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NORMAL FORM OF HOLOMORPHIC VECTOR
FIELDS WITH AN INVARIANT TORUS UNDER
BRJUNO’S A CONDITION

by Claire CHAVAUDRET

ABSTRACT. — This article proves the existence of an analytic normal form for
some holomorphic differential systems in the neighborhood of a fixed point and
of an invariant torus. Once a formal normal form is constructed, one shows that
the initial system with quasilinear part S can be holomorphically conjugated to
a normal form, i.e. a vector field which commutes with S, under two arithmetical
conditions known as Brjuno’s v and w conditions, and an algebraic condition known
as Brjuno’s A-condition, which requires the formal normal form to be proportional
to S.

RESUME. —  On prouve l’existence d’une forme normale analytique pour cer-
tains champs de vecteurs holomorphes au voisinage d’un point fixe et d’un tore
invariant. Aprés avoir construit une forme normale formelle, on montre que le
champ de vecteurs initial peut étre analytiquement normalisé sous deux conditions
arithmétiques et une condition algébrique, connues comme les conditions ~v,w et A
de Brjuno.

1. Introduction

The present article considers the problem of normal forms for autonomous
differential systems defined on a product of a torus with a disk, i.e. systems
of the form
(1.1) X=f(X,)Y); Y =¢g(X,Y), XeTd Yy eC"

We also assume that g(X,0) =0, f(X,0) =w € RY and 9y g(X,Y )y =
A where A is a diagonal matrix: thus, the system can be viewed as a per-
turbation of the integrable system

(1.2) X=w; Y =AY

Keywords: formes normales, tore invariant, condition de Brjuno, petits diviseurs, KAM,
résonances.

Math. classification: 34A34, 34K17, 37J40, 32M25, 37F75, 37G05.



1988 Claire CHAVAUDRET

where X € T4 Y € C". Such systems can appear when considering the
restriction of a larger system on an invariant torus supporting a quasiperi-
odic motion. We require the system to be analytic in both variables: thus
there exists a complex neighborhood V of T¢ and a neighborhood W of the
origin in C™ such that f and g are holomorphic on V x W.

The invariant manifolds of the unperturbed system (1.2) can be easily
computed and form a foliation of the phase space. What happens after
perturbation, however, depends on possible resonances between w and the
spectrum o(A) of A. Assuming that w and o(A) are jointly non resonant
(in a sense that will be made explicit below), then linearization is possible:
as shown in [1], an analytic perturbation of (1.2) is analytically lineariz-
able if w and ¢(A) are non resonant, and if they satisfy some arithmetical
conditions known as Brjuno’s v and w conditions.

The problem of holomorphically linearizing a system with non resonant
linear part in the vicinity of a fixed point was extensively studied: Siegel [8]
showed that a diophantine condition on the spectrum of the linear part
implies the existence of an analytic linearization. Brjuno [2, 3] managed
to relax the arithmetical condition on the spectrum. Giorgilli-Marmi [5]
obtained a lower bound for the radius of convergence which is expressed in
terms of the Brjuno function of the spectrum.

Systems with a fixed point and a resonant linear part have also been
studied by Brjuno: in [2, 3], it is proved that for a vector field in C™ with a
fixed point and a resonant linear part, a strong algebraic condition on the
formal normal form, known as Brjuno’s A condition and the well-known
arithmetical “w condition” are sufficient in order to have an analytic nor-
malization (i.e. an analytic change of variables conjugating the initial vector
field to a normal form). Also, the A condition and an arithmetical condition
w which is weaker than w are necessary for the analytic normalization.

In [9], other links are given between algebraic conditions on a formal
normal form and the holomorphic normalizability of a vector field.

A refinement of the normal form theory near a fixed point can be found in
Lombardi-Stolovitch [6]): if some eigenvalues of A are zero, then the normal
form is defined with respect to a given unperturbed vector field which might
be nonlinear. This makes it possible to distinguish the dynamics of distinct
vector fields even if they have the same degenerate linear part.

In the case under consideration, periodicity with respect to the set of
variables X implies a slightly different definition of the normal form: normal
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forms will be taken in the kernel of adg, where

Lo & )
(1'3) S_;Wjai& +J_/Z:1)\j/)/}/87w
i.e. S is the unperturbed vector field generating the system (1.2), where
AL, ..., Ap are the eigenvalues of the matrix A and w; are the components of
w. More explicitly, a normal form for (1.1) is a formal vector field NF(X,Y)
which is a formal Fourier series in X and a formal series in Y and whose
Fourier-Taylor development,

NF(X,Y)= > > NFpgqe"Mye
PeZzd QEN™

only has non zero coefficients N Fp g with indices P, Q satisfying

(such couples (P, Q) are the resonances between w and o(A)), and which
is conjugate to (1.1) by a formal change of variables (the precise meaning
of this formal conjugation will be given in Section 2).

