidable
since we get L? estimates including for ¢ = 1,00. Such bounds will be
sufficient for us in most instances, as the loss will be compensated by some
extra positive power of h. Nevertheless, for some L? estimates, we shall
need uniform bounds, up to some new terms in the right hand side. Before
stating them, we prove a lemma that will be used several times in the rest
of this paper.
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LEMMA 1.8. — Let v be in C§°(R). If the support of v is small enough,
the two functions on R x R

0s(0,6) = TR (07 (@ + 1/ (26))
(1.28)
be(2.6) = SO (6o + 1/ (29))

verify estimates
10207 a (2, €)] < Caple) " HI 1l

(1.29)
10207 bs (2, €)] < Cap() 1M1

Moreover, if Suppy is small enough, on the support of v((£)" (z+p'(+£))),

one has (dp) ~ (€) and there is a constant A > 0 such that, on that support
(1.30) ATHO T <+ 1 < AT, €= +oo
’ ATHOTT S FoH IS AT, € o0

Finally, for any k in N
(1.31) 0 (dip(x)) = O({dip) 7).

Proof. — We treat the case of the positive sign. By (1.3) p’ is an in-
creasing function. According to (1.1) and (1.2), it has when £ — 400, an
expansion

(1.32) P(&) =+1— 2" (k= &+ 0(lg ™).

This shows that, when Suppy is small enough, on the support of the cut-
off, ATH&) ™" < £x+1 < A(E) ™" for some A > 1 when £ — Fo0. Since z+
P’ (do(x)) = 0, we deduce from that the equivalence (dp(x)) ~ |1 — av2|71/N
for €] — 1,1[ and that, on the support of the cut-off, (dp) ~ (£). Taking
derivatives of x + p/(dy(x)) = 0, we obtain (1.31).

For (z,¢) staying in the support of v({£)"(z + p/(££))) and for instance
& — 400, let us write

E=2T1¢ =1+ )2
for a parameter A — 0 and (z,() in a convenient compact subset K of
]0, +00[2. The expansion (1.32) implies
(1.33) v +p'() = N[z — (v = Dei "¢ + Ari (¢, V)]
for some smooth function 7. Since z+p’(de(x)) = 0, this gives in particular
(k — 1)t

1/k
> :| +>\7"2(Z,)\)

Adip(—1 + \z) = {
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for some smooth function ro. We thus get

—kKk+1

(1.34) € —dp(x) =71 [4 — [(,@—1&} W— Mgz, /\)].

By definition of ¢, the coefficients of \* in (1.33) and of A~! in (1.34) are
smooth functions of (z,{) € K, A € [0,1] vanishing at order one on the
same submanifold. Consequently

.’E-l—p/(f) _ \k+1
W*)\+T(Z,C7)\)

for some smooth function r that does not vanish on K x [0,1]. As A ~ (€)™,
we obtain the first estimate (1.29) when @ = 8 = 0. As 9, = A7"0,,
0: = A0¢, the estimates for the derivatives follow as well. The second
inequality (1.29) is proved in the same way. This concludes the proof of the
lemma. g

The precise L2-estimates we shall need will give bounds in terms of the
action of some special operators, that replace Klainerman vector fields in
our framework, and that are defined from the symbols vanishing on A (given
by (1.4)) or on its antipodal, by

(135)  L=Ly =3 O0py(e+5(0), L= ;0P +p/(-6).

In the rest of this paper, we shall denote by (6, 8, p) = o(4, 5, p) a function
defined on [0,1]? x [0, +oo[, with values in [0, +oo[ such that

(1.36) o is continuous, (0,0, p) = 0,0(4,5,p) > 0if 6 + 8 > 0.

The value of o may differ from line to line, and it will be always implicit that
the arguments (4, 8) are taken small enough to make o (9, 8, p) conveniently
small when p stays in a given bounded subset. Eventually, we shall write o
instead of o (9, 8, p).

PROPOSITION 1.9. — Let My be the order function introduced in (1.16).

Let 0 < n' < n be two integers with n > 2, p € N*. Let 8 > 0,6 > k08
be small enough positive numbers. Let m be an element of Ss 3 (Mop_l7 n).
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There is a constant C' > 0 such that for any test functions vy, ..., vy,

(1.37)  [[Opp(m)(v1, ... on)| 2

n—1
< C T Ioelwy = ol
/=1
n’ 1
1_
ont= | (S1kust) TT ol
=1 k=0 1<0<n—1
02
n 1
£ % (S0t ul) TT lorkae] fonl
j=n'+1 k=0 1<b<n—1
(2]

where o = o(6,[,p) is as in (1.36). A similar statement holds making
play the special role devoted to n above to any other index in {1,...,n}.
Moreover, in the special case p = 1, i.e. when m is in S5 g(1,n), (1.37) holds
with ||vg||wro in the right hand side of (1.37) replaced by [lvg|| L.

Remark. — The important point in (1.37) compared to (1.25) is that
the first expression in the right hand side is not multiplied by a negative
power of h.

Proof.

Step 1: We prove the last claim in the statement when m is in S5 g(1,n).
Let us assume for instance that n’ > 1. Let v be in C§°(R), equal to one
close to zero, with small enough support. Decompose

(1.38) m(x,&1,...,&) =mi(x, &, ..., &) +ma(z, &1, .., &) (e + P/ (&)
with
ml(x?§1’ s agn) = m(x,&, s agn)7(<§1>ﬁ(1‘ +p/(£1)))
(1.39) _ Bl /
mQ(xagla cee agn) = m(xagla cee a€”> . ryuili 1(7/(;;)]) (51))) .

Using that § > kf3, one sees that my is in S5g((x)” (&), n). Since = +
P/ (&) is in Spo((x),1), (i) of Proposition 1.5 shows that the contribution
of the last term in (1.38) to Opy,(m)(vy,...,v,) may be written as

(1.40)  Opy,(m2)[Opy (2 + 1 (&1))v1, 02, .., v] + 1 °0py (1) [n, .., va]

for some 7 in S5 5((€1)",n) C h=P%S;5 5(1,n) (by (1.19)). Notice also that we
may write ma(z, &1, . .., &) = mh(x, €1, .., &) (1) for some new symbol
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mly belonging to Ss5((x)” (€)', n) € h=P+D S5 5(1,n). By (1.35) and
(ii) of Proposition 1.7, the L? norm of (1.40) is bounded from above by

n—1

(1.41) Ch = [[¢hD) ™" Lon|| oo + [orllze] T llvell oo ol 2
2
Combining this with the Sobolev injection (1.24), we get an estimate by
the right hand side of (1.37) with [[vg[[yyp.= replaced by ||vel| Lo, for some
o satisfying (1.36).
Let us study now ||Opj(m1)(v1,...,v,)|lr2. By construction, ms is in
Ss.3(1,n) as 0 > kB and we expand this function along & = dp(x), writing

(1.42) my(z,&1,...,6n)
=mi (2,82, &)+ h0ml (2,61, 6) (6 — dip(x)
with
mi(z,8a, ..., 6n) = ma(z,dp(x), &2, -, &n)

(1.43) L
W6, En) = / B (0, ma) (2, 161+ (1— ) (), &, ... £0) .

(Notice that by (1.30), on the support of mq, x stays in | — 1,1[ so that
we may compute dp(z)). If the support of v in (1.39) is small enough, we
have on the support of m; that |z + p'(&1)] < (&1) " ~ (dp(x))”". By the
second inequality (1.29), it follows that |§; — dp(x)] < (£1). Combining
this, (1.31) and the above expression (1.43), we conclude that m/ is in
Ss,,5(1,n) if 61 = d + B(k + 1). Moreover, since

[/ (€1) = ' (t€1 + (1 = )dp(a))| = O(&1 — dp(@)|(&1) ™" 7") = o({€1) ™),

we see that m/ is also supported for |z + p'(£1)|(£1)" small. Because of
that, we may write

mlll(xvgla s 76")(51 - d‘/)(x)) = mlll(J;?glv s 7£‘n)b+(ma€1)(x +p,(£1))

with a symbol by given by (1.28) (for a new cut-off ). By (1.29), the
preceding expression may be written as mj (z,&1,...,&,)(z + p'(&1)) with
mf in Ss, 5((€1)" T (x)7> n). Consequently, the contribution of the last
term in (1.42) to Opp(m1)(v1,...,v,) will be of the form (1.40) (up to
multiplication by an extra A7), so will be estimated by (1.41) for some
new o.

We are left with studying

Opp(my(z,&a,...,&0)) (v, ..., vn) = v10p, (M (7, &2, ..., &) (v, ..., vp),
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where in the right hand side we consider m} as an element of S5, g(1,n —1).
We repeat the preceding argument in one less variable (replacing x +p'(¢;)
by « + p'(—¢;) when j > n’) and ¢ replaced by a larger §;. Iterating the
process, we find that ||Opy(m)(v1,...,v,)||r2 is bounded from above by
the right hand side of (1.37) (with [[ve[[yp.= replaced by [lve[| L) modulo
the term ||vq - vp,—10py(€)(vn)||L2, Where e is an element of Ss 5(1,1)
for some ¢’ which is a linear combination of 4, 8. If 4, 8 are small enough,
we may apply (i) of Proposition 1.7 and bound this L? norm by
“Ylvg|| o lunl 12 This concludes the proof in the case p = 1.

Step 2: We treat now the general case m € Ssz(M{ "', n). Since the
order function My given by (1.16) is equivalent to the second largest among
(&1), ..., (€n), it is certainly smaller than H?;ll (&¢). We may write

m(x, &1, €n) = (@, 1 n) H (&)~ (nPe) ™)

where Ny is a fixed large enough integer and 7 belongs to S5 5(1,n), so
that

Opy,(m)(v1,...,vn) = Opy (M) (01, ..., )

with 9 = (hD)p_l(hHﬁD)fN vefor=1,...,n—1, ¥, = v,. By step 1,
we may apply (1.37) to m, with in the right hand side ||~|\W£.oo replaced by
Il o= We get a bound in terms of

n—1
LTl 2o [lonll 22
(=1

(1.44) 1
e (3Nehoslle)  TT Ioelollonllne.
k=0 1<e<n—1
L#j

Since pseudo-differential operators of order p — 1 are bounded from W}/>
to L°°, the first line in (1.44) is bounded by the right hand side of (1.37).
On the other hand

~ — —No —
I5ell = = 110p, (€)™ (hP€e) ™ Yoelle < CRTPPHD flug| Lo

by (the proof of) (1.25) if Ny has been taken large enough (see (A.2)).
Moreover

L4l < b Y[z, Opy (€57 (hP8;) ™) ws 12
+ 0P, (&) hPE5) ™) Loy | 12
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which is bounded by Ch=#+D (|| L1v;| 12 4||v ] 12]. Plugging these bounds
inside the second line of (1.44), we get an estimate in terms of the right
hand side of (1.37) (up to a modification of o). O

1.3. Semiclassical reduction of the problem

In this subsection, we shall write equation (1.6) under a semiclassical
form involving multilinear operators belonging to the classes introduced
above.

Let us write first the equation (1.6) in complex coordinates. Set

H(D) = 3[p(D) + p(=D)], 5 = 5[p(D) — p(~D)],a(D) = HD)D) "

2
For 1 a real valued function in H*1(R) with 0y in H*(R), write
Ty — + i
u= (D +p(D))¥, v =) (5FE)
(1.45) B p i Bt
ji=—(Dy—p(=D))b, Db =EE —q(D)(E2E),
Define

(1.46)  G(u,p)

S GO CO I}

Then (1.6) is equivalent to
(D¢ — p(D))p = G(p, 1)
ple=1 = e(¥1 + p(D)th) € H*(R,C).
Let us express the nonlinearity G(u, i) in terms of multilinear operators
associated to some (non semiclassical) symbols.

(1.47)

DEFINITION 1.10. — Let n € N*. Denote by S(1,n) the space of smooth
functions defined on R™: (&1,...,&,) — m(&y,. .., &,) satisfying for all o« =
(av,...,a,) € N” bounds

(148) (02" 00 mlEr,. ., En)] < Callr) ™ - (€27,

If m is in 5'(1, n) and uy, . .., u, are test functions, we define the multilinear
operator

(1.49) M,, (ul,... n)

/ it edm gy, &) [ [ (&) dén - - dén
1
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We refer to Proposition A.1 of the appendix for the boundedness prop-
erties of these operators we shall use below.
Let us define for any n in N*

In,0<n' <n,
(1.50) Ty, = < (i1,...,in) €{—1,1}"|such that iy =1 for £ =1,...,7n/,
andip=—1forf=n"+1,...,n
If I =(i1,...,0n) =(1,...,1,—1,...,—1) is in T, we set |I| = n and we
—_—— N ——

n’ n—n'

define

=y o1 =y pr = (Hays s fay) = (R ooy o fls oo J1).
—— ——

n’ n—n'

It follows from the definition (1.46) of G and the fact that F is a polynomial
that the nonlinearity in (1.47) may be written

(1.51) Gu)= Y > My (1)

n>3 Iel,
n finite
for elements m; of S(1,|I|). For further reference, we need to compute
when I = (1,1, —1) the explicit value of m;(dp, dp, —dp). This function is
obtained replacing in the cubic part of G(u, 1) given by (1.46), (D) ‘u
(vesp. H(D) "' Dy, p(D)~" iz, (D) ' Dja) by p(dp) " (resp. p(dp) " dep,
p(—dp) i, p(—dp) 1 (—dp)i) and retaining only those terms which are
quadratic in g and linear in g. In view of (1.5), (1.46), we get since p is
even and ¢ is odd

(1.52) m(l,l,—l)(d%d%—d@)

3 5 _ 1 N _
= Zazoop(de) " + §a210p(d80) dy

8
+ goaonplde) (1~ qldp)) — garao(de)>(dp)?
- %aloﬂa(d@)_l(l — q(dg))* - éamﬁ(dw)”dw(l — q(dy))
- gaosoﬁ(dso)’?’(dso)g - %aozlﬁ(d@)’z(ds@)z(l — q(dy))
— Zaouaplde) " dp(1 ~ (d9))? — Sauas(1 - a(d))*
Under assumption (1.7), we get in view of (1.8)
(1.53) M 1,-1)(dp, dip, —dip) = p(dp) > @ ().
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In the special case of the Klein-Gordon operator i.e. when p(§) = p(&) =
1+&2 p(&) = q(§) = 0, dp = —\/19i7, w = ¢ = V1 —22, we have
wdp = —x, p(dp)~! = w so that (1.52) simplifies to

w
(1.54) — g {(3&300 + a120).132 — a111 + (a102 — 3@300)}

1
+ 3 {963(3@030 + a210) — 2%(3ao21 + azo1)

+ x(3ap12 — a210) — (3agos — az201) |-

Since aaga,a, 1S purely imaginary when «q is even, we see that (1.54) is real
valued under condition (1.12) and that (1.54) is then equal to p(dy) 2@ (z)
where ® is given by (1.14).

A trivial estimate for the Sobolev norms of the solutions of (1.47) is
provided by:

LEMMA 1.11. — Let p € N*, s € R, s > p. Denote by W#°° the space
of those u in L™ such that 0% € L™ for k < p. There is a constant Cy > 0
such that for any B > 0, any € €]0, 1], any (1o, %1) € H*! x H* such that
11l + 1%oll3041 < 1, any T > 1, any solution p in C°([1,T], H*(R,C))
of (1.47) satisfying the a priori estimate

(1.55) sup [t'/2[|u(t, )llwre] < Be <1,
te(1,T)

one has the Sobolev bound
2.2
(1.56) i, s < (L, ) [t @05
for any t in [1,T].
Proof. — By (1.51), (ii) of Proposition A.1 and assumption (1.55), we
know that for some Cy > 0

B2¢2

G (s ) (25 )l < Co—

[lgats ) s

Since p is real valued, we deduce from (1.47) that the energy inequality

t B2
It e < 1+ [ CoZ— e e
holds. Gronwall lemma implies the wanted conclusion. O

As is usual in problems of long time existence with small Cauchy data,
most of the difficulty is to show that the a priori L>°-estimate (1.55) holds.
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To do so, we shall get in a first step L2-estimates for the action of the oper-
ator £ defined in (1.35) on (modifications of) the solution. As a preliminary
step, we rewrite the problem in the semiclassical framework. We set

x 1 1
1.57 =2t =t h== tz)=—uv(t, ).
(1.57) o= =t h= g alta) = oot a)

Notice that, using the notations of Definition 1.6,
(158) e, Miars ~ o' g Nt Y lwoe ~ VAot lwp=,

the equivalence being uniform in h.
We shall fix below some small number 5 > 0 and shall decompose sys-
tematically a function v as

(1.59) v = Opy, (x(h7€))v + Op, (1 = x)(hP€))v

where y € C§°(R) is equal to one close to zero. The last term will have nice
W/ upper bounds if we are given a priori H; bounds with large enough
s. More precisely, by the Sobolev injection (1.24)

10D, (1 =) (7)) wllwp < Ch™Y2(|0py, (1 = x) (W) v o

< Ch_%+ﬂ(s_p_1)||v|\H;7

(1.60)

so that if we have an a priori bound [|v[| gz = O(h=N°) and if B(s — p) > 1,
we can make (1.60) O(h™) for any given N. This will essentially reduce us
to the study of the frequency localized contribution Op,, (x(h?¢))v, whose
derivative (hD)* will have O(h=P%) bounds, so will grow slowly if 3 is
small. This process will in particular allow us to deduce from (1.47) a
semiclassical version of the equation, where the nonlinearity will be written
using symbols in the classes Ss53(1,n) of Definition 1.4 for some small
B > 0, up to remainders that will be multiplied by a large enough power
of h, assuming some a priori H; control.

PrOPOSITION 1.12. — Let p € N, 8 > 0 a small enough number. There
iss €N, for any I € Ty, 3 < n < 6, there is a symbol my in Sy g(1, |1|),
independent of 2/, there is a polynomial map v — R(v) satisfying for some
increasing function C :]0, +00[—]0, +oo[ the estimates

. 2
(1.61) (™ R(v)|z2 < C(I0lz= + VRlvlm;) (o] z= + Vhllv] ;)

k
x (];(hﬁ)k/vng), k=0,1,2
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and
(1.62) [ R()l[yyp+2
_ 2
<h2O(oll + VAlola:) (ol e + Vallolag ) [lol] a;

such that, if u is a solution of (1.47) on [1,T] x R, then v solves on the
same interval

(1.63) (Dy — Opy,(A(z',€)))v

SRS Opy(mi)(or) + AP 050) R(v)

n=3 Iel,

where

(1.64) Ao, €) = a€ +p() - 5h,

the notation o is defined in (1.36), and Op,,(m)(vr) =Opy(mr)(viy, .-, 0i,)
if I = (il,...,in), V1 =0V, V1 = .

Proof. — The equation satisfied by p may be written according to (1.47)
and (1.51)

(1.65) (Dy—pD)p=>_ > My, (1)

n>3 Iel,
n finite

The left hand side expressed from v(t', ') using (1.57) gives the left hand
side of (1.63) multiplied by v/h. We have to write the right hand side
of (1.65) as the product of v/h with the different contributions in the right
hand side of (1.63).

e Terms in (1.65) corresponding to n > 7.
For I € T',,, we have by (i) of Proposition A.1

| Mo, (111) (t, ) || 22y < Cllpllwroe )| allyr1.o0 [l 4l] £2 )
from which we deduce

1Mo, ()t 2| 22wty < RT2C(VRIllyn ) 01150 10 22aar)-

Thus My, (pr) may be written as h'/? times h3~7 R(v) for an R(v) satis-
fying (1.61) with & = 0 since, by (1.59) and (1.60), we may always bound

(166) ol < ChP (ol + Vol
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if s is large enough. Moreover, if we take some s’ > p + g and use Sobolev
injection and (A.4) with p =1, we have

1Mo, () (8 Mworzce < Cl| M, (pr) ()l e

< Clllliwro) N lls.oo el g

Expressing p in terms of v, and using (1.58) and (1.66), we obtain that
R(v) satisfies (1.62) if s > s’. We still have to prove that (1.61) holds for
k=1,2. By (1.49)
, x 1 T
o' My, (p1) = ;Mm, (nr) = %Maml/agl (1) + My, (;Mmuz‘z’ iy
By (i) of Proposition A.1, the L?(dx)-norm of this quantity is smaller than

1

1 T n—
0|l + | et

and since
T

x , .
FHi = (; +p'(21D))m1 — P/ (11 D) iy
the L?(dz)-norm of this quantity is bounded from above by h||Lu|zz +

|2l 2. If we express again p from v, we conclude that

1
2/ Mo, (o)l 20y < B72C(VRlollyg )10y e (S (RE)Y 012 )
0

from which an estimate of the form (1.61) with & = 1 follows for R. The
case k = 2 is similar.

e Terms in (1.65) indexed by 3 < n < 6.

Let x be in C§°(R), x = 1 close to zero and denote x, = x or x; = 1 —x,
£=1,...,n. Consider first

(1.67) T = My, (x1 (B’ D)y, .., Xn (R D) s,

where at least one of the x/s, say x1, is equal to 1 — x. Let us show that
7 generates again a contribution to the remainder term in (1.63). We have
to prove that for k = 0,1,2 h™Y2||2'*T|| 2040y = [|(2/t)*T| 12(ax) (resp.
h_1/2||I||W}f,oo) is bounded from above by the right hand side of (1.61)
(resp. (1.62)) multiplied by 37 To obtain the L2-estimate, we apply (A.3)
with s = 0, putting the L? norm on another factor than the first one. We
get

1 22 () < Clpllwro)lellwre 11 = x) (B D)l oo [|al| 2

The middle factor in the last product is controlled using Sobolev embedding
by
Cll(L =) (W’ D)ul| gz < CRPED ] e
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If s is large enough and if we express p from v, we see that (1.67) may
be written as h®R(v) with R(v) satisfying (1.61) with & = 0. One studies
(x/t)*Z, k = 1,2, as we did above when n > 7, writing these expressions in
terms of multilinear quantities in (i;,, ..., i, _,, (x/t)¥u;,) and repeating
the preceding estimates to get for 2’* R(v) bounds of the form (1.61).

To get (1.62) for Z we apply (A.5) with 6 €]0, 1]. We get

(1.68) B Y2||Z||lyer2.00

n
< Ch 23 G (P D)llwvse TTIxe (W Dypllws
=1 1]
Consider for instance the first term in the sum. If xy; = 1 — x, we use
Sobolev injection to bound the corresponding contribution by

W2 = ) B D)llove it < OR3P0 el e

Taking s large enough and expressing u from v, we obtain using again (1.66)
that Z may be written as h® R with R satisfying (1.62). If x; = ¥, there is
some j > 1 with x; = 1 — x. We bound then the term corresponding to
j=1in (1.68) by

W= 2R D) pallwoonoe [l 1 (1 = X) (B D) el .o

and we conclude as above, using that || x(h? D) ||y e+s.0c <Ch™BPH3) ||| oo
and Sobolev injection to treat the last factor.

Finally, up to contributions to the remainder in (1.63), we reduce our-
selves to the consideration of the terms

My, (x(W" D)y, -, x (WD), ), 3 < m <6.
This shows that the equation satisfied by v may be written as (1.63) with

(1.69) mr(€,. &) =my(€y,. ., &, Hx (n°¢))

which is a symbol in Sy (1, n). This concludes the proof. O

2. [? estimates

The goal of this section is to obtain L? estimates for the action of the
operators £ (defined in (1.35)) and £2 on the solution of equation (1.63).
Since L is not a vector field, it does not commute to the nonlinearity,
so that we cannot expect that ||£7v(t,-)||z2 will have a moderate growth
(i.e. a growth in O(#°) for some small § > 0) when ¢ goes to infinity.
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Because of that, before performing energy inequalities, we shall apply to
the equation a semiclassical microlocal normal forms method to obtain, for
a new unknown obtained from v, an equation whose nonlinearity has better
commutation properties with £ than the one in (1.63). This will allow us
to get L? estimates with moderate growth for the action of £ on that new
unknown. Repeating the process, we shall get in the same way L? bounds
for the action of £2 on another convenient unknown.

As a preparation for these energy estimates, we establish in the first
subsection some technical results that will be used throughout the rest of
this section.

From now on, we shall work only with the semiclassical reduced equa-
tion (1.63). To simplify notations, we shall denote the variables by z,¢
instead of 2/, &’

2.1. Division lemmas

We introduce first a decomposition of the set I',, defined in (1.50).

DEFINITION 2.1. — One denotes by T'" the subset of characteristic
elements of ', i.e. those I = (i1,...,4,) in Iy, such that ) ,i; = 1. The
subset of noncharacteristic elements T2l js T',, — T'¢h,

Since an element of Ty, is of the form I = (1,...,1,—1,...,—1) with
—_——— ———
0 < n < n, we see that I is characteristic if and only if n is odd and
n = %1 If I = (i1,...,1y) is an element of T',,, we define a function of n
variables
(2.1) 9r(&1 - 6n) = Y iaplieke) = p(&r + - + &n)-
=1

Then, if ¢ is the phase introduced after (1.4), we have for any x €] — 1,1]

(2:2) gr(indp(2), ... indp(x)) = (20" — n)p(dp()) — p((2n" — n)dp(z)).

If I is non characteristic (i.e. 2n' —n # 1), it follows from (1.3) that (2.2)
does not vanish on | — 1,1[. On the other hand, if I is characteristic, (2.2)
vanishes identically.

Remark. — Let us indicate the relation between the above notion and
space-time resonances in the sense of Germain-Masmoudi-Shatah (we refer
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to [6] for an introduction to that topic). If I = (iy,...,4,) is in 'y, define
the set of time resonances 77 as

Tr={(&, - &)ig1(&r, ..., &) =0} CR™.

Generically, this is an hypersurface of R™. Introduce the set of space reso-
nances Sy as

o0 _ 9
08 041

This is generically a curve in R™. The set of space-time resonances is by
definition Sy N 77.

Sr= {(517---a§n)§< >91(§1,-..,§n) =0,1<¢<n—1}.

Consider the parametrized curve C; of R™: z — (i1dp(z),. .., inde(x)).
The expression (2.1) of g; shows immediately that C; C S;. The points
at which (2.2) vanishes are thus the points of C; N 7T; = C; N (77 N Syp).
The assumption (1.3) says that if I is non characteristic, this intersection
should be empty. On the other hand, if I is characteristic, (2.2) vanishes
identically, so that C; = Cr N7y = C; N (T NSy) i.e. the set of space-time
resonances is one dimensional.

We shall prove a result of division of symbols by g;(&1,...,&,) when I is
noncharacteristic. Before stating it, let us remark that in such a case, there
is a constant ¢ > 0 such that for any z in | — 1, 1]

(2.3) lgr(ivde(), ... indp(x))] > eldip(z)) "

As remarked above, because of (2.2), this inequality holds when z stays in
a compact subset of | — 1, 1[ by assumption (1.3). We just need to consider
the case of x — £17F i.e. dp(z) — Foo. But if for instance x — —1+ and
A=2n"—n>2,(1.1), (1.2) and (2.2) show that the left hand side of (2.3)
is equivalent to |c; "t (dp) "+ (A — A7"F1)|, whence the claim. If A < 0,
(2.3) tends to 400 if & goes to —1, so the estimate is trivial. Finally, if
A =0, (1.3) implies that (2.2) is a nonzero constant.
Our division result is the following.

PROPOSITION 2.2.

(i) Let I = (i1, ...,in) bein 2. Denote by My the order function (1.16).
Let 0 < 2683 < 6 < 1/2 and let my be an element of S/ g(1,n) for some
0 < 8 < 40. We may find for ¢ = 1,2 symbols

(24) m; € Ssp(MZ"(x) "% n), j=1,...,n, a; € Sss(MF™ )", n)
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such that

(2.5) mp(x,&,...,80) = g1(&, ... &n)ar(z, &1, .., &)

n

+) (@4 (€)' mi (2,61, &)

=1
Moreover, we may assume that aj is supported in

n

(2.6) (&, )i |+ D (i6€e)| < (€)™}

(=1

where o > 0 is any given number.
(ii) Assume that I is characteristic and that 0 < 2k +1)8 < § < 1/2.
We may write for ¢ = 1,2

(27) ml(x7€17 e 7€n) = mI(x7 617 e 7£n) HV(MOZH-’_]-(‘/E +pl(7’465)))
1

n

+Z $+p foﬁ qmjz(x gla'-wgn)a
{=1

where v € C§°(R) is equal to one close to zero and has as small a support
as wanted, and where m{ ; are elements of S5 (M)~ ),

Proof.
(i) Let v be in C§°(R), equal to one close to zero, with small enough
support. Decompose

(28) mI(x7€17"~7€n)
= mgl) (-'17751, v 76”) + m%l(:&gla cee 7£n)<x +p/(i1£1))q
where

q (o . (1 =) (Mg (z +p'(i1€1)))
ml,l( 751""7571)_ I( 7517"'75774) (m+p'(i1§1))q

m{D (@, 61, ) = mp(e,Er, L &)y (ME (2 + ' (0261)))

where R in an integer to be chosen, R > 2k. The function mf, is in

Sgwg(MgR@)*q,n) if § > RpB, as the factor M lost every time one takes
a derivative may be traded off for a O(h~#%) loss. Repeating the above
process with mgl) instead of my, successively with respect to each variable

&, ..., &n, we eventually write m; as the sum in the right hand side of (2.5)
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plus the symbol

n

(2.9) mi(z, &, ) [ [ (M (@ + ' (660))).-

1

We are left with writing this as grar. Remember that My(€) is equivalent to
the second largest among (£1), ..., (£,). Assume for instance |&1] < |&2| <
<o < €] so that M(€) ~ (€,—1). The last cut-off in (2.9) implies that

(2.10) |2+ (in€n)| < @€no1) "

where o > 0 goes to zero when Supp v shrinks. If |¢,,_1| stays in a bounded
set, (1.2), (1.3) imply that p’(in,—1&,—1) stays in a compact subset of | —1, 1.
Under the condition v(Mé%(x +p'(in,1£n,1))) # 0 and if Suppy is small
enough, this implies that x stays as well in a compact subset of | — 1,1],
so that (2.10) with a small enough « obliges |£,| to stay bounded. On the
other hand, in the regine |&,| > |£,—1| — +00, the expansion (1.32) shows
that

(2.11) [P (inén) F in| = O({&n) "), &n — Fo00

and (1.30) implies that on the support of the last but one cut-off in (2.9)
(2.12) |2 Ein1] ~ (€am1)”" ~ Mo(§)™"

when &,_1 — oo. We get from (2.10) and (2.11)

(213)  Jrdin| = O0(a(n1)”) + O((&) "), & = Foo.

Together with (2.12) this implies that i,, = i,,—1 when we are in the regime
|€n] = |€n-1] — 400 and &,&,—1 — +oo, and that i, = —i,_; if we
consider the regime |£,,| > |£,-1] — 400 and £,£,—1 — —oo. Plugging this
information in (2.12), (2.13) we conclude in all cases

(€n-1)"" ~ Mo(§) ™" = O(a(n-1)"") + O((&) ™), 1€nl = [€n1| = +o0.