The tools used when dealing with vector fields close to an invariant torus
are similar to the ones that have been used before, in the study of vector
fields with a fixed point. The main difference comes from the presence of a
Fourier development which will make the small divisors more complicated
to deal with. In [7], Meziani considers the real-valued non resonant case
and obtains analytic normalization under a Siegel diophantine condition.

Here, we will combine techniques used by Brjuno, Stolovitch [9] and
Aurouet [1] to prove a conjecture by Brjuno in [4], mentioned in [1], which
is analytic normalization for systems of the form (1.1), where the linear
part might be resonant, under Brjuno’s v,w and A conditions:

THEOREM 1.1. — Consider the following autonomous differential
system:
(1.4) X=w+F(X,Y); Y =AY + G(X,Y)

where I and G are analytic on a neighborhood V of T% x {0}, F(X,0) = 0,
G(X,0) = 9yG(X,0) = 0,A is a diagonal n x n matrix and w € R?. Let
S be the quasilinear vector field given by (1.3). Assume that S satisfies
Brjuno’s “y and w conditions” (see Assumption 3.1 below) away from the
resonances. If a formal normal form NF of (1.4) is such that there exists

TOME 66 (2016), FASCICULE 5
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a formal series a(X,Y’) such that a(0,0) =1 and
(1.5) NF(X,Y)=a(X,Y)S(Y)

then there exists (o > 0 depending only on A,w,n,d such that if the com-
ponents of F and G are less than (y in the analytic norm, then (1.4) is
holomorphically normalizable in a complex neighborhood W of T¢ x {0}
and the holomorphic normal form has also the form b(X,Y)S(Y).

Remark. — The Assumption (1.5) is usually referred to as Brjuno’s A
condition. Note that W is strictly included in V in general: the loss of
analyticity comes from the presence of small divisors.

A first step will be the construction of a normal form by a direct method;
although the existence of a formal normal form is not a new result, one does
need to give an explicit construction since the definition of a normal form
in the present case might not be completely standard because of Fourier
series. It is then proved that the algebraic Assumption (1.5) on one of the
normal forms is preserved by the changes of variables that actually ap-
pear in the proof. Then, by a Newton method adapted from Stolovitch and
Aurouet, one constructs a converging sequence of holomorphic diffeomor-
phisms conjugating the system to another one which is normalized up to
arbitrary order, which gives the analytic normal form.

ACKNOWLEDGMENTS. — The author is grateful to Laurent Stolovitch
for a useful discussion which helped to improve this article.

2. Notations and general definitions
2.1. Topological setting

Let r > 0; in the following, V,, C C? will denote a complex neighbourhood
of the d-dimensional torus, of width r, and Ws C C" the ball centered at
the origin in C™, of radius d.

In the following, given a function f on C%/Z¢ x C", the notation fro
will refer to the complex coefficient appearing next to e“>X?Y @ in the
Taylor-Fourier development of f, that is, the Taylor development near the
origin w.r.t. the second variable together with the Fourier development with
respect to the first variable (such a development might be purely formal).

Also, for all indices P = (Py,...,P;) € Z% and Q = (Q1,...,Q,) € N,
d

one will use the notation |P|:= 3.,

Of PJ) and |Q| = Z?’:l Qj"

|P;| (where | P;| is the absolute value

ANNALES DE L’INSTITUT FOURIER
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The space of scalar-valued functions which are holomorphic on V,. x Wjs
is denoted by C}Y;s. It is provided with the weighted norm

flrs =Y > Ifroler”s19

PcZd QeENn

where f(X,Y) = Y pega Yogenn fr@e" 1Y ? is the Taylor-Fourier de-
velopment of f.

Remark. — Such functions can be viewed as functions which are holo-
morphic in Wy with respect to the set of variables Y, holomorphic in a strip
{X € C%Vj,1 < j < d,|[ImX;| < r} with respect to the set of variables
X, and 27-periodic with respect to each variable X;.