If o has been taken small enough and R > k, we conclude that |&,]| <
C{(&n—1) so that, for any £ = 1,...,n, |[&| = O(My(§)) and the cut-offs
in (2.9) imply that for any £ =1,...,n

|z + 9/ (ieke)| = O(al€r) ™), [&] — +oo

for some a > 0 going to zero when Supp~ shrinks. We deduce then
from (1.28), (1.29) that for £ =1,...,n

& — iedepe ()] = O (&) o + P/ (ie€)]) = O(a(&r)™ ).
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Since p is Lipschitz, we deduce also from the definition (2.1) of g; that

(2.14) l91(&1, -+ &) — g1 (indp(), . . . indp(2))| = O(; |EZ*ied<Pz($)|)

_ O(aMO(g);ﬁ»lfR).

On the other hand since, on the support of the cut-off, we have by
Lemma 1.8 that (dp(z)) ~ (&) ~ Mp(€), (2.3) implies that on that support

l91(indp(2), ... indp())] = eMo() ™"

Taking R = 2k and assuming Supp~ i.e. a small enough, we deduce
from (2.14) that on the support of (2.9), |gr(&1,....&)| = §Mo(§) ="
We may thus define a; as (2.9) divided by g;, and a; will be a symbol in
Ss.5(MF~1,n) if § > 2kf. Since moreover the cut-offs in (2.9) imply that =
stays in [—1, 1] (see (1.30)) for o small enough, we may replace the weight
M=t by MEH )™ for any N. This concludes the proof of (i) of the
proposition.

(ii) In the above proof, the fact that I is non characteristic has been
used only to divide (2.9) by g;. Without this assumption, we may still
decompose m; as the sum in the right hand side of (2.7) plus (2.9). Taking
R =2k + 1, we get the wanted conclusion. O

When I is noncharacteristic, (2.4) shows that a symbol m; may be di-
vided by gy, up to contributions where (x + p’(i¢&))? is factored out. This
is the key point that will allow us to essentially eliminate nonlinear terms
indexed by a noncharacteristic element I of I',, through a semiclassical
normal form method. On the other hand, when I is characteristic, such an
operation is not possible. Nevertheless, in that case, we shall show that the
operator £ = +O0p,(z + p'(£)) commutes to the corresponding nonlinear
terms. This is the object of the following proposition.

PROPOSITION 2.3. — Let

I=(i1,....ip)=(1,...,1,-1,...,-1)

be a characteristic element of T',,. Let 0 < fk < 6 < % and let m be an

2
element of Ss 3(1,n) supported in

n

(2.15) ({(@, &) |z + ' (ie€e)| < aMo(§) >}

£=1
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for some small o > 0. There is a constant C' > 0 such that for any w in
L? N L such that Lw € L?, one has the estimate

(2.16)  [[LOpy(m)(w, ..., w, w,...,w)|L>
e e N

n’ n—n/'
<C[llwlg= (1£wl ez + A7 fwllz2)
R ol e ol =2 Lol e + o] 22)]
where o = (4, 8,0) satisfies (1.36).

We first prove a lemma.

LEMMA 2.4. — Under the assumptions of the proposition, there are
symbols my, 1 < ¢ < n, supported in (2.15), and r, belonging to
Ss5.5({(x)""°,n), such that if we set w;, = w for £ = 1,...,n' and w;, = ©

for{=n'+1,...,n, then
(2.17)  Opy(z +p'(€)) o Opy(m)(wiy, - .., wi,,)

= Opy(mo)[wi,, ..., Opy(x +p (ie€e) Jwiy -, w3, ]
/=1

+ hl_éOph(r)(wil, ce Wi ).

Proof. — On the support of m, we assume that inequalities (2.15) hold.
We have seen in the proof of Proposition 2.2 that this implies My(&) ~
1+ > |&|- In particular, (2.15) implies that for any ¢, |z 4+ p'(i¢&e)| =
O(a(X (€r))~2"71). By (1.30) it follows that if « is taken small enough,
ligw 4= 1| ~ (&) ™" when & — 400 and (z,&,) stays in the /-th term in the
intersection (2.15). We deduce from this that either

§1— +00,. .., & 4>+OO,£7L/+1 — —00...,& — —00,
or
& — —00,..., &y = —00,&p41 = +00. .., & — F00,

or

all & are bounded,

and that (£,) ~ (§p) for all £,¢" so that (§) ~ My(€) for all £. Moreover,
by (1.29) and (2.15)

(2.18) |6 — iedep(x)| < Cla +p/(ie&e) (&) < CaMy(€)™".
Since I is characteristic, Y4, = 1, so that we conclude
(2.19) €1+ + & — dip(z)| < CaMy(§) ™.
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In particular, if v is small enough, ({1 + -+ - + &) ~ (dp(x)) ~ Mo(€), the
last equivalence coming from Lemma 1.8, as My (&) ~ (&) for any £. Let us
write

(2.20) (z4+p' (&4 +&))m(x, &, ..., &)

n

_ r+p' (6t 4 &) idola
= (s ) e e (;@e (@)

I
M=

mf(magh e ,fn)(x +p/(7’é£‘€)>

~
Il

1

where

(221) mf(xagla"'agn)

ey, ) St Gt ) &~ iedi(a)

§1+ -+ & —dp(x) x4/ (icke)
The support assumption (2.15) implies that for any ¢, (x,&,) satisfies the
support assumptions of Lemma 1.8. Moreover, we have, using (2.19)
[+ p (G4 &) =P+ + &) — P (do)]
SOMo(€) ™" Her + -+ + &n — dip(2)]
< CaMp(§) 1

so that (z, &1+ - +¢&,) satisfies also the support conditions in Lemma 1.8.
We may thus apply (1.29) to the last two factors in (2.21) and conclude
that my is in Ssg((z)""",n) as § > kB (the weight (x)” > comes from
the fact that m is supported for € [—1,1]). We use next (i) and (iii) of
Proposition 1.5 to deduce by symbolic calculus from (2.20) equality (2.17).
This concludes the proof. O

Proof of Proposition 2.3. — Since L1 = $O0py,(z + p/(££)), we may
rewrite (2.17) as

(2.22) L,Op,(m)(w,...,w)

= ZOph(mg)[w,...,£+w,...,w,w,...,17}]
¢
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We bound the L? norms of the different contributions to the right hand
side. To treat the two sums, we apply Proposition 1.9 with p = 1, making
play the distinguished role devoted to index n in (1.37) to the index cor-
responding to the £,w or £L_w factor. According to the last statement of
that proposition, we get a bound by the right hand side of (2.16). The L?
norm of the last term in (2.22) is controlled by the right hand side of (2.16)
using (ii) of Proposition 1.7. This concludes the proof. |

We need also an estimate of the form (2.16) when we make act two
operators instead of just one.

ProprosITION 2.5. — With the same assumptions as in Proposition 2.3,
there is a constant C > 0 such that for any w in L?> N L> with Lw,
L?w € L?, one has the estimate
(2.23) ||£%Opy,(m)(w,. .., w,w,...,0)| L2

< C Il l1£20] e
1_ _
+ 02wl 22 (1wl e + [[w]z2) | 2wl 2
_ _3 - —2
+ B w73 Lwllze + B w722 | Cwll
+ 07wl Lwll e + R ol 3wl ag
if sp is large enough.

Proof. — We apply twice equality (2.17). We obtain that one may write
the expression (Opy,(z + p’(f)))Q[Oph(m) (w,...,w)] as the sum of quanti-
ties of four following forms:

2.24
E)ph ()mee')[wm oo, Oy, (z4p (ie&e) Jwi, - ., Opy (@4 (i€ ) )wiy - - o w3, ]
where myp is in S5 g({(x)” ", n), 1 < £ < ¢’ < n, supported in (2.15);
(2.25) Opy, (me)[wiy s - .., Opp(z + P/ (i0€e)) 2wiy, - . wi, ],
with my in Ssg((z)” ", n), 1 < £ < n, supported in (2.15);
(2.26) R 00D, (1) [wi, , - . ., Opy, (x4 P/ (i0€e))wi, - . ., ws, ),
with 7o in S5 s((z) ", n), 1 << my
(2.27) h2A=9)0p, (1) [w;,, ..., w;, |

with r in S5 g({z) ", n).
Let us estimate the L? norm of the product of each expression (2.24)
to (2.27) by h=2, writing h='Op,,(z + p'(££)) = L.
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e To bound the quantity coming from (2.25), we use Proposition 1.9 with
p = 1, making play the role of the special index n to the argument bearing
the action of £3. We get a bound by

n— i-o n—
Cllwlz=1L2w] 2 + Ch==|lwllz<* ([ £wl 2 + [lwll2) | £2wl] 2

which is estimated by (2.23).

e To study (2.26) multiplied by h~2, we apply (ii) of Proposition 1.7 and
get a bound in Ch=7 ||w||} =" || Lw]| 12, which is again controlled by the right
hand side of (2.23).

e By (ii) of Proposition 1.7, the L? norm of the product of (2.27) by h=2
is smaller than Ch~7 ||w||}<! ||w| 2, so than (2.23).

e We are left with studying the product of h=2 by the L? norm of (2.24).
In that expression, we decompose

wi, = Opy (X (h7&¢) Jwi, + Opy, (1 = X) (W7 €e)w,

for some x in C§°(R), x = 1 close to zero, and do the same for w;, . The
contribution to (2.24) where w;, or w;,, has been cut-off for large frequencies
may be written using (i) of Proposition 1.5 as

Oph(ﬁzw)[wil,. .. ,711”, e 7u~)i£” e ,U)Z'p]
where 1y is in S5 ((z)”",n) and @;, or w;, is equal either to
Opy, (1 = x)(RPE))w;, or to Op,((1 — x)(hP€))w,, . It follows from Propo-

sition 1.7 (ii) that the product of h=2 by the L? norm of this quantity is
bounded from above by

CH= 3= Opa((1 = ) (W E)wllze < CRP*=22 a2 ol

so by the right hand side of (2.23) if fs > 2.
We are thus reduced to the study of

(2.28)  h72(|Opy, (mue ) [wiy - ., Opy, ((m + 1/ (16€e) )X (B2 &) )wi, - .-
ceey Oph((x + p/(ie’fé’))X(thé’))wiya cee 7u}in]”L2

Remember that my is an element of S5 5({(z) ™ °°, n) supported inside (2.15).
Since we have seen in the proof of Lemma 2.4 that on this set My(§) ~ (&)
for any k, we conclude that mye is supported inside {|z 4 p/(is&)| <
C’a(&)f'{} and the same property with ¢ replaced by ¢. We define
Po(z, &) = v((z + p'(ie€e))(&)") where v € C§°(R) is such that &, = 1
on a neighborhood of that set. In (2.28), we insert the decomposition
1=®p(x,&)+ (1—Pp)(x, &) against (x+p'(i¢&e)). The contribution corre-
sponding to 1—®, will give, by symbolic calculus and (ii) of Proposition 1.7
a quantity bounded in L? by Cyh™ ||w|/%=!lw| 12 for any N. Using again
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symbolic calculus and the definition of £, we finally reduce ourselves to the
study of
(2'29) Hoph (mN’)[wilv ) Oph(q)KX(hB&))‘Cie Wigy e+

e ,Oph(q)g/x(hﬁfp))ﬁiz,wi(,, cooyw; |2

modulo remainders of the form h~2 times (2.26) or (2.27). Using (1.25), we
see that (2.29) is smaller than

Ch=?||w|| 722 Opp [ @4 (2, ) x (R7€)] Lw]| L= | Oy (@ (2, )X (A €)] L] 2,

where @, (z,£) = y((x+p'(£))(£)"™). The last factor is bounded from above
by C||Lw]|| 2 by (i) of Proposition 1.7. Assume for a while that we have
proved

LEMMA 2.6. — With the preceding notations

(2.30)  [Opy, [@ (z, &) x (W) L[ po
< Ch77 [I1C2wl 2 Cwll 2 + 1wl zz).
Then (2.29) may be controlled by

— — 1/2 3/2
Ch=27 || 2 (122w ] 2 Lol 35 + [ £l a]
< Clwllz=t 122w 2+ Ch™* |lwl| 322 Cwl |22 +Ch ™27 ||w]| ;22| Lwl |72

which is smaller than the right hand side of (2.23) up to a modification of
the definition of o. O

Proof of Lemma 2.6. — The symbol &, (z,&)x(R?¢) is in Ss54(1,1) if
§ > K/ and, by (1.30) is supported in an interval [—1+4ch?®, 1—ch] for some
small ¢ > 0. We may thus choose a family of smooth functions (6p,(z))s,
equal to one on this interval, supported in [—1 + %h‘;, 1-— §h5], and which
are in the class S50(1,1). We write

(2.31) [ Op, [@+4(z, )X (h°€)| Lwl|
= [|le= /10,0, [ @ (2, )X (h*€)] L] 1
< |[Dle™ /"0, 0p, [ (x, ) x(h*€)| Lu] | 12
% [le /"0, 0p,, [@ 4 (x, )X (W €) L]

d 1/2
< CH(D - fw)ehOph[q)-F(xvf)X(hﬁf)]Ew]HLz ||£w”1L/22

By (1.31), (1.30) with & replaced by d¢ and the definition of 6y,
9°[0 (z)dp(x)] = O(h~ = =%), so that 0, (¢ — dy(x)) is in h=97% 85 0({£),1).
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By symbolic calculus, we bound (2.31) by

C[n7172/|Opy [ (2, X (B2 €) (€ — dio)) L
We are thus left with studying the first term, where the symbol may be

1/2 . 1/2 1/2
| +hNewl ) w2

written

§—dy
z+p'(€)
for a symbol b belonging to S5 5((€)* (z) >, 1) € AP+ S5 5((x) ™, 1)
according to (1.28), (1.29). Writing Op,,(x + p'(§)) = hL and using again
symbolic calculus, we bound (2.31) by

Ch=e [||C2w|[ [ | Lw|| 15 + || Lw]| 2]

@ (2,€)x(h7€) (x +p'(€)) = b(z, &) (= +p'(£))

as wanted. O

2.2. First energy estimate

The goal of this subsection is to obtain L2-estimates for Lw, where w
will be defined from the solution v of (1.63). Let us remark that the L?
norm at every fixed time of these quantities will be finite if they are so at
the initial time. Since the coefficients of £ are O((z)), we have to see that
under conditions (1.9) on the Cauchy data, the solution u of (1.47) satisfies
|lzw(t, )|z < +oo at fixed ¢t. Actually, when ¢ stays in some compact inter-
val [1,T] over which the solution p of (1.47) exists, it has on that interval
uniform H*® bounds. Because of these bounds, if we commute to (1.47) the
function z6(x/R), where 6 € C§°(R) is equal to one close to zero, we get
that z0(x/R)p solves an equation of the form (1.47) where the force term
has L? norm bounded by C(1 + ||z8(x/R)u| 2), where C is uniform in R.
Applying Gronwall lemma to the corresponding energy inequality over the
interval [1,T] and making R go to infinity, we conclude that zu(t, x) be-
longs to L?(dx) for any given t. Expressing v from p by (1.57), we see that
Lv will be in L? for every fixed ¢. The same property will hold for func-
tions deduced from v, like the w that will be introduced below. A similar
statement holds for £?v.