Also, notice that for all f € Cs,

(2.1) sup [f(X,Y)[ < |flrs
(X,Y)€V7~><W5
and a classical estimate on the Fourier coefficients and a Cauchy estimate
imply that for all P € Z¢,Q € N",
(2:2) frel < swp (X, Y)le g1
(X,Y)EV x W5

The space of vector fields defined on V. x Ws with components in C}’;

will be denoted by V F, 5. For
d 0 & )
F(X,)Y)= Fi(X,)Y)— FlL(X,)Y)=— € VF,
( ) ) ZJ( ) )aXJ Z j( 5 )a)/j/e ,0

j=1 =1

the norm of F' is by definition
1Fl]rs = max{|Fj|,s, | F}:

ro, 1 <j<d, 1< <n}

For all r,r,0,8" > 0, when dealing with an operator sending V F, 5 into
VF, 5, we will denote its operator norm by |||-[|[vF, ;—vE, , -

2.2. Formal aspects

DEFINITION 2.1.

e A formal Fourier-Taylor series in (X,Y) is a series f of the form

(2.3) FXY)= > fpeltPNYe
PeZd,QeNn

TOME 66 (2016), FASCICULE 5
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with coefficients fpg € C and such that for all @ € N™,
(2.4) > Ifral? < oo

pezd
ie. for all Y € C", f(-,Y) € L?(T%) (this restriction is motivated
by the fact that we need products and finite sums of Fourier-Taylor
series to be themselves Fourier-Taylor series).
e A formal vector field (on T¢ x C" ) is a d+n-uple whose components
are formal Fourier-Taylor series.

DEFINITION 2.2 (truncation of a formal series, of a vector field). — Let
f be a formal series. We will denote by T* f its truncation at order k € N
(or k-jet):

THXY) = S fpeetPNve
Pezd,|QI<k

For a vector field (resp. diffeomorphism) F with components (Fy, ..., Fain),
its truncation at order k is the vector field (resp. diffeomorphism) T* F with
components

(TFFy, .., T*Fy, TF Y Ey . T FyL )

Remark. — Thus for a vector field F, its truncation 7% F has degree k
(as a vector field).

DEFINITION 2.3. — A formal diffeomorphism (of C¢/Z% x C") is a se-
quence of analytic diffeomorphisms (®)) defined on a non-increasing se-
quence of domains Vi, C C¢/Z% x C™ (for the order induced by the inclu-
sion), such that ®;, has degree k and for all j < k, T7®), = Dy, . We will
denote by T*® the analytic diffeomorphism ®},.

Remark. — An analytic diffeomorphism is a particular case of a formal
diffeomorphism.
DEFINITION 2.4 (order of a formal series). — A formal series f(X,Y) =

> Pezd,Qenn froe!PX)YQ has order k e Nif |Q| < k—1= fpg = 0.

Remark. — Only the order in Y is considered. Thus, the product of
two formal series has order at least the sum of their orders. Notice that the
order is not uniquely defined by maximality: if f has order k and k' < k,
then f has order k'.

DEFINITION 2.5 (order of a vector field). — For
« R 9
F= Fi(X,)Y)=— F.(X,)Y)=— F,
jz::l ]( ) )aX]"‘j/z::l J( ) )8}/]/6‘/ 09

ANNALES DE L’INSTITUT FOURIER
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the vector field F' has quasi-order k € N if all the F; have order k in Y and
the F, have order k +1 in'Y (as formal series).

DEFINITION 2.6 (degree of a vector field). — A vector field F' has degree
k € N if its components F; have degree k for 1 < j < d and have degree
k+1ford+1<j<d+n.

Remark. — In particular, if a vector field has degree k and order k, it
is quasi-homogeneous of order k. For instance, the quasilinear vector field
S defined in (1.3) is quasi-homogeneous of order 0.

DEFINITION 2.7. — For a vector field F, its quasilinear part is the vector
field T°F.
DEFINITION 2.8. — A formal diffeomorphism ® = (®q,...,D,14) is

tangent to identity if for all 1 < L < d, ®(X,Y) — X, has order 1 and if
foralld+1< L<d+n, ®.(X,Y) —Y,_q has order 2.

2.3. Resonances

The quasilinear part S defines an equivalence relation ~ on Z¢ x N" as
follows: for all (P,Q),(P',Q’) € Z¢ x N",

(2.5) (P,Q) ~ (P, Q) = i(P,w) +(Q,A) = i(P",w) + (Q, A)

DEFINITION 2.9. — The vectors w and A are jointly non resonant if the
equivalence classes of the relation ~ are reduced to singletons.

Remark. — It does not hold in general. Moreover, if an equivalence class
is not a singleton, then it has infinitely many elements. In this article, w
and A are not assumed to be jointly non resonant.

For ¢ € C, C.. denotes the equivalence class such that for all (P, Q) € C.,
(P,w) +(Q,A) =c

Let f be an analytic function. Then the Fourier-Taylor development of
f has only indices in C. if and only if S(f) = cf, where S(f) is the Lie
derivative of f along S:

d n
d d
S(f=> Wde(jf+ > )\j’Yj’dT,j/f
=1

=1

TOME 66 (2016), FASCICULE 5
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DEFINITION 2.10.

e Monomials fp e’ "XV with i(P,w) + (Q,A) = 0 are resonant,
or invariant, monomials (indeed they are constant in the direction
of the vector field S).

e For a formal series f, its resonant part is the sum of all its reso-
nant monomials, and its non resonant part is the sum of all other
monomials.

e A formal series is resonant if it is equal to its resonant part, and
non resonant if it is equal to its non resonant part.

Remark. — This means that a formal series is resonant if all its mono-
mials are indexed by (P, Q) € Cy, i.e. if S(f) =

DEFINITION 2.11. — Let F = Z ]aX + 30—y Fatjo ay be a vec-

tor field on a domain in C%/Z x (C".

e F is non resonant if F1,...,Fy are non resonant formal series and
ifforalll1 < j<n, Faij (X Y)Y_ is a non resonant formal series.

e ['is rebonant 1f Fy, ..., Fy are resonant formal series and if for all
1<j<n, Fap (X, Y)Yj_1 is a resonant formal series.

e There is a unique decomposition F' = F,.s + F,, where F,.; is a
resonant vector field and F,, is a non resonant vector field; then
Fcs is called the resonant part of F' and F,,, its non resonant part.

Remark. — Let j with 1 < 7 < n and write the decomposition
Fapj(X)Y) = ZFd+j,P,Qei<P’X>YQ
PQ

Then Yj_le+j (X,Y) is resonant if
Fuyjpo 7 0= i(Pw)+(Q,A) —X; =0

This coincides with Aurouet’s definition of the invariants.

DEFINITION 2.12. — Let ® be a formal diffeomorphism. Suppose that
for all 1 < j < d, ®;(X, Y) = X; + ®;(X,Y) where ®;(X,Y) has or-
der 1, and that for all 1 < j' < n, ®gyj/(X,Y) = Yy®gy(X,Y) where
édH/(X, Y) has order 1.

e & is non resonant up to order k if for all 1 < j < n+d, Tk<i>j is
non resonant;

e & is resonant up to order k if for all 1 < j < n+d, T* <I> is resonant;

e & is non resonant (resp. resonant) if for all k € N it is non resonant
up to order k (resp. resonant up to order k).

ANNALES DE L’INSTITUT FOURIER
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Remark. — This definition applies in particular if ® is an analytic dif-
feomorphism.
DEFINITION 2.13. — Let F be a formal vector field and G be an an-

alytic vector field; G is formally conjugate to F' if there exists a formal
diffeomorphism ® such that for all k € N,

TH(DT*® - F) = TH(G o T*®)

Remark. — If an analytic vector field G is formally conjugate to a for-
mal vector field F' and if G is also analytically conjugate to an analytic
vector field H, then H is formally conjugate to F'. Indeed, assume that for
allk e N

TH(DT*® - F) = T*(G o T*®)
and that there exists an analytic diffeomorphism ® such that
D®-G=Hod.
Let Uy = T*(® o T*®); then DUy, = TF(D® o T*® - DT*®); thus for all k,

(2.6) TF(DV, - F) =T*[D® o T*® - DT*® - F]

therefore the sequence (¥}) defines a formal diffeomorphism conjugating
H to F.

Other notations. — For I = (iy,...,iq1n) € N the symbol 9; will
be a compact notation for the partial derivative 9% ...9% 9y ... 0y,
1 d 1 n

Sometimes the remainder of order k£ in Y in a formal series or a formal
vector field will be denoted by O(Y'*).

If F € VF and g is a function, the Lie derivative of g with respect to F'
will be denoted by F'(g).