Another remark that will be used frequently in the rest of this paper is
the following one:

Remark 2.7. — Let n > 3, a be an element of S; (1, n) for some ¢, 8 >

0 and I be in I'),. There is ¢ = (4, 3,0) of the form (1.36) such that

R(v) def h?Op,,(a)[vr] satisfies (1.61) and (1.62) if s — p is large enough.
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Proof. — Inequality (1.61) with & = 0 follows from (ii) of Proposition 1.7
(with ¢ = 2). To prove (1.62), we write using (1.24) that

|0D4 (@) (0 lype2= < Ch™Y2[Opy (@) (v1) | s

and using (1.25) we bound the last norm by the sum for k1 +---+k, < p+3
of h=( T_lH(hD)k‘ZUHLoo)H(hD)k"UHLz. The last factor is controlled by
[vllm; if s > p+ 3 and the L norms are bounded, using again (1.24), by

I(hD)*v]| o < Ch™ POy, (x (R7€))vl|
(2.32) +Ch™ 2| Opy (1 = X)(B€))o| o+

< Ch= (vl + VA|vllm;)
if (s —p)PB is large enough. This implies that estimate (1.62) holds for R(v).
We still have to prove (1.61) for k = 1, 2. One may write 2Opy, (a)[vr] from
the quantities hOp;,(0a/0&1)[vr] and Opy (a)[zvi,, viy, - - -, ¥4, |. Expressing

wvi, = Opy,(z + (1161 )i, — Opy, (P (161))vi,
= h'cilvil - Oph(pl(ilgl))vil

and arguing as in the case k = 0, one gets estimate (1.61) for R with k = 1.
The proof in the case k = 2 is similar. O

Recall from Proposition 1.12 that the semiclassical version of (1.47) is

6
n—1

(2:33) (D = Op,(A(@,€))v =Y h"T Y Opy(my)(vr) +h* " R(v)

n=3 Iel,

where m; isin Sy (1, |I]) for some small 8 > 0 and R satisfies (1.61), (1.62).
Recall also that for n = 3,4, I € I'*"| we may write decomposition (2.5)
of m;. We use the symbol a; in the right hand side of (2.5) to define a new
unknown

4
(2.34) w=v- Y KT 3 Op,lar)(vr).
n=3

Ierneh

The goal of this subsection is to obtain a L? bound for Lw under an a
priori assumption on [[v[|yype + \fh||v||Hh, for s, p large enough.
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ProPOSITION 2.8. — Let 6,5 > 0 be small enough. Set p > 2k + 2 and
assume that (s — p)f is large enough. Let By > 0 be a constant. Assume
that the solution v of (2.33) exists on some interval [1,T] and that on this
interval the a priori assumption

(235)  sw [0t wpe + VAl g ] < Bre<1
te[1,T) h '

holds.

Then for t in the same interval and some constant C' independent of T
and By

[£w(t, )2 < [|€w(1,)]z2 + CBie / [ £w(r, ||L2 —

M
(2.36) cope [t 4

t
d
+CBye / |Lw(r, e <5
1 T

where o is of the form (1.36).

The proposition will be proved applying an energy inequality to the
equation satisfied by Lw. We study first the equation solved by w itself.

PROPOSITION 2.9. — The function w given by (2.34) satisfies an equa-
tion

(2.37) (D¢ — Opy (A, §)))w

4 n
=h Z Opy,(m1)(vr) Z Z Z ((z+p"(16&0)Tm] w1
=3 er,

Iergh
6

+ A" "Zh Zoph mr)(vr) Z h ZOP}L(mI)(UI)

Iel, =5 Iely,

+ hS’UR(v)

where ¢ = 1,2, m{, is an element of Sg,B(Mé%H)q(J:)_q,n), where for
I € T$Y, my is an element of Ssz(1,3) supported in (2.15), where 1y
belongs to Ss (1, |I|), where R satisfies estimates (1.61), (1.62), and where
o is of the form (1.36).

We shall use the following two lemmas in the proof of the proposition.
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LEMMA 2.10. — Let i = (iy,...,i,) be in 2" and a; be an element of
Ss.5(MF~ (x)™°,n). Then, there is an element by in S5 5((x)~°°,n) such
that, with the notation (2.1)

(2.38) Opy(grar(&i,. .., &)) il
= — Opy(z€ +p(§)) o Opy,(ar)[vi]

n

+Y_ Opy(an)vi,,- -, Oy (€€ + iep(ie&e))viy, - - -, vi,
=1

+ hligoph(b[)[ﬂﬂ.

Proof. — Since € +p(€) is in Sp o({(x) (&), 1), it follows from (i) of Propo-
sition 1.5 that

Opy, ((w€e + iep(iee))ar) [vr]
— Opy(ar)[v,, . -, Opp,(we&e + p(iee) )vigs - - - 5 Vs, ]
= h'~°Opy,(cr)[vr]

where ¢y is in

Ss,p((€0) Mg~ &)™ n) C h™P S5 ((2) ™, m).

One makes the same reasoning for the symbol z(&+- - -+&,)+p(&1+- - -+&,)
instead of x&; + iyp(is&). This provides the conclusion since, by (2.1)

n

g1(&1,. -, 6n) Z (2& +iep(ie&r)) — (@& + -+ &) +p(& +---+&)).

=1
O
Let us compute now the action of D; — Op,(A) on Opy,(ar)(vr).

LEMMA 2.11. — Let I = (iy,...,i,) be in T8 and let a; be in
Ss.5(M§~ ()%, n). We may write

(2.39) (Dt — Op,(N))[Opy(ar)[vr]]
= Opy,(azgr)[vr] + h*=7Opy,(br)[vr]

6
+>
n'=3

where by is in S5 5((x)"°,n), by in S5 5((x)"°,n+n' —1), R satisfies
estimates (1.61), (1.62) and o = o(9, 3, p) satisfies (1.36).

> Opg(br)vr] + P77 R(v)

el g
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Proof. — We make act D; in the left hand side of (2.39) on each of the
arguments (v, , ..., v;, ) in Opy, (ay)[vr]. We replace Dyv;, by the linear part
of equation (2.33) i.e.

Opy (a€¢ + iepliste) = 5h)vi,

according to the expression (1.64) of A. The sum of —Op,,(A)[Opy,(ar)[vr]]
and of these contributions has the form of the right hand side of (2.38),
which gives, up to changing the definition of b;, the first two terms in
the right hand side of (2.39). We consider next the contributions obtained
replacing in Opy,(ar)[vr] one of the factors v;, by the nonlinear terms in
the right hand side of (2.33). We obtain, when for instance £ = 1, the two
expressions

6
R Opy,(ar) [Opy,(my)[vsl,viy, - - -5 03, ]
(240) 77,’2::3 J;:"/

h3_”Oph(a1)[R(v), Vigs e vy Ui, |-

Since ay is in Ssg(ME~H(x) ", n) € h=W=DBG; 5((x) "%, n), we see ac-
cording to (1.22) that the first line in (2.40) gives the sum in (2.39). Finally,
we have to check that the second line of (2.40) provides the k3~ R(v) term
in (2.39) (up to a modification of ¢). As ay is in h=(*~DBSs 5((x) > n), we
obtain estimate (1.61) for R combining (1.25) (with ¢ = 2,5 = 1) and (1.61)
with k = 0 for R. Estimate (1.62) for R follows from (1.26) and (1.62) for R.

Finally, the action of D; on the semi-classical parameter in Op,,(ar)[vs]
in the left hand side of (2.39) makes gain one power of h and thus provides
a contribution to the Opy (br)[vr] term in (2.39). O

Proof of Proposition 2.9. — We compute the action of (D; — Op; (X))
on w given by (2.34). According to (2.34), (2.39), we obtain the sum of the
following contributions

(2.41) h Y Opy(mo)vil,
Iergh
4 1
(2.42) Y nTT Y Opy(my — argn)vdl,
n=3 Ierneh
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4

(2.43) —hl—"z:h’%1 > Opy(bi)vi]

IeTrneh

4 .
— 1) ae
w3 D S oy (an) ]
n=3 Iernch
4 6
ntn’—2
S aTEE S opy (i),
n=3n’'=3 I'el, 4y
6

(2.44) S o n Y Opy(mi)[v]
n=>5

Iely,

and of a term in A3~ R(v). Let us examine the above expressions. By
formula (2.7), my in (2.41) may be written as the sum of a symbol supported
in (2.15) and of contributions that will form part of the second sum in the
right hand side of (2.37). Up to a change of the definition of my, this gives
the first term in the right hand side of (2.37).

Consider (2.42). By (2.5), this may be written as a contribution to the
second sum in the right hand side of (2.37).

In (2.43), the first two sums contribute to the third term in the right
hand side of (2.37). The last one may be decomposed into those terms for
which 5 < n+n’ —1 < 6, which give the fourth term in the right hand side
of (2.37), and those terms for which n +n’ —1 > 7, that may be written
as h377 R(v) using Remark 2.7.

Finally, (2.44) contributes to the last but one term in (2.37). This con-
cludes the proof. O

We may deduce from (2.37) an equivalent form of the equation where
the right hand side is essentially expressed in terms of w.

COROLLARY 2.12. — The solution w of (2.37) satisfies

(2.45) (D¢ — Op,(M)w

4 n
=h Y Opy(mp)wr]+> h= Y Y Opy,((z+p(icke))*m ) [wi]
Ierg n=3 (=11IeT,
4
+R77N R Opy, () )
n=3 Iel,

+3 "7 " Opy () lwr] + K7 R(v)

n=>5 Iel,
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where my, m‘})e, my, R(v) are as in the statement of Proposition 2.9. More-
over, (2.45) with ¢ = 1 may be rewritten as

(2.46) (D¢ — Opy(\)w
=h Y Opy(mp)[wi]

Iel"(‘h
+hZh ZZOph mIé w“,...,ﬁilwiz,...,win
¢=11Ier,
+ht= “Zh 2 Z Opy, (M) [wy]
Ier,
+Zh7 v Z Opy, (M) [wy] h3_"R(v)
Ier,

for some new my in S5 g(1,n), and (2.45) with ¢ = 2 implies
(2.47) (D¢ = Op,(A)w

=h Y Opy(mp)[wi]

Iel"ch
+h22h" IZ > Opy(md ) Wi, Lo, wr,)
= IIGF
h2 thn21 Z Z Oph mje w“,...,ﬁ”w”,...,win}
¢=11Iel’,
+ At~ ”Zh P ZOph mr)wr]
Iel',
+h™ Zh > Opy, (i) [wi] + h*~7 R(v)
IeT,

for some new fn}j in Sg)g((@fl,n), mr in S5 p(1,n).

Proof. — Remember that w is defined from v by (2.34), where a; in
Ss.5(MEH2)™%,n) € h=("=DBS;s 5((x)™>°,n). We may use this equality
to express v from w, and iterate the formula to write, using the composition
result of (i) of Proposition 1.5,

(2.48) v=w+ Z ht Z Opy,(ap)[wr] + h* "7 R(v),

Iel“nch

where R(v) is given by expressions of the form Opy,(cr)[vs] for some ¢y
in Ss((x)">°,n) with n = |I| > 5. By Remark 2.7, R satisfies (1.61),
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(1.62). We plug (2.48) in the right hand side of (2.37), and use again the
composition results of Proposition 1.5 and Remark 2.7, to conclude that
one gets the right hand side of (2.45), with new values for the symbols 7y
and a new remainder. To deduce (2.46) from (2.45) with ¢ = 1, we use (i)
of Proposition 1.5 to write

(2.49)  Opy, ((z + p'(iee))mp o) [wr]
= Oph(m}l)[wil, ce R L wyy e wy ]+ hlf‘;Oph(e)[wI}

for some symbol e in S5 5(Mo(£)25+1, n) € h=2s+DB8; 5(1,n). The last
term above contributes to the Opy, (m)[wr] terms in (2.46) and the first
one provides the second term in the right and side of (2.46).

In the same way, using (1.21), we write

Opy, ((95 + P/(iéff))zm%e) [wr]
= Oph(m?,l)[wil PI) Oph((x + p/(ifff))2)wiw R win]
+ h'=70py, (e (x + p'(i€e))) [wr] + B>~ Opy, (%) [wy]

with e! in S55((z) "', n), €@ in Ss3(1,n). The last two terms induce as
above a contribution to the third and fourth terms in the right hand side
of (2.47). The first one may be written as contributions to the second,
third and fourth terms in the right hand side of (2.47) (see Lemma 3.1
below). O

Proof of Proposition 2.8. — We apply the operator L to equation (2.46).
We notice the fundamental commutation property

(2.50) [D¢ — Opy(A), £] =0

that follows by direct computation from the expression (1.35) of £ (one
can also see that in an easier way going back to the non semiclassical
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coordinates). We obtain the equation

(2.51)  (Dy — Op, (V) (Lw)
=h Y LOpy(my)wi]

Iel“h
+Zh ZZ hL)Opy, mu)[wm...,ﬁieww...7win
¢=11Ier,

+h” Zh > (hL)Opy, () wr]
Ier,

+h? Zh Z (hL)Opy, (11r)[wi]
Ier,

+h*” U(hﬁ) (v)
=1)+---+(5).

Since Op,,(A) is self-adjoint on L2, the left hand side of (2.36) will be
bounded by the sum of ||[Lw(1,-)||2 and of the integral from 1 to ¢ of the
L? norm of (1) +- -+ (5). We have to control these quantities by the right
hand side of (2.36). We shall see in Lemma 2.13 below that (2.35) implies
that if € is small enough,

(2.52) t s[upT] [||w(t, e + Vh|w(t, )HH,} < 2Bqe.

Let us assume that this inequality holds.

e In term (1), I is characteristic and m; satisfies the assumption of
Proposition 2.3. By (2.16), we get

Il < Chllwl2< 1 £wllzs + b7 ]~ ] 12

1, 1,
+h2 7wl e |[LwlZ2 + h2 77 ||w]| g |w]| 2| Cw]l 2 ]
Using the a priori assumption (2.52), we bound the integral of this quantity
from 1 to ¢ by the right hand side of (2.36).

e In term (2), we write hL = Opy(x + p'(€)), with  + p/(§) an ele-
ment of Sy ((x),1). By (i) of Proposition 1.5 and the assumptions satisfied
by my ,, (hL)Opy,(m},) may be written as Opy, (g ) for some 7}, in
Ss5.5(Mo(€)*"T1 n). We apply next Proposition 1.9 with p = 2x + 2, mak-
ing play a special role to the argument £;,w;,. We get

2|22 < czh ol 22l

1_, _
+h2 7 w22 1 Lwl 2 (w2 + | Lwl|z2)
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Arguing as above using assumption (2.52), we bound the integral from 1
to t of this quantity by the right hand side of (2.36).

e Terms (3) and (4) involve also expressions (hL)Opy, (M), except that
My is here in S5 3(1,n). We write again hL = Op,,(z + p'(§)). The contri-
butions to (3),(4) coming from Op,(p'(£))Op,,(7r)(wr) have a L? norm
bounded from above by Ch'=7|lw||} <! |lw| 2 by (ii) of Proposition 1.7. Af-
ter integration, they will be controlled by the right hand side of (2.36). On
the other hand, we write by (1.21), 2Opy, (m)[w;] from an expression as
above and Opy, (M) [hLi, Wi, , Wiy, - . ,w;, |. By (ii) of Proposition 1.7, the
corresponding contribution to (3), (4) has L? norm bounded from above
by Ch?=||w||} <t || Lw|| 12 which, integrated from 1 to ¢, is bounded by the
right hand side of (2.36).

e To treat term (5), we notice that |(5)||z2z is smaller than
h2=° Zé”ka(v)HLz, that is, according to (1.61), by

(2:53) B277C (ol +VAllag) (ol +Vallolg)* (L) vl 2.
0

To conclude the proof, we are left with showing that we may replace in
the last factor in (2.53) v by w. This is the statement of the following
lemma. ]

LEMMA 2.13. — Assume that on some interval [1,T] the a priori esti-
mate (2.35) holds. There is €y €]0, 1], depending only on By, such that for
any € €0, ¢, any t € [1,T]

(2.54) %Ilv(tﬁllw;;m < Nlw(t, Ywee < 2[o(t, ) [[we=
(2.55) %Hv(ty-)llH; < Nlw(t, My < 20t )|l
1 , k ,
3 D IR vt e <D IBL)F w(t, )| .2
(2.56) 0 .
<2 (LK v(t, )2, 0<E<2.
0