TOME 66 (2016), FASCICULE 5
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3. Setting and arithmetical conditions

Let 79 > 0,99 > 0. Consider the following system on the neighborhood
Vyy X Wi, C C3/Z% x C™ of T? x {0}:

X; =w + Ri(X,Y)

Xd = wq + Rd(X, Y)

3.1 .
(3.1) Y1 =MY1 4+ Ry (X,Y)

Yy = MY + Rain(X,Y)

where (X1,...,X4) € Viy, (Y1,...,Yn) € Ws,, R1,..., Rq have order 1 and
Rgy1,..., Ritpn have order 2. Suppose that R, .. Rd+n are all in C 5 .

Denote by S the quasilinear part of the vector ﬁeld generating the sys-
tem (3.1):

Z“"Jax * ZA Yﬂ’ay

7'=1
Thus for all 7,0 > 0, ||S||s = max{w;, ;0,1 < j <d,1<j <n}andif
§ < miny max;|w;/A;|, then ||S]|,s < maxj|wj\ = C’w. For short, denote

= S + R where R is the vector field with components Rj,..., Rgin
defined in (3.1).

The following arithmetical condition, which will be assumed throughout
the article, is a reformulation of Brjuno’s v and w conditions (also used
in [1]). It will be used in the theorem of analytic normalization.

ASsuMPTION 3.1. — There exists a positive increasing unbounded func-
tion g on [1,+00], an increasing sequence of integers (mg)r>o and two
sequences of positive real numbers (ex)r>0, (Tk)k>0 such that:

(1) mog = 1;mp1 < 2my + 1;

(2) B Zk>1 lngrr(::k) < 400,
(3) Wk > 0, (n +2)g(ma) n g(my) > my,
(4) VP € Zd ,VQ € N,

|P|>mk?7 |Q|<mkv < ’W>+<Q7A>7AO :>|7;<P’w>+<QaA>|71<eek|P‘7
(5) VP € Z7,¥Q € N",

[P <, [Q<mi, 1P, w) +(Q,A) #0 = [i(P, w) +(Q,A)| ' < g(my),
(6) Vkﬂ44d+6(rk —Tk+1 — Gk)_4d_6 < g(mk)ﬂ
(7) Vk >0, > L.

ANNALES DE L’INSTITUT FOURIER
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Remark. — The case when my = 2¥ corresponds to Brjuno’s standard
w condition. However, the Assumption 3.1.1 seems to prevent (myg) from
increasing faster than 2*.

Note that the set of elements g, (myg), (ex), (rr) satisfying Assumption 3.1
is non-empty. In [1], the conditions v and w correspond to the case my =
28 e =1 Hle ﬁ, er > 1(1— ), and g(my) = max{(i(P,w)+

g(mj)29 227 22k
(Q,A\)7Y/|P| < my, |Q| < my}, with rg big enough in order to have ry, > %

The case where g(my) = Cm], for my = 2% for a positive constant C
and an exponent 7 > d + n + 1, corresponds to the situation where the
vector (w, A) satisfies a Siegel diophantine condition; therefore the set of
(w, A) € CH" satisfying the Assumption 3.1 has a large Lebesgue measure.

Also, Assumption 3.1 does not contain any upper bound on g(mg): the
only upper bound on g comes from 2 and it is logarithmic; therefore multi-
plying g(myg) by a constant does not change the condition. In Section 5.2,
we shall assume that for all k£ > 0, g(my,) is larger than a fixed constant.

4. Formal normal form

This section contains an explicit construction of a formal normal form for
the system (1.1). A direct method will be used, i.e. the formal conjugation
will be written explicitly, by a Taylor development, as a recurrence relation
between two consecutive orders of truncation of the change of variables.
The following lemma explains why the recurrence can be solved.

LEMMA 4.1. — Let ®,...,®,; be analytic Fourier-Taylor series in
(X,Y) € T%x C™ which are of order 1inY and ®41,...,Pqiy, be analytic
Fourier-Taylor series in (X,Y) € T¢ x C"™ which are of order 2 in Y. Let
I=(i1,...,inrq) € N, For any analytic vector field F, let

(4.1) DiF(X,Y) = c;01F(X,Y) - & (X, V)" ... &y, (X,Y)ld+n
where ¢y € C* and 05 is a compact notation for 8;:}1 o 8§§’d8§fl“ . 8;}1*",
If F has order k in Y, then D;F has order k + i1 + -+ + igyn-

Proof. — It is enough to prove the statement for elementary
(i1,---,9d4n). For 1 < j < d, the derivative dx, does not change the order
in Y and multiplying by ®; adds a degree in Y. Thus the order of D, F is
k + 1 if F has order k.