In particular, (2.35) implies if g is small enough

(2.57) sup [lfw(t, )llwp~ + Villw(t, )a; | < 2Bie.
te(1,T)

Proof. — By assumption a; € S5 s(M& ™ (x) ™, n) c h=P=1S; 5(1,n).
We may write (hD)*Opj(ar) from a linear combination of operators
Opy(afomgit---&8n) with s + -+ + s, < s and o} in

ANNALES DE L’INSTITUT FOURIER



MODIFIED KG EQUATIONS 1497

h*ﬁ(“*l)S&B(l, n). Cutting off the frequencies, sorting out the cases when
the largest one is respectively [£1], |£2], . .., we may write this symbol as a
sum of elements of the form aj'; """ (&1)°, aj'y """ (€2)°,. .. with a3';*" in
h=P-=1) G5 5(1,n). Applying the estimate (1.25) with ¢ = 2 putting the L?
norm on the first, second,. .. factor, we get

10y (an)fvr]l iy < Ch=7|ollz=t vl

for some o independent of s. Inequality (2.55) follows from that, the def-
inition (2.34) of w and assumption (2.35). In the same way, using (1.25)
with ¢ = 0o, we get (2.54). Estimates (2.56) are obtained similarly, making
act hL on (2.34) and noticing that since ay is in h=PF=1 S5 5((x) = n),
its composition at the left with hL = Op,(z + p/(£)) stays in a similar
space. O

2.3. Second energy estimate

In this subsection, which is parallel to the preceding one, we get L2
estimates for £2u, where u is again another unknown defined from v. We
shall construct u in order to eliminate in the last two sums in the right hand
side of (2.47) all noncharacteristic contributions. For each 3 < n < 6 and
I € T',, which is noncharacteristic, we apply to the corresponding symbol
my in (2.47) the decomposition (2.5) with ¢ = 1 i.e. we find symbols by in
Ss,(Mg~ " (x)™>°,n) and mj , in S5.5(MZ%(x)~",n) so that

(2.58) mr(x, &1, 80) = gr1(&r, ..., &n)br(x, 61,0, En)
+ Z(I‘ + p/(igé-[))m}’g(l', gla R 7571)

=1
We define next

4
(259) u=w—h"7 S 2T N Op,(b)[wi]
n=3

Ierneh

6
—hTTY RS Opy(br)[wi]
n=>5

Ierneh

where o is the one in (2.47), so that u is essentially an O(h?) perturbation
of w.
The counterpart of Proposition 2.8 will be:
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PROPOSITION 2.14. — Let 8,8 > 0 be small enough. Set p = 4k +3 and
assume that (s — p)f is large enough. Let B > 0 be a constant. Assume
that the solution v of (2.33) exists on some interval [1,T] and that on this
interval, the a priori assumption

(2.60) sup [ l[o(t, ) lwg = + VAo, )l | < Be <1

te[1,T]
holds. Then for t in the same interval and some constant C' independent of
T,B
(2.61) || L%u(t, )| 12

¢ dr
< Il e+ CB [ 12t e

¢ dr
+ C/ [1Lu(r, )32+ Bel| Lu(r, )72+ (Be)? || Lu(T, )| 2] -

dr

tha

4 OB% 2/ u(r, )

¢ dr
+CB€/1 (lulr, M 2+ Lulr, ) 1£2u(r, )|l L2 =y

where o > 0 is of the form (1.36).

As in the proof of Proposition 2.8, the key point is to write the equation
satisfied by wu.

PROPOSITION 2.15. — The function u defined by (2.59) satisfies an
equation

(2.62) (D —Oph()\))u
— 1S Opp(ma)lws] + h27 S Opy () wi]

Ierch Ierch

+h2 UZh Z ZOph(rh}’z)[u}il,...,ﬁizwiz,...,win}
{=11Iel'y,

n—1
—|—h2 Z ZOph(mig)[wil,...,L?Ewif,...,win]
{=11el',

+hl UZh Z ZOph(m}l)[wil,...,Eiewie,...,win]
{=11Iel’'y

+ hg_"R(v,w)
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where for I characteristic, |I| = 3 (resp. |I| = 5), my (resp. my) is in
Ss,(1,n) and is supported in a domain of the form (2.15), where i} , (resp.
m3 ,) is in 5’57@(<x>_1,n) (resp. ,5’575(M§“+2<x>_2,n)) and where R(v,w)
satisfies for k = 0,1, 2 estimates of the form

(2.63) ||z*R(v,w)]| 12
2
< C(HvlleﬂL\/ﬁllvHH;+||w||L°o) (1] o +\/ﬁllvllH;+lele)

k
x (32 (NL)¥ ollza + (ALY ] 22) )

k’=0

Proof. — For easier reference in the proof, we denote by (1) + --- + (6)
the terms in the right hand side of (2.62). We compute (D; — Op,(A))u
from (2.59) and (2.47).

Consider first the contribution of (Dy — Opy,(A))w to (D¢ — Opy,(A))u ,
that is the right hand side of (2.47). The first sum in the right hand side
of (2.47) contributes to (1). The second and third sums in (2.47) contribute
to (3) + (4). In the fourth sum, when I is characteristic, we decompose 7
according to (2.7) with ¢ = 1 and use (2.49). We get contributions to
(1) + (3) + (6) according to Remark 2.7. When I is noncharacteristic, we
decompose m according to (2.58). We obtain the sum of

4
(2.64) W7 TR YT Opy(grbn)[wi)
n=3

Ierneh

n

and of quantities of the form k=7 3% p*s Opy, (@ + p(ie&e))m o) [wi].
Using (2.49) and Remark 2.7, we see that this latter term can be written
as a contribution to (3) + (6).

In the same way, the fifth term in the right hand side of (2.47) gives,
when I is characteristic, a contribution to (2) + (5) 4 (6) using again (2.7)
with ¢ = 1, (2.49) and Remark 2.7. When [ is noncharacteristic, we get
by (2.58) a term in

6

(2.65) WY R Y Opg(giby)[wi]

n=>5 Ierneh

and quantities in h!=7 Zi:5 h"z Op, ((z+p'(ie€0))mj ) [wr] which, again
using (2.49), contribute to (5) + (6).
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Let us study next the action of (D; — Opy,(\)) on the nonlinear terms
of (2.59) and show that they compensate (2.64), (2.65) up to other admis-
sible terms. We get contributions of the form

(266) S 0TS [0py(\)Opy (br) ]
n=3

Ierneh
— Z Opy, (b1)[wiys - -y Dywy,, ... ,win]]
=1
and

6
n—1

(2.67) h7> BT Y [Op,(\)Opy(br)[ws]

n=>5 IEFZC}‘

- Z Opy (b)) [wiy, ..., Dyws,, ..., w5, ]]
=1
modulo expressions obtained making act D; on the semiclassical parame-
ter, i.e. quantities of the form of the last two terms in (2.59) multiplied
by a factor h. Such terms contain h3~° in factor and by Remark 2.7
will contribute to (6). In (2.66), (2.67), we express Dyw;, from (2.45).
By (1.22), the right hand side of (2.45) induces contributions of the form
h3=70p,,(e)[w;] or h3~70p,,(e)[wi,, ..., R(v),...,w;,] for some new sym-
bol e in Ss g({x)~ ", £). Using Remark 2.7 and (ii) of Proposition 1.7, we see
that these terms contribute to (6). We are thus reduced to (2.66), (2.67),
in which Dyw;, has been replaced by Opy, (&, + i¢p(icée) — £h). By (1.21),
(2.1) and the use of Remark 2.7, we thus write (2.66) (resp. (2.67)) as the
opposite of (2.64) (resp. (2.65)) modulo contributions to (6). This concludes
the proof. O

Proof of Proposition 2.14. — We have seen in Lemma 2.13 that assump-
tion (2.60) for v implies inequality (2.57) for w. Applying again this lemma
for the expression of u in terms of v, we see as well that
(2.68) sup [lu(t, lwg + Vhllu(t, )| m;] < 4Be.

te[1,T]
In the right hand side of (2.62), we remark that since hL = Op,, (z+p'(£)),
we may write all multilinear terms as h'~?Opj,(m)[w,] for some symbol
m in Ss g(1,n) (using (i) of Proposition 1.5). If we express then w from u
by (2.59) and use again Proposition 1.5 and Remark 2.7, we see that we
may replace in all multilinear terms in the right hand side of (2.62) w; by
ur, up to a modification of the remainder h3~° R(v,w). If we make act £>
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on the resulting equation, we get
(2.69) (D¢ — Opy,(A\)(£L%u)
=h Y L2Opy(mo)lur] +h*7 Y L2Opy,(mr)[ug]

Iergh Iergh
4 n
+ h™° Z h% Z Z(hﬁ)zOph(m}l)[um e ,Eizuiz, N 7Uin]
n=3 Iel, (=1
4 . n
+Y R DD (L) Opy(mi )iy, Loty ]
n=3 Iel, (=1
6 s n
+ h™° Z h™=2 Z Z(hﬁ)QOph(m}l)[um e ,Eizum N 7Uin]
n=> Iel,, =1
+ 77 (hL)?*R(v, w)
= (1) + -+ (6).

We have to bound the L? norm of (1) + - -+ (6) integrated from 1 to ¢ by
the right hand side of (2.61) under assumption (2.60).

For (1) + (2), this follows from (2.23) (with w replaced by u).

In term (3), 7, is in Ss5((z)~",n) and hL = Op,(z + p'(€)) so that,
by Proposition 1.5 (i), this term is a sum of expressions

h=7t 5 (WL)Opy, (h )twiy s - s Ligttiys - - us,], 1> 3,

with m}x in S5 5(1,n). We write hL = Opy,(z + p/(£)), and commute z to
Oph(m},e), putting the weight x on another argument than £;,u;,, say on
u;,. We get contributions bounded, according to Proposition 1.7 (ii), by
Ch'=7 ||lul|# =t Lul 2, whose integral from 1 to ¢ is smaller than the right
hand side of (2.61) under assumption (2.68), and

(2.70) h=7+ 5 Opy, (b ) Liy sy iy, -y Ligtiy, -,

Write 7 o(2,61,...,&n) = (&) ez, &, ..., &) for some symbol ¢ in
Ss.5((€1),m) € h™PS55(1,n). Using again (ii) of Proposition 1.7 and the
Sobolev injection (1.24), we bound the L? norm of (2.70) by
CH*=7|[(hD) ™" Lul| o || Lull 2 ] }=2 < CRE =7 || Lul 22 [[u] 722

This quantity, integrated from 1 to t is smaller than the right hand side
of (2.61).

To bound (4), we notice that since m7 , is in S5.5(ME™ )%, n) with p =
4k +3, and (hL)2 = (Opy,(z +p/'(€))? is given by a symbol in Soo((z)? 1),
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we may bound the L? norm of (4) by
h||Opy, (m)[uiy, - - -, E?@uie, ceo g )llze

for some new symbol m in Ss3(ME™", n), again by Proposition 1.5. Esti-
mate (1.37) of Proposition 1.9 gives a bound in

— 3_ —
hlullypee [1£%ul 22 + b2 =7 (Jull 2 + || Cull L2) |20l 22 ull <

whose integral from 1 to ¢ is smaller than the right hand side of (2.61).

Term (5) is similar to (3).

Finally, the L? norm of (6) is bounded from above by the product of
h'=? and of the right hand side of (2.63) with k = 2. If we use (2.60), the
estimate (2.57) it implies for w, and the fact that Lemma 2.13 applied to
(w, ) instead of (v, w) allows one to replace the ||(hL)* v]| 2, ||(RL)* w]| 2
terms in (2.63) by ||(RL)* u| L2, we finally get an estimates by

0h1-0<Be>2(i|<hc>’“’u|Lz)

whose integral from 1 to ¢ is smaller than the right hand side of (2.61).
This concludes the proof. O

3. L™ estimates and proof of global existence

The goal of this section is to deduce from the PDE (2.33) satisfied by v
an ODE, that can be thought of as the classical counterpart of the PDE.
The remainders generated by the reduction of the PDE to an ODE will be
estimated from the norms ||Lw)|| 2, |[|[£%u|2 which obey inequalities (2.36)
and (2.61). Studying next that ODE, we shall be able to obtain L bounds
for v, that will be used to complete the proof of global existence, and to
uncover the asymptotic behavior of the solution.

3.1. From the PDE to an ODE

From now on, we fix p = 4k + 3, so that p will satisfy the requirements
made in Propositions 2.8 and 2.14. We take 5 > 0 a small number and
0 = AB, where A is a large enough number, depending only on x. The
parameter 8 will be taken small enough so that § and the (finitely many)
quantities o = ¢(8, 4, p) of the form (1.36) introduced up to now will be
small enough. Finally, we fix an integer s so that (s — p)S is large enough.
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Let T > 1 be some number and assume we are given a function v in
Loo([1,T], Hy )N L>=([1, T, W[, solving equation (2.33). We rewrite this
equation as

(3.1) (Dy — Op,(N)v =h > Opy(mp)[vs] +h3~7r(t,z)
Iers

where we singled out the cubic contributions, and r is made of the terms
of order at least four and of the remainder. This remainder term satisfies

2
(¢ 2z < C(l[vllzos +VRlllmy) (1l o + VAol ) lloll 22
2
(3:2) flr(t, Myyprzee < C(I0lp=+VRl0lag) ([0l + V0]l )
x [lloll g + vl e ]-

Actually, by Remark 2.7, terms of order at least 5 satisfy the above esti-
mates. Quartic contributions to r satisfy the first inequality (3.2) by (1.61).
On the other hand, (1.62) involves a h~'/2 loss which does not allow to
deduce directly the second estimate (3.2) from Remark 2.7 for terms ho-
mogeneous of degree 4. But by (1.26), we may bound for [ in T'y

10D (mn)or] e < Ch o4

which implies the wanted inequality.
Recall that we defined in (2.34) the new unknown

4
(3.3) w=uv— Z h T Z Op,,(ar)[vr)
n=3 T€Tneh
where a; is in S5 g(M§ ™ (x) ">, n) € h=P=DS;s 5((x) ">, n), n = ||, and

is supported inside

{(xagla cee afn)ﬂ |IL‘ +p/(Z/€Z)‘ < O‘<€Z>72H}

IDE

(3.4)

l=1

for some small a > 0.
Let £ — X(€) be some smooth function satisfying for some ¢ in Z

(3.5) OES(E)] < Cr(&)T", 12(6)] = e(e).

(In practice, we shall take below either %(§) = (f)p'H or (&) = (€)' in
which case, ¢ = —1). We define

(3.6) v™ = Op,,(2)v, w” = Op,(X)w.
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Since £(€) € So0((€)%, 1), (&)™ € Sp,0((¢) "7, 1), the symbols

mP(EL, - 6n) =mi(€r, . &) D&+ + &) [[S(€)

(3.7) !

n

a%(x7§17"'7§n) = a1($7€17"‘>§n)2(§1 +--- +£n)HE(§f)_1

1
belong to h=75y 5(1,n) and h=7Ss g({x)” ", n) respectively, for some o de-
pending only on §, 8,q and so on ¢, 3, p as —1 < ¢ < p+1, satisfying (1.36).
By (i), (iii) of Proposition 1.5, we may write

Oy, (£)Opy, (m1)[v1] = Opy, (m7)[vr]

Opy,(2)Opy (ar)[vr] = Opy, (aF) [ ] + h'~°Opy, (br)[vr]

for some by in h=7S55({(x)" ", n). As (hD) commutes to the operator

D; — Op,, (M) (since (D) commutes to D; — p(D)), we deduce from (3.1)
and (3.8) that

(39) (D= Opu )™ = h 3 Opy(mp)lF] + 377
IeT;

(3.8)

for some new o = (0, 3, p), where
(3.10)
IB(D) ™=, |2 < C ([0l + VIl ) (o]l e +VAl 0] ) (0] 2
=t e < C(Iollpe+VRlolag) (1]l +VRlo]l )
x ol +llvl <],

the last estimate following from the boundedness of ¥(hD) from W,’;+2’°°
to L since ¢ < p+ 1. If we apply Op,,(X) to (3.3) and use (3.8), we obtain

4
(1) wT=vT=3 N 3 Opyad)lF]+ KO,
n=3 Ieruch

where 77 may be written as h=7Op;, (br)[vr] for some by in S5 5((x) ", n).

Using Proposition 1.7 (ii) and modifying the value of o in (3.11), we may
thus estimate

z)r (8 )2 < Cllollze) ol [0l 2

<
3.12
12 (@)t (¢, ) oo < Cl[ollzee) 0]l 2o -

Our goal is to deduce from (3.9) an ODE satisfied by v*. In a first step, we
shall express v* from w* given by (3.11) through a local formula. Before
stating this result, we prove two preliminary lemmas.
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LEMMA 3.1.
(i) Let ¢ be a symbol in Ss 3g(M,1) for some order function M. One may
find symbols e, in S(;,B(@)Q_ZM, 1), £ =0,1,2 such that

(3.13)  Opy((z +p'(€))%c(x,€))

= ihOpy (c(x, )" (€)+Y_h*~=0py (er) o [Opy (-+9'(€)))".

£=0

(ii) Assume that in the preceding statement, c(x, &) = (z + p'(€))é(x, &)
with ¢ a symbol in Sgyg((@flM, 1). Then one may drop the first term in
the right hand side of (3.13).

(iii) Let a be an element of Sso(> <§g>Q, 1), for some @ € N (depending
only on p), x € C§°(R), equal to one close to zero, v € C§°(R), equal to
one close to zero, with small enough support. Define for § > 0 such that
d=>(k+1)p

c(z,€) = x(W*€)y((z +p'(€))(€)")a(x,€).

There is a family (0, (z))n of C§°(] — 1, 1]) functions, real valued, equal to
one on an interval [—1+ ch®®, 1 — chP*], satistying ||0%0n| L~ = O(h™Fre)
and symbols e, in 525ﬁ(<a:>2_z, 1), £ =0,1,2 such that

(3.14)  Opy,((z +p'(€))%c(x,€))
= ihOpy, (a(z, dp(z))p" (de(x))0n(z)x (K7€)

2
+h77 Yy EOUTE00p, (e0) o [Op, (@ + 9/ (€))]"
£=0

(iv) Let n € N*, a an element of S5 5(> ()9 (@) n), I €T,. Thereisa
symbol ey in S5 (1,n) such that if I = (i1,...,i,) and wy = (wy,, ..., w;,)
with w1 = w,w_1 = w

(315) Oph (a(fE,El, cee 7£n)(x +p,(i§1))) [wiu s 7win}
= Opy,(a)[Opy, (2+p (£€1)) Wiy, wiy, .., wi, ]+ 1177 Opy, (o) [wr).
(v) If I = (i1,...,iy) Is in T, denote dpr(x) = (i1dp(x), ..., indp(z)).
Let a be in S5,0(> ()9, n) and x,~,0) as in (iii) above. Then if

n

C(.’JS7 ISTRRS 75”) = H(X(hﬂfg)’y((l' +p/(7;g§g))<§g>ﬁ))a(.%‘, STEES 7€Tt)

1
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we have

(3.16) Opy(c)[wi]
:Oph[eh( ) (I dgﬁl HX hﬁ& wI]

+h™° ZOph(eg)[wil, o, Opp(z+D (16&e))wiy - - Wi,
=1

+h'=7Opy, (eo)[wi]
where e; is in Sas5 (1, n).

Proof.
(i) Since = + p/(§) is in Sp,0({z),1), formula (1.21) shows that we may
write

Opy, ((z +p'(€))?c) = ihOpy, (Oe[(z + p'(£))c])
+ Opy, ((z 4+ p'(€))c) 0 Opy(z 4+ p(£))
+ 12 0p,, (eo)

for some eg in S55((z)>M,1). If we use once again the same formula, we
get (3.13).

(ii) In this case, the first term in the right hand side of (3.13) is equal to
the operator ZhOph( (z,)p"(€)(z + p'(§))). Repeating the above reason-
ing, we see that this operator may be written as contributions to the sum
n (3.13).

(iii) We replace in the symbol c(z, &)p”(§) of the first term in the right
hand side of (3.13) c¢(z,£) by its value, and expand a(z,&)p”(€) at £ =
dp(x). We get

e(a, )p" (&) = x(WE)y (@ +p"(€))(€)") [P (dp)a(x, dp) +(z+D' (€))b(, )]
where

// 5 B d@('x)
(3.17)  b(x,&) = / de(a N €+ (1= T)dp(z ))d7<m>~

By (1.29), (1.31) and the fact that (dp) ~ (£) on the support, we see that
the product x(h?&)v((z + p'(£))(€)")b(x,€) is an element of
B0 805, ((6)" 9, 1) € hTO T 555 5(1,1)

if 6 > (k + 1)B. Consequently, up to en extra h~7 loss coming from the
above inclusion, the first term in the right hand side of (3.13) may be
written as a contribution to the sum in (3.14) and as

(3.18) ihOpy, (p" (de)a(z, dp)x (W) ((z + ' (€))(€)"™)).
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By (1.30), the symbol in (3.18) is supported for z inside some interval
[—1 4 ch®? 1 — ch"F], so that we may find 6}, as in the statement which is
equal to one on that support. We may thus write (3.18) as the first term
in the right hand side of (3.14), modulo

ihOpy, (p" (dp)a(x, d)Oh () x (B7€) (1 = 1) (= + p'(€))(§)"))-
According to (ii), this last operator may be written as a contribution to
the sum in (3.14) (as <d<p(:c)>Q0h(x) = O(h™7) for a convenient o).
(iv) Equality (3.15) is just a restatement of (i) of Proposition 1.5 (under
a weaker form), using that S5 (> (€)% n) C h=PRSs 5(1,n).
(v) The proof is similar to the one in (iii). Expanding a(z,€) in the
expression of ¢ at & = dyy(z), we write Op,(c)[w;] as the sum of

Opy, (a(w, dor) [ TR €y (@ + p'(ie€e)) (€0)"™)) lwr]

and of expressions of the form

Opy, (el + ' (i€0)) [T (€)1 ((@ + 9/ (55235))(65)"))
with
bele,€) = /0 (9,0)(, 7€ + (1 = 7)dpr () dfm.

The product b [T(x(h7¢;)v((z +1(i;€;))(&;)")) belongs to h=7Sas 5(1,n)
if 0 > (k4 1)8 and the conclusion follows as in the proof of (iii). O

LEMMA 3.2.

(i) Let Q be in N (depending only on p), B >0, § > B(k + Q), § small
enough. Let a be a symbol in S5 (3" (¢)9,n). With the notation (3.6), we
may write

n

(3.19) Opy, (GH X(h'g&)) [wY] = O (x)a(x, dor(z))wy + h%_arjZ

where 7‘[2 satisfies estimates
—1
P (¢t Mz < C(lwllze + VAalwllas)" ™ (1Lwl L2 + [lwl ;)
1
177 (£, )2 < CRMY2 (Jlwl poe + VAlwlla:)" ™ ([1Lwl| 2 + [lw] m:)

and where, in the right hand side of (3.19), w¥ stands for w} ---w}: .

(ii) Let a be a symbol in S5 o({x)(&),1). Then if ‘g—g(x, dp) =0, z
(3.21)  Opy,(x(h7¢)a)w®™
i (02a)(x,dp)

— by v p) -0 %
= 0p(z)a(z, dp)w —i—h@h(m){2 () }w +h27%r
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where r* satisfies the bounds

2
=) e < C (DI wle + il )

(3.22) =t

2
PG, e < O (S wlze + ol )-
=1
Without the assumption that Oca vanishes on { = dy, we have instead the
equality
(3.23) Op;, (x(F?&)a)w™ = O (z)a(z, dp)w™ + h2~7r>

where 7> satisfies (3.22).

Proof.
(i) Taking v in C§°(R), with small enough support, v = 1 close to zero,
we decompose a(z, &y, ..., &) [I] x(hP&) = a1 + az with

n

a1(2.€1,- - 6) = ala, &1, &) [T (X(WP€7 (@ + 9 (ie0) (€)7)) )-

1

We may decompose ap as a sum of symbols ab(z + p'(is&)) with af in
the class of symbols S5 z((3> (€)@ (x)™" n). Using (iv) of the preceding
lemma, we may write Opy, (a2)[w¥] as a sum of expressions

(3.24) Oph(ag)[wizi, ce hﬁiewi, . ,wi] + hlf"Oph(e)[wIE].

Commuting Op,,(X) to £;,, we may rewrite this from w as

(3.25)  hOpy (@) [wi,, .., 0P, ((€) ™) Liywiys - - w3, ]
+ hOp,, (&)[wi, - - ., Op, ((€) Nwi,, ..., w;, ]

for some new symbols a5 in S5 s((3 (€0))?,n) € h=P? S5 5(1,n) (for
some @' depending only on p) and & in h=9S55(1,n). By (1.25), the L?
norm of this quantity is bounded from above by the right hand side of the
second inequality (3.20) multiplied by h2=7. To obtain the L™ estimate,
we use (1.25) with ¢ = oo, to bound the L*> norm of (3.25) by

Ch = w3 (110p, (€)™ ) Lwl L + 0P, (€)™ w] =)

Using the Sobolev injection (1.24), we control this by the product of the
right hand side of the first inequality (3.20) multiplied by hz—o.

Consider now the contribution of Opy,(a1)[wF]. By (3.16), we may write
this as a term of the form (3.24) multiplied by A7, that has already be
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treated, and of

(3.26)  Opy[0n(x)a(x, dor) [ | x(WP&0)w]]
= O (2)a(z, dpr)w} + Opy[On(x)a(x, dor) (1—] | x(h7&))][wF].

In the last term, one of the frequencies is localized for |&,| > ch™?, so that,
if B(s — p) is large enough, its L? norm may be controlled by
hNHwEHZ;leHH;- We may always bound

[w*] = < 0P, (X(hP€)S(E))wll L + [|Op, (1 — x)(RPE)S(€))w| L=
< Ch™7||wl|pe + ChY?|Jw]| s

for large enough Bs, in order to estimate the L? norm of the last term
in (3.26) by the right hand side of the second estimate (3.20). One argues
in the same way for the L* norm using Sobolev embedding (1.24). This
concludes the proof of (i).

(ii) We study Op,, (ax(h?€))w*. We decompose

a(z, &)x(h€) = a(z, )X (W) ((x + P (©)(©)") + ai(z,§)

and we may write ai(z,&)X(¢) = c(z,&)(x + p'(€))%, where ¢ is in
Sg7g(<x>_1<§)p+2+2”) and satisfies the assumptions of (ii) of Lemma 3.1
with M = (£)*T73" Tt follows that

2
(3.27) 1P (a1)w®|| 2 <Y h* 7279 ||Opy, (e0) L w]| 2
=0

with e in S5, 5((x)>  (€)P T 1) € h=o855((x)* ", 1). We deduce from
that a bound of ||Opy,(ai)w*| = by h2*"(23||£ew||Lz) using Proposi-
tion 1.7. We thus got an estimate by the product of h3=° and the right
hand side of the second inequality (3.22). To get the L* bound, we use
again Sobolev embedding

10py (a1)w™|[ L < CR™Y2[|Opy (a1)w™ ||

and deduce an estimate by h3=° times the right hand side of the first
inequality (3.22) arguing as above, with p replaced by p + 1. We thus
reduced ourselves to the study of

(3.28) Opy, (alz, )X (7€) ((x +'(€))(€)") Jw®.
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The symbol of this operator may be expanded at order 2 on £ = dp(z)
i.e. using that g—g(x, dy) = 0, written as

X7y ((z +p'(€))(€)") alz, dp) + c(x,€)(z + ' (€))?

with e(z, &) = x(R7¢)y(( + p'())(€)") a(=, €) and

§=dp y? '9%a — x —7)dT
coe) |, ge e a-mde(@) -7

a(z,€) = 3@+ (€)€)")( rr

where 7 € C§°(R), 4y = 7. Then c satisfies the assumptions of (iii) of
1" —2
Lemma 3.1, with a(x, dy) = %%(m, dp). According to this lemma,

we may write (3.28) as the sum of

(3:29)  Opy, (x(R)((= + p'(£))(€)") al, dip) ) w™
i Oa(z, dp)

+ hOpy, (5 Weh(x)x(hﬁf))wz

and of terms whose L? norm will be bounded by A~7 times the right hand
side of (3.27) (up to a change of d), so that will contribute to the remainder
in (3.21). We are left with writing (3.29) as the first two terms in the right
hand side of (3.21), up to new remainders. We may eliminate the factor
Y((z + p'(£)(€)") up to a ), cut-off as after (3.18). Finally, the cut-off
x(h?€¢) may be removed as in (3.26). This concludes the proof of (3.21).
Formula (3.23) is shown similarly. O

PROPOSITION 3.3.

(i) There is a family (0) of C5°(R) functions, supported in some interval
[~1+4chP® 1—chP*r], with (hOy)*8), bounded uniformly in h, such that, ifa
is an element of S5 ((x)(&), 1) with Oca(z, dp) = 0, there are a continuous
R -valued function C(-) and a constant Cy > 0, so that one may write

Ieryeh
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where ¥ (z) = a(x, Y i¢dp)a¥ (z,der), with a¥ given by (3.7), and where

the remainder r*> satisfies estimates
(3.31)
[P (¢, 2 < Cllvllpesllwllzee s VRllwl e ) ([0l s+ [|wll Lo + VAl [w] ;)
2
x (wllas + > 15w L2 + vl ez )
1

2

+ Crllwlm+ YL wl gz + o) )
1

1=t )L < Clllzossllwloe, VRlwlag )10l oo +llw]| o +VAllw] 125)?

2
x (lwllzrg + D 1C*w] o+ llollzrg +[lol| e + ]l o)
1

2
+ Cr(llwll s+ Lk w2+ ol ).
1

(ii) Let I be in T',, and denote by my the function defined by (1.69). Set
(332) m?(é.l? s 75”) = 2(51 +oeee En)ml(gla s aﬁn) Hz(é‘@)il'
This is an element of Ss (> (€)%, n) for some Q € N. Set

(3.33) o7 () = £ iedp) [ ] £Giedp) ' my(der).
l

Then

(3.34) Opy, (m7)[vr] = O ()57 ()07 () + h=~rf

where the remainder satisfies
(3.35)

PP (&, Mz < Cl[o]lzoe [l Lo s VAlw]|ag ) (0] Lo+ ]| o +V P[] ;)
X (llwlla; + [ Lw|[ 2 +[[v]| Lo +[lw][ o)
I (& )llzz < Cllolles, lw] o, VE[[w] ) ([v]l oo +l[w]] 2o + VRl |w]| 22)?
x(llwllg; + [ Lwl[ 2+ 22)-
Proof.
(i) We start proving the following estimates, when a is a symbol in
Ss0((2)(€),1) and 2(€) satisfies [0F5()| = O((&)""'"):

2

(336)  [0pA(@[Opa(E)illes < C(X ALY vlee)? ol v
0
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2

11
(3.37)  [10p,(a)[Op,(£)0] 1 < Ch72 (Y [I(hL)*v]|12) 2 o1l fr2e-s-

5 Y

To prove (3.36), we notice that a(x,&)X(£) may be written as (za'(x,&) +
a(x,€))(€)"T? with a’,a” in S50(1,1). By (i) of Proposition 1.7, and the
fact that [z, Opy(a’)] = Opy(ihdea’), we see that (3.36) is bounded by
|zv1| L2 + |Jv1]| 2 with vy = Op,, ((€)°F?)v. We estimate

2

1 1 1 1
levillze < llaoullypallvalifpse < c(d I(RLY 0lle2) 0] 720
3
0

1 1
lvrllze < CllvlizallvllFzos
which gives (3.36). To prove (3.37), we write by Sobolev injection
_1
10p,,(a)[Opy (E)v]|[e < Ch™Z(|Opy, (a)[Opy (X)0] |13

and deduce (3.37) from (3.36) applied with p replaced by p + 1.
To proceed, let us use (3.11) to express v¥ from w*, Opj,(a¥)[v¥] and
the remainders. In the multilinear terms, let us express again v> from w>.