For 1 < j < nand 1< <d, the derivative dy, F; has order k¥ — 1 and

multiplying by fi>d+j adds two degrees in Y, thus D, . F has order k + 1;

€d+j

TOME 66 (2016), FASCICULE 5
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for d+1 <1< d+mn, F; has order k + 1, therefore the derivative dy, F; has
order k, and multiplying by ®4,; adds two degrees in Y.
Finally, D.,. . F has order k + 1 (as a vector field). O

€d+j

The following Proposition gives a construction of a formal normal form:

PROPOSITION 4.2. — The system (3.1) can be formally normalized, i.e.
there exist a formal diffeomorphism ® and a formal resonant vector field
NF such that for all k,

TFD(T*®) - NF] = T*(F o T*®) = T*((S + R) o T*®)

Proof. — One looks for a formal diffeomorphism ® tangent to identity,
i.e. such that

T°(® - 1d) =0

and for a resonant vector field NF = S + N where N has order 1, such
that

(4.2) THDT*® - NF)=SoT*® 4+ T*(Ro T*®)

The formal diffeomorphism ® and the normal form N F' will be constructed
gradually, every quasi-homogeneous part of degree k being given formally
by the data F' and by the truncations T*"'NF and T*~'®.

Developing the composition R o T*® in Taylor series (recall that F is
analytic), letting ® = ® — Id and developing in ®, one obtains

(43)  Ro(Id+T*®)=R+ > cdR-TF} .. . TFO,

I=(i1,.sd+n)
#(0,...,0)

- and Oy is the partial derivative 8}}1 ...8;}1*", that is

_ 1
where Ccr = m

to say,

.....

(44) Ro(Id+T*®)(X,Y)=R(X,Y)+ >  Di i RXY)

where Dj, . i,., is as in Lemma 4.1 as long as the @j have order 1 for
j < dand order 2 for j > d+ 1, i.e. as long as ® is tangent to identity;
the operator D;, . .., therefore increases the order by i1 + -+ + ip14.
Although the sum in (4.4) does not necessarily define a formal series since
it has an infinite number of terms, its truncation has a finite number of

terms, therefore it defines a formal series.
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Thus if ® is tangent to identity, the conjugation (4.2) can be rewritten

(4.5) T*NF +T*(DT*®- NF)
=SoTto+T*R+ Y THD

(4150 stdan)

#£(0,...,0)

Tk*il"'*inerR)

U1y sbntd

Let k > 1 ; suppose that T*"'NF and T*~1® are known and analytic,
and that T°® = 0. In Equation (4.5), the sum in the right-hand side is
given because R has order 1 and therefore for all I,

D;T* MR = ¢;0;7FVR - TF 10! + O(YF)

On the left-hand side, since the N; have order 1 for 1 < j < d and order
2ford+1<j<d+n,then

THDT*® - N) =T" | Y ox, T" ' ON; + > 0y, TF ' ONj/ 14

J J

and since T°® = 0, then

(4.6) TH(DT*® - N)
— Tk Z aijk—léTk—le 4 Z 8}/],,Tk_1(i)TkNj’+d
J J’

Note that T’“lej and TkNj/+d are exactly the components of TF~I N,
which is assumed to be a known analytic vector field. Since 7%~ 1® is also
known and analytic, then the whole quantity (4.6) is given and analytic.
Thus, in (4.5), only T*N — T*='N + T*(D® - S) — TF=Y(D® - S) — (S o
TF® — S o T*~1®) is unknown. One therefore has to solve

TEN —TFIN+T*(D®-S) —TF1(D®-S) — (SoTF® — SoTH 1d) =G
where G is a given analytic vector field of degree k, namely
G=> THD/T*R)~ S~ T*'N
! —~T*(DT*®-N)-T*'D®-S 4+ SoTH '®

which is homogeneous in Y € W, of degree k, by construction of TF~1 N
and T*~1®. The Fourier-Taylor coefficient Gp ¢ is well defined since the
sum runs over a finite number of indices.
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Letting
TEN — TFIN = G,es
and
Orpq = (({Pw) +(Q.A)'GLpe
for non resonant P, @ such that |Q| =k and L < d, and
®ppo = (I{{Pw)+(Q,A) —Ar_a) 'GLpro

for all P,@ such that i(P,w) 4+ (Q,A) — Ap_q # 0, with |Q] = k and
L > d + 1, the formal diffeomorphism ® and of the normal form NF are
defined up to order k. O

5. Analytic normal form

This section deals with the problem of the existence of an analytic nor-
malization.

5.1. Preliminary observations

The following is a lemma stating that being resonant is preserved by
composition with a resonant diffeomorphism.

LEMMA 5.1. — Let ® be a resonant holomorphic diffeomorphism from
VxW C CHzZ? x C" to V' x W C C4/7% x C", which is tangent to
identity. If R is an analytic resonant vector field on V' x W', then Ro ® is
also resonant.

Proof. — Developing in Taylor series, for all (X,Y) €V x W,

Ro®(X,Y)= Y c/0/R(X,Y)[(®—Id)(X,Y)]
IeNntd
with ¢; = m Now & is resonant, which implies (see Definition 2.12)
that A
(® — Id)(X, Y)Yy Yy, e
is a resonant series.

Thus, for all I in the sum, d;R(X,Y)[(® — Id)(X,Y)]! is a resonant

vector field, and this property passes to the sum. O

LEMMA 5.2. — Let R be a formal resonant vector field and ® a resonant
analytic diffeomorphism which is tangent to identity. Then D® - R is a
formal resonant vector field.
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Proof. — Let (fl, ey <i>d+n be such that
D=(X14+P,..., Xg+D4,V1Pyr1,....YnParn)
then
(5.1) D®-R=
Ry +0x,® 1R + -+ 0x,P1Rq + Oy, @1 Rgy1 + - + Dy, ®1 Rayn

Ry +0x,®qRy + -+ Ox,PqRq + Oy, ®gRas1 + -+ + Oy, PaRain
Y, Z?:l Ox, P11 Rj + g1 Rar1 + 11 Z?/:l Oy, Par1Ray;

Y, 2?21 an (i)dJrnRj + i)cl+anJrn +Y, 2?121 aY]/ (id+an+j’

Since all the &)j are resonant by assumption, and since R is a resonant
vector field, then D® - R is a resonant vector field. O

The following proposition states that if a system has been normalized
up to some order k, then the formal normalizing diffeomorphism of this
partially normalized system has to be resonant up to order k.

PROPOSITION 5.3. — Let ® be a formal diffeomorphism. Suppose that
® formally conjugates an analytic vector field S + Ny + Ry where Ny, is
resonant of order 1 and Ry has order k + 1, to a formal resonant vector
field NFy = S + R, where R has order 1 : for all j € N,

T(DT'® - NFy) = T?[(S + Ny + Ry) o T? @]

Then TF® is a resonant diffeomorphism.

Proof. — By assumption and since Ry has order k + 1, for all [ < k,
TYDT'® - NF)) = SoT'® + T' (N o T'®)

and since Nj has order 1,
TYDT'® - NF)) = S oT'® + T'(Nj, o T 1®)

Now NF; = S + R where R has order 1, thus

TYDT'® - 8) + TH(DT'"'®-R) = S o T'® + T'(Ny, o T "1 ®).

By induction, let | < k — 1 and assume that 7'~'® is a resonant diffeo-
morphism. By Lemma 5.1, this implies that T'(Nj, o T'~'®) is a resonant
vector field. Moreover, T'(DT'~'® - R) is resonant by Lemma 5.2. Thus,
THDT'® - S) — SoT'® is a resonant vector field.
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Let 57 < d. Since

T (DT'®;-S) —wj= Y T'®; poli{Pw) +(Q,A)e PV —w
P,|Q|<!

and since this quantity is a resonant function as shown above, then for all
non-resonant (P, Q) with |Q| <, ®; po = 0 and therefore ®; is resonant
up to order . Similarly, if j > d+ 1,

T!DT'®;-8)=Xj-aT'®; = Y ®j.po(i(Pw)+(Q.A)=Aj—a)e "y ?
P!

and since Y~ (Tl(DTZ(I) -8) — dTl<I> ;) is resonant, then ®; p o = 0 if
(P, w)+ <Q,A> j—d 7 0forall |Q| [, which implies that T'®, (X, Y)inld
is a resonant function.
Therefore, T'® is a resonant diffeomorphism. By immediate induction,
the formal diffeomorphism ® is resonant up to order k. |

The next proposition states that the algebraic property (1.5) is preserved
by partial normalization tangent to identity; in other terms, if a vector
field has been normalized analytically up to order k, i.e. if it is analytically
conjugate to a vector field Ny + R where Ny, is resonant and Ry has order
k41, and if the same vector field is formally conjugate to a resonant vector
field of the form (1.5), then the partial normal form N}, also satisfies (1.5).