We obtain

4
(3.38) v =w"+> h7 > Op,(al)wy]
n=3 Iernch
7 —1
+Y 7N Op, (07)[vr] + B2
n=>5 Ier,

where b¥ are some new symbols in Ssg((z)” >, n) and where 3 is com-

puted from the remainder in (3.11), and from expressions of the form
Opy(af)[w?,...,rF,...,wZl]. As af may be written from (3.7) as
@y [12(&)~! for some ay in h=7S55((x)” ", n), we see that the L2
(resp. L*) norm of the product of (x) by each element of the sums in (3.38)

corresponding to some n > 4 is controlled, according to (1.25), by
E
C(llvllz==, [lwllz=)lvllze + [lwllz=]?([v]| 2 + [lw]| z2)h= =7

(resp. C(||v]|pe=, |lw]lLe)[|v]lLe + ||’LUHLOC]3h%_U). In the same way, us-
ing (3.12), we bound |[(z)r3||z> and |(z)r3||r~ by the same quantities,
up to the factor hs. Consequently, we have obtained that

(3.39) vE=w +h Z Opy, (aF)[wF] + h2 =71
Ieryeh
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where 7 satisfies
()™ 2
(™| o
Consider now a symbol a in Sso((x)(£),1) and write

(341)  Opy(a)v™ = Opy(ax(h7€))v™ + Opy, (aX(€)(1 — x) (h7€))v.

If we apply (3.36), (3.37) with v replaced by Op;((1 — x)(h?¢))v, and use
the estimate

Clllvllzs, lwllz=) (vl +lwlz=)* (vl 22 +llwlz2)

(3.40) ,
Cllvl Lo, [wll L) (lvll Lo+ [[w] Lo )"

10PA (1 = ) (A7)0l < CHIC= 0y,

we see that for (s — p)B large enough, the high frequency contribution
in (3.41) is bounded by the last term in the right hand side of (3.31)
multiplied by h3/2. We are thus reduced to the first term which, in view
of (3.39), may be written

(3.42)  Opy(ax(h?)w” +h Y Opy,(ax(h’€))Opy,(a7)[w]]

Ierygeh
+ h2 7 Opy, (ax(h€)r™.

As ax(hP€)) is in h=P S5 5({z), 1), it follows from Proposition 1.7 and esti-
mate (3.40) that the last term will contribute to the remainders in (3.30).
The first term is expressed by (3.21) in terms of the first two terms in the
right hand side of (3.30) and of a remainder bounded by the last term in
each formula (3.31). We are reduced to the study of the middle expression.
Using Proposition 1.5 we may write

(3.43)  Opy, (ax(h’€))Opy,(aF)[wF]
= Oph(a(x7£1+' : +£n)X(hB(£1+ ' '+fn))a?(1’7 fla s 7£n))[w?}
+h'=70py, (br)[wi]

for some by in Ss53(1,n). The last term will bring a contribution to the
remainder in (3.30). The first one may be written, introducing a new cut-
off x1 € C§°(R), equal to one close to zero, with small enough support,
as

(344) Oph (a(ac, §1 +o 4+ Sn)a?(‘rv 51; s 7§n) H Xl(hﬁff)) [w?}
+ 0Py (e(€ry - &)X (B (€ + -+ &)) (1 = T [ xa(hP€0))) [w]
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for some ¢ in h™7S55({x)”"",n). By (3.19), the contribution of the first
term to (3.42) will be of the form

hOy, (2)07 (z)wy + B2

with r* satisfying (3.31) and 77 (z) = a(x, . iedp)a? (z,dpr(x)).

the other hand the L? (resp. L*) norm of the last term in (3. 44)
bounded using (1.25) by Ch~||lw|| 2= |0Op, ((1 — x2)(RP€))w|| 2 (resp. by
Ch=7 w72 [Opy, (1=x2) (7€) )w] =) for some new x2 € C3°(R), x2 = 1
close to zero. This term will be thus controlled by AV [jw]|7=! [wll ey if 5B
is large enough relatively to N, so brings again a contribution to the re-
mainder.

(ii) We compute Opj,(m¥)(v¥) expressing v* from w* and higher or-
der terms in v*, according to (3.11). We obtain contributions of the form
Opy, (m7)(w¥) which, according to (3.19), have the wanted form, and con-
tributions which, due to the composition result (1.22), may be written

(3.45) hOpy, (b)[07, ..., 2]

where b is in h=7S5 5((x) ", n), n > 3, and ¥; stands for either v* or w*.

As v¥ (resp. w*) may be replaced by v (resp. w) up to multiplication of b
by a factor X(&,), which just changes the exponent o by a multiple of 3,
we see using Proposition 1.7 that the LP norm of (3.45) is bounded from
above by

h = C(||v] L + [Jw]l o) (vl + llwllz=)*([v]lLe + [wllzr), p=2,00

so gives a contribution to the remainder. O

We use the preceding results to derive an ODE from equation (3.1).
PRrROPOSITION 3.4. — Assume that we are given constants A, B > 0,
some T > 1 and a solution v € L*([1,T], Hy) N L*>([1,T], W;"*°) of equa-
tion (3.1), satisfying the following a priori bounds, for any € €]0,1],t € [1,T)
(3.46) o, g + w(t, )lleg + leﬁk Nz < AR™7€
(3.47) l[w(t, )|z + [lv(t ,')HLoo < Be

for some o of the form (1.36), small enough. Denote by Iy = (1,1,—1) the
unique element of T'®. Then, with the notation of the preceding proposition,
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v* solves the ordinary differential equation
(3.48) Dyw*(t, )
_ 2
= On(x)w(x)v™ (t, ) + hop(2)my, (der, () (de) 2|0 ] 0™

+hon(x) Y vP(@pF +hE R (),
Ieryh

[
0

for a new o satisfying (1.36), where m; (der,(x)) is given by (1.53), vy (z)
a smooth function that satisfies estimates of the form |(h0y)* [0 ()v7 (x)]| <
Ch~°, and where the remainder r> is such that

(3.49) 175 (8, )| e < C(A, B)é® + Oy Ae

for some continuous function C(-,-) and some constant Cy. If ¥ = O(1),
we have also

(3.50) r=(t,)||z2 < C(A, B)e® + C) Ae.

Proof. — We make act Op,(X) on (3.1) and write in the right hand
side v = Op,,(271)v®. Since 2(¢) = O((£)*), Op, (X)) is bounded from
W/ 2% to L, so that the second estimate (3.2) implies that h7Opy, (Z)r
satisfies (3.49). When X = O(1), the first inequality (3.2) implies that (3.50)
holds. Since Opj,(X) commutes to the linear part in (3.1), we get

(Dy = Opy(W)e™ = h Y Opy (m7) 7] +hi~7rf
IeTs

with a new o, ry satisfying (3.49) and (3.50), and m7 given by (3.32).
Applying (3.34) to the first term in the right hand side, we obtain the
second term and contributions to the third one in the right hand side
of (3.48), noticing that when I = Iy, vy (z) = X(dp) ?my, (der,), with
the last factor computed in (1.53). On the other hand, Op, (\)v* may be
computed from (3.30). One gets

(3.51)  Op,(M\)v*

= 0n(@)(z - dp +p(dp)w” +h Y (@)} ()wf +h2ory
Ieryeh

where 73 satisfies (3.31), 7¥ () is of the same form as v¥(x) in the state-
ment. We still need to express the right hand side of (3.51) from v. We
may do that using (3.30) with a = 1, 6, replaced by a function 6, of the
same form with 6,0, = 0, up to a modification of the contributions in-
dexed by I € T'3" and of the remainder. Since x - dy + p(dy) = w, we
obtain (3.48). O
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3.2. Uniform estimates and global existence

Let us deduce from the ODE obtained in Proposition 3.4 uniform bounds
for our solution. Let us rewrite equation (3.48) in a more explicit way. The

elements I of I'f" are (1,1,1), (1,—1,—1), (=1, —1,—1). The correspond-

. s . . 2 5 -
ing trilinear expressions v¥ are respectively (v*)3,[v¥| 0>, (0*)3 and the

Weights v¥(x) will be denoted as ®%,®*,, ®*,. Moreover, the weight of
|UI\ V¥ is

(3.52) 07 (2) = pdp) 2 D(x)(dy)

according to (1.53). In particular, since ® given by (1.8) is real valued, ®7
is real valued and when X(¢) = p(¢)~1, ®7 = ®. In the special case of the
Klein-Gordon equation, ® is given by (1.14). Equation (3.48) may thus be
written

(3.53) Dyw* = 0, (z)w(z)v™
O (2) [BF (07)3 + BT [0 0" + 8 |0 07 + 0%, (07)?]
—i-h%*‘jrz(t, x)
with still h = 1/t and r* satisfying (3.49), (3.50).

PROPOSITION 3.5.

(i) There are a continuous function (A, B) — C(A, B), a constant Cy > 0,
a polynomial Py of valuation at least 2, and a function o satisfying condi-
tion (1.36) such that, if v € L°°([1,T), Hy) N L*°([1,T], W/"*°) solves (3.1)
on [1,T] x R for some T > 1, and satisfies for any € in an interval |0, €]
with €y < 1, any t € [1,T], the inequalities

s + s + Lrw s < AhC
(3.54) v, )z + llw(t, )| ap ZH Mizz < €

[[w(t ,')||L°o + [Jo(t, )l < Be,
where w is defined from v by (3.3), then for any e €]0, ¢o], any t € [1,T],
h=1/t,
(3.55) (10, ()" )o(t, )|z
< DY o(1, )l p= + Pa(l[0Op, () u(t, )| o)
+ Po(I(D)Y T o(1, )| =) + C(A, B)e? + C Ae.

(ii) Moreover, if T = +oo, there is a family of functions (0 (z))n, C°,
real valued, supported in some interval [—1 + chP 1 — ch“ﬁ}, such that
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for any k (hoy)k0,(z) is bounded, and a family (ac)eglo,ey) of C-valued
continuous functions on R, supported in [—1, 1], uniformly bounded, such
that, with h = 1/t

(3.56)  p(hD)to(t, x)
t t dr
— ca(a) expivo) [ 61 (o) dr-tiela (o) 0(a) [ 01/r(0) T
1 1
+t_%+gr1(t,$)
where sup, |11 (¢, )| L2nLe < C(4, B)e.

Proof.
(i) Let us prove first (3.55). Since v is a solution of (3.1), v* with X(¢) =
(§)p+l solves (3.53). We take 0, of the same form as 6y, with 0,0, = 6),.

We define
s hou(x)

(3.57) fE(t,z) =v "3 W)

ﬁéh(m) = (@) (@) 05 (@
2 o) L@@ @)
h 6y (x) _

+3 Uf(m) O, () (07 ()",

@3 () (v¥)° +

Notice that w does not vanish on the support of 6. Actually w is given
by (1.11) w(z) = zdp(x) + p(de(x)), so that, since x = —p'(dyp), dw = dp
and w is a strictly concave function going to zero when |z| — 1—. Moreover,
when |z| — 1—, it follows from (1.1), (1.2), (1.32), that

w(z) = zdp(x) + p(dp(x)) = —p/ (dp(x))dp(z) + pldp(x)) > cldp(a)| "

so that, when z stays in Supp 6, w(z) > ch?*~1 by (1.30). We notice also
that we may bound
[0 ()| e
= [|0p, ((€)" v (t, )| L=
< 0P, (€ X(WE)v(t, )| o= +[10py () (1=x) (B E))(t, ) [
< O jo(t, )| e +Ch ™20y, (L=x) (R ))u(t, )| o+

where we used (ii) of Proposition 1.7 to estimate the first term in the
middle inequality and the Sobolev embedding (1.24) for the second one.
Consequently, if we take v > B(p+3) and sf large enough, we may control

(3.58) W™ (8, )l = O(l[vllz + [[v]lm; h%) < C(A, B)e

according to assumption (3.54).
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We compute the equation satisfied by f* from (3.57) and (3.53). We
obtain that f* solves

(3.59) Dif” = Op(x) [w(x) + b (2)|f>(t,2)*] f2 (1, @)
+ hgpg(h'yvz, ho%) 4+ B3 (t, x)

for some small v > 0, independent of all parameters, where P is a polyno-
mial, vanishing at least at order 2 at zero, whose coefficients are bounded
by C(A, B)e, according to (3.49), (3.58) and the fact that the functions ®
are O(h~7) on the support of 0, by Proposition 3.4. Since ®7F is real valued
we conclude, using equation (3.49), that

t dr
(3.60) [f>(t,x) <|f>(1,z)+ : C(T_’YH’UE(’E')HLOO)T_}YH’UZ(T,')H%wm

+ C(A, B)e® + C Ae
by

for some new continuous increasing function C(-). Expressing f* from v
in (3.60) and using (3.58), we conclude that we have the bound

[0 (t, )] < ™ (1,2) |+ Pa(jo™ (8, 2) ) +Pa(|0™ (1L, 2))) +C (A, B)e* +C1Ae

for some new polynomial P, of valuation at least two, with coefficients inde-
pendent of the solution. This gives (3.55) taking into account the definition
of .

(ii) We take now X(¢) = p(£)~L, so that v¥ = p(hD) " 'v. The second a
priori assumption (3.54), which holds now on [1,+oo[, implies that v* is
uniformly O(e). Since 7 satisfies (3.49), we may rewrite (3.59) as

(3:61)  Duf” = 0(x) [w(x) + h® ()| f2 ()] 2 (t,2) + B3 ~g(t, )

with sup,5,[lg(t, )|z = O(e), and @7 replaced by ® according to (3.52).
Moreover, because of (3.50) and of the a priori L? estimate for v* coming
from the first inequality (3.54), we have as well sup,>;[lg(t,-)|[zz = O(e)
(modifying eventually o). As (3.61) shows that 0| f2|2 decays at an inte-
grable rate, there is a continuous function  — |a(x)| such that when ¢ goes
to infinity, ||f>(¢, x)\z —|a(x)|’| = O(et~2%7). Plugging this expansion in-
side (3.61), we get

(3.62) Dy f = 0 (2) [w(z) + ho(x)|a(2))*] fZ(t,x) + hE~7G(t, )
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for some g with sup;>|gl|z2nr=~ = O(€). This implies that there is a O(e)
continuous function a such that

3.63) 17(t.0) = aw)expinte) [ 002 (@r-+ila@ o) / 1@

+t77g(t, )

for a new §. Since (3.30) with @ = 1 shows that v=(¢,z) vanishes when ¢
goes to +oo and x ¢ [—1, 1], we get that a is supported in [—1,1]. Finally,
as (3.57) and assumption (3.54) imply that ||f* — v=||p2qp~ = O(eh!~7),
we deduce from (3.63) the wanted asymptotic expansion for p(hD) v =
v¥. This concludes the proof as the O(e) bound of |[v=(¢, )| L~ allows us
to write @ = ea.(x) for a bounded a, as in the statement. O

We are now in position of proving the main theorem.