PRrROPOSITION 5.4. — Let Iy be an analytic vector field on V x W with
quasilinear part S. Assume that F is formally normalizable, i.e. there exists

a formal diffeomorphism ® which is tangent to identity and a formal vector
field Ny such that ® conjugates F to Ni: for all k € N,

(5.2) TH(DT*® - Ny) = TF(Fy 0 T*®)

For all k € N, if TFF; is a resonant analytic vector field and if T* N, = a3, S
where ay, is L? in the first set of variables X and has degree k in Y, with
constant part 1, then T*F, = bS, for a resonant analytic function b which

has constant part 1.

Proof. — By (5.2) and by assumption on Ny, one has

(5.3) TH(DT*® - a1, S) = TH(Fy 0o TF®)
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Now let ® =& — Id. If 1 <1< d,

(5.4) DT*®|(X,Y)-ar(X,Y)S
ap(X, Y)DT’“@Z( Y)-S

= ax(X, Y)[Z Ox, TF®(X,Y) - wj+ Y Oy, TF®(X,Y) - ;1 Yy

i=1 =1
d B n B
R YD Gjaw;+0x, THOU(X,Y) - wj + ) Oy, TFO(X, V) - Ay Y]
i=1 =1
a(X,V)wi+ D BupoePOVCE(Pw)+(Q,A))]
P,|Q|<Lk

and the resonant part is merely ax(X,Y)w;. If d+1 <1 < d+n,

(5.5) DT*®|(X,Y)-ar(X,Y)S

d n

= ap(X,Y)[)_0x, TF0)(X,Y) - wj+ D Oy, TFO,(X,Y) - \jr Y]
j=1 j'=1
d B n B

X YD 0x, TROUX,Y) - wi+ Y (B, TOi(X,Y) 405 1)\ Y]

j=1 J=1

= ap (X, V)] Y PpoetPNIYR(i(Pw)+(Q, )+ \Y]
P,|Q|<k

therefore the resonant part of Y, ' DT*®;(X,Y) - ax(X,Y)S is Nag(X,Y).
On the other side, if one assumes that T*F; is resonant, then

TF(Fy o TF®) = T*(Ny o T*® + Ry, 0 T*®)

where Ry has order k41 and Ny is resonant. Since the composition increases
the order,

TF(Fy 0 T*®) = TF(Ny, o TF®)

By Proposition 5.3, T*® is resonant, therefore, by Lemma 5.1, T* (N oT*®)
is resonant, which implies that T%(F,oT*®) is resonant. Thus, keeping only
the resonant parts in (5.4) and (5.5) and substituting them in the resonant
part of (5.3), one has

ap - S =TF(Ny o TH®)
Now this implies that T% N}, itself is proportional to S: indeed, letting
Px(X,Y) = (TFd(X,Y),...,T*®4(X,Y))
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and
Oy (X,Y) = (T" 04 (X,Y),..., T" 0y, (X,Y))

note that ®x and ®y are analytic) then developing in Taylor series with
respect to the second set of variables Y, for all 0 < j < k&,

(5.6) T7(Njo(Px(X,Y), ®y(X,Y)))
= Y TION(®x(X,Y),Y)- (®y(X,Y)-Y)

TeN™ | I1<j
where |I| =iy + -+ iy, for all I = (iy,...,i,) and 9y = 0} ... 05" (recall
that by Lemma 4.1, f ~ 97 f - (®y(X,Y) —Y)! increases the order by |I|).
By a simple recurrence on the order of truncation j, one finds that
e TN, =aqag- S,
e forall 0 < j<k—1,

(5.7 TINy(X,Y)=a;(X,Y)-S(Y)

J
= > DO (NK(@x (X, Y),Y)) - (v (X, Y) = Y)]
|I]=1
and if by assumption 79! Nj, = b;_1 S for an analytic function b;_1,
then for all I in the sum, 77~ (N (®x(X,Y),Y)) is proportional
to S, therefore

T (0T M (N (2x (X, Y),Y)) - (By(X,Y) —Y)!
is also proportional to S since (®y (X,Y) — Y)! is a scalar, and it
is analytic in (X,Y).
Finally, T" N = b- S for an analytic function b. O

5.2. Proof of Theorem 1.1

This section is dedicated to the proof of the main result. Let dg be as in
Section 3; assume