Proof of Theorem 1.1. — Let us prove that for small enough initial
data, the solution is global. At the beginning of Subsection 1.3, we reduced
equation (1.6) to (1.47) and then, in Proposition 1.12, we showed that v
solves equation (1.63). To prove global existence, we just need to propagate
convenient estimates for v i.e. to show that if s > p > 1 are integers, we
may find constants A, B > 0, ¢ €]0, 1] and some o > 0 small enough such
that, if (1.63) has a solution v defined for ¢ in some interval [1, T], belonging
to L>=([1,T], Hy) N L*°([1,T], W[>™), that satisfies for h™t = ¢t € [1,T],
€ €]0, €]

Jolt. Yz < Ach™ | (hD) (e, )1~ < Be
| Lw(t, )|l < Aeh™27, || L%w(t, )| 12 < Aeh™7,

(3.64)

where w is defined from v by (2.34), then for ¢ in the same interval [1, T,
one has actually

A B
lo(t, e < Geh™7 1AD) o (t, )= < e
(3.65) ’ |
1Cw(t,)lpe < Seh™7, [L2w(t, )12 < Feh ™™

Notice that (1.9) and the expressions (1.45) of p in function of v show
that at ¢ = 1, the quantities (3.64) are finite. We may thus choose A and
B large enough relatively to the left hand side of (3.64) taken at ¢t = 1. We
assume also that A/B and ¢y are small enough so that

B

(3.66) Bey < 1, CoB?é2 <0, C1A < 3
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where Cy is the constant in the statement of Lemma 1.11 and C; is defined
in Proposition 3.5. It follows from (1.56) that the first inequality (3.65) will
hold.

We use next Proposition 2.8. By (3.64), assumption (2.35) holds for some
constant B; depending on A, B. Moreover, the expression (2.34) of w in
terms of v, Proposition 1.7 (ii) and assumptions (3.64) imply, for ¢, small
enough, the inequality ||w(t,-)||r2 < 2Aeh™7. Plugging these informations
in (2.36), we get

2
1Lw(t, )Lz < ge + 3%63h_20 +80B;, A%¢3
for some universal constant C, if A has been taken large enough relatively
to || Lw(1, )| L2 and 40 small enough relatively to 1/4. If ¢; is small enough,
this is smaller than 4€h~27, as wanted in (3.65).

To obtain the wanted bound for ||£%w(t,)|/zz in (3.65), we use Propo-
sition 2.14. We notice first that ||L2u(t,-)||z2 satisfies an estimate sim-
ilar to the one for ||[L2w(t,")||z2 in (3.64). Actually, the expression for
u — w coming from (2.59) contains at least h?~7 in factor. Since £ =
h='Opy,(z + p'(€)) and by in (2.59) is in h=7S5 5(1,n), L2(u — w) may be
written from h=29Opy, (cr)[wy] for some c; in S5 5(1,n), so that Proposi-
tion 1.7 implies that

(3.67) 1£2(u = w) |2 < A2 C(|fwl| o ) lwl] 2w Ze

The uniform estimate for w coming from the one assumed on v in (3.64)
implies then ||£2u(t,-)|| 2 < 24€h™87 if ¢ is small enough. Similar proper-
ties hold for [|Lu(t,-)||z2, |lu(t,-)||L2, and for [[u(t, )| m; (see Lemma 2.13).
Plugging these bounds in (2.61), we obtain,

A
[ L2u(t, )] L2 < 7€ + C1(A, B,0)eéh ™8

if A has been taken large enough relatively to ||[£2u(1, )|/ 72, ¢ much smaller
than 1/4, and where C(A, B) depends only on A, B,o. Taking ¢ small
enough we get ||[L%u(t,-)||r2 < %eh‘s", which implies the wanted conclu-
sion [|L2w(t, )|z < 2€h™8 according to (3.67), reducing eventually €.
Finally, if we plug the second estimate (3.64) inside (3.55), and take €
small enough, we obtain |[(hD)” ™ v(t,-)|| L~ < Be/2, if B has been taken
large enough so that [|[(D)* " v(1,-)||z~ < Be/4, and if we make use of the
last inequality (3.66). This shows that (3.65) holds, and thus concludes the
proof of global existence.

Let us prove the asymptotics. Take again £(¢) = (€)' and write
p(hD)"Yu(t,-) = Op,, (5(€)"1E) """ v= (¢, -). We may apply the analogous
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of (3.30) to symbols such that da/0¢ does not vanish necessarily. Using the
uniform estimate of ||v™(¢,-)||L~ obtained in (3.65), we conclude that

Opy, (A(€)HE ™) 0¥ = 0u(2) (p(dip) ™ (dp) )™ + Opoe (¢,

Since w” is bounded as v* is, we conclude that the limit & = ea. of

B(hD)"Yu(t, ) when t goes to 4oc satisfies |a(z)| < Celdp) " 2 If z €
] — 1,1[ satisfies (dp) > ah~?, we obtain that |a(z)| = O(eh?(P+2), so
that the corresponding contribution to the right hand side of (3.56) is
O(et—mn((p+2)8.—3+0)) in [, N L2,

Consider now z for which (d¢) < ah™” and assume that the cut-off 6y,
in (3.56) has been chosen to be equal to one on some interval of the form
[—1 + 2ch™? 1 — 2ch"F]. Write

t +o0 +o00
/101/T(x)d7:t71+/1 (Gl/T(x)fl)de/t (01 (x) — 1) dr.

On the support of 0/, (z) — 1, we have either z < —1 + 2er="8 or x >
1—2c7 % so that 7 < C[min(1 —z,z +1)]~'/##. The last integral in thus
taken on a finite interval for any z in | — 1, 1] and since |z + 1| ~ |dp(x)| "
when z — £1 by (1.30), we have 7 < C’(dgo)l/’g which contradicts ¢t < 7
as we assume (dyp) < ah™? with a small enough . Consequently, the last
integral vanishes identically and in (3.56), we may write

t
ae(x) exp [zw(m) / 017 () dr} = ac(z)e9®)eitw(@)
1

for some real valued continuous function on | —1,1]

9(@) = w(z) [/:00(91/7(;5) —1)dr —1].

In the same way, for x batlbfylng {(do) < ah™P, we write

/ 01/ (x \ae( )*®(x) = |ac(x)]*(x) logt + §(x)

for some other real valued continuous function §g. Modifying the value of a.
by a factor of modulus one, we deduce from (3.56) that

(3.68)  p(hD)"tu(t, x)
= cac(x) exp [itw(x) +i(logt)2|ac(z)*®(x)| + ¢~0r(t, z)

for some 6 > 0 and ||r(¢, )| L uniformly bounded by O(e). We have also a
similar bound for ||r(¢,-)|| 2 since this was true for the remainder in (3.56)
and a is in any case supported in [—1,1]. Expansion (1.10) follows from
the expressions (1.45) of ¢ in terms of u and (1.57) of p in terms of v. O
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Appendix A.

This appendix is devoted to the proof of several technical results. We
show first the statements concerning symbolic calculus of Subsection 1.2.

Proof of Proposition 1.5.
(i) An immediate computation shows that

Opy, (a)[Opy, (b)v1, va, . .., U]

1 T
_ / ix(§14+En) (il' hflu ey hgn HU gﬂ dgl 5
1

(2m)"
with
c($7§17 cee 7§n) = %/ iz (I fl \/ECﬂEI)b(x - Z\/E7 gl) dZdC

where &' = (&3,...,&,) and where the integral should be interpreted as an
oscillatory integral. Actually, making integrations by parts using 1; fZDQ‘,
11_+<£z and using (1.15), (1.18) and the fact that §’,¢” < 1/2, we obtain for
some integer Ny and all N, N’ in N

|C($,§1, v agn)| < CM($7£17 v 7£H)M1(x7£1)
x / (O~ (N R (Vi)™

x (14 818 (|61~ VRC|+|€'])) ™ ded.
If N’ has been taken large enough, this is bounded by
CM(‘I7§15 ER 7§n)Ml(xa€l)(1 + ﬁh6|€|)_N

Derivatives are studied in the same way. To get (1.21), we expand under
the integral giving ¢, the symbols a(x, & — VA, €') (resp. b(z — 2v/h, &1))
at ¢ =0 (resp. z = 0) at order 2. We obtain the right hand side of (1.21)
with e given by the integral remainder of Taylor formula. One checks that
e lies in the wanted symbol class, as it has been done for ¢ above.

(ii) is proved in the same way.

(iii) The proof is similar, except that ¢ is given here by

c(x, &1, ...,&n)

1 ,
% eiZZCb(x’ 51 +oeee fn - \/EC)G(% - Z\/Ev 517 s 7571) dZdC
and that we make the expansion only at order one. 0

We give now the proof of the action properties of the preceding classes
of operators on L7 spaces.
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Proof of (ii) of Proposition 1.7. — With the notation of the statement,

write
n

a(@, &1, ) = a:cfh...,an ) (hPe) 7).

Then by definition of the classes of symbols, a belongs to S5 3(1,n). Let us
prove first (1.25) with a replaced by @ and the exponent S(p + 3) replaced
by B i.e.

(A1) 10p, @) (w1, .., vn)[[La < CRT"OFH HII%IILwIIvnIIL«

We may write

1 r—=Yy T—Yn -
Op(@(ns- - v00) = g [ B (2 52 52 T st don
1

with

(271T)n/ ilz1€&1++2n€n] a(x, &1, .., &) dér ... dEy,.

It follows from the definition of Ss3(1,n) that

n

K (2, 21,y 20)| < OB T (L4 B01250) ™
1

Ky(z,2z1,...,2n) =

from which one deduces immediately (A.1).
To prove (1.25) in general, we notice that (A.1) implies

n—1

—p—2
10ps (@) (v, .-, va)l[La < CRT"OF TTIRD)" (B P D)™ "y | oo
1

X [|(hD)? (BB D) ™" P, | 2.

Notice also that, since bh(f) (h=Pe)* <§>7 P72 satisfies for any k € N,
08D (£)] < Crh™PPTR)(€)72 the kernel ky(2) = [ €'¢by,(€) d is such that
lEnllr = O(h= P2 Tt follows that

(A.2) 1(hD)? (BB D) ™" P ug| 10 < Ch™PO [y,

which implies the wanted estimate.

The bound (1.26) follows from (1.25) with ¢ = oo applied to the deriva-
tives of Opy,(a)(v1,...,v,) up to order p.

To prove (1.27), we have to bound ||Op,,({£)*)Opy(a)(v1,...,v.)| L2-
Using Proposition 1.5, we reduce ourselves to the study of
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|Op;, (b)(v1, - .., vy)| 2 for some b in Ss (&1 + -+ + &u)°,n). We may de-
compose b = Y, by, where on the support of by, & is larger than
(22,4 1€51) for some ¢ > 0, so that by is in S5 5((¢)°,n) and thus may
be written as bj(&)”° for some b, in Ssg(1,n). Applying (1.25) to a = b,
g =2, p=0, we obtain the wanted estimate (1.27). |

We study now the action of the multilinear operators introduced in (1.49)
on several spaces.

PrOPOSITION A.1. — Let p be a nonnegative integer, s a nonnegative
real number, 0 €]0, 1[.

(i) Assume s < p. Let m be an element of the space S(1,n) of Defini-
tion 1.10. Then the associated operator M,, defined by (1.49) is bounded
from WP x - x WP x H to H®. Moreover, one has the estimate

n—1

(A.3) 1Mo () e < C [T g llwenos i -
1

The same result holds making play the role of n to any other index in

{1,...,n}.
(i) Assume s > p > 0. Then M, is bounded from [[}(H®* N W) to
H? and satisfies a bound

Ad) Mt u)le <O (gl T Neelwen).

j=1 1<e<n
i#j

(iii) For 6 €]0,1[, denote

0ru(z) = 07u(y)|

[ullgo+o = ZH@’WIIL +sup 7

k=0 |z —y

Then M,, is bounded from (CP*%)" to W?> with the estimate

(A5) Mo, uw)lwes <O (luglleoro TT uelles ).
j=1

1<l<n
05
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Proof.

(i) We denote by 1 = x(§) + 3,5, ¢(27%¢) a Littlewood-Paley partition
of unity on R and decompose each u; as 37, ~q ¢k, (D)u; where ¢o(D) =
x(D) and ¢y, (D) = $(27* D) for k; > 0. In that way

(A6) My (u1,...,up)

_ Z Z /K,ﬁ,_.kn(x—yl,...,x—yn)

k120 kn2=0

H (¢kj (Dy] )uj (y])) dyl s dyn

J

where, with some cut-offs g?)kj satisfying &kj Ok, = iy

(A7) Kiyook, (71,25 20)

1

= @ /ei(21£1+...+zn£n) H ng,- (& )m(&rs. . &) dér .. d&,.
J

By integrations by parts, one checks immediately using (1.48) that for any
N in N

(A8) |Kk1.“kn (Zlv v 7Zn)| < CN2k1+..'+kn H(]‘ + 2kj |ZJD_N
1
Writing
¢k(D)Mm(u1a s 7un) = Z e Z ¢k(D)Mm(¢k1 (D)ula Tt ¢kn<D)un)
one gets from (A.6), (A.8) that

(A9) ¢ (D) M (ur, ..., un)l| L2

n—1
<03 S ek (D)uelpe lin, (D)un|| 2.

k120  kn>0¢=1

Moreover, the sum may be restricted to those ki,...,k, satisfying
max(k1,...,k,) > k— Ny for some large enough Ny by the spectral localiza-
tion of the cut-offs. If we sum on the indices for which k1, ..., k,,_1 is smaller

than k,, — Ny, we get that only those terms for which k— Ny < k, < k+N;
contribute to the sum for some fixed N;. Plugging the standard estimates

[ fr, (D)ugl Lo < C27 7% |ug|| oo

66, (D)unllz < Ceg, 27

U[HHs
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with some ¢? sequence (cg, )i, in (A.9), and using that p > 0, we conclude
that we obtain a contribution to (A.9) which is O(cx27%%) for a new ¢2
sequence (Cg)k-

Consider now the sum in (A.9) for those indices satisfying
max(k1,...,kn—1) = kn — No. Then there is ¢, 1 < ¢ < n — 1 with
ke > k, — No, k¢ > k — 2Ny, for instance ¢ = 1. We bound the corre-
sponding contribution to (A.9) by

n—1
Lleclweelfunll: S 27Pka=skng,
! k1>k—2Ng

k12kn—No

for some (%-sequence (c, )k, As p > s > 0, this gives again a O(27%5¢;)
bound for an £2-sequence (). This implies an estimate of the form (A.3).
(ii) We write again (A.9) and consider the contribution to the sum corre-
sponding for instance to those k, for which k, > k1,...,k,—1. As we have
seen after (A.9), this implies k, > k — Ny for the contributions that are
not identically zero. As p > 0, we get a bound
n—1

CHHUZHWPOOHU’”HH;< Z ckn2_8k")
1

kn>k—No

for some ¢2-sequence (cg, )i, - As s > 0, we obtain the needed &,2~% bound
for another such sequence (é)g.
(iii) We write

(A10)  [|¢r(D) My (ur, - un)llee < C Y- > [T on (D)uel
k1 kn 1

again from (A.6) to (A.8). Using that for p/ €]0,+00[—N, the C* norm
is equivalent to sup,(2"'[|¢x(D)ulr~) and that, in the right hand side
of (A.10), we may reduce ourselves to indices satisfying k1, ..., kn—1 < ky,
for instance, we bound (A.10) by

n—1
[Tluellcollunlicors DY 27FnteH®,
1

kn;k_NO

This implies that the C?*? norm of M,,(u1,...,u,) is bounded by the right
hand side of (A.5). As CP*? C W we get the conclusion. O
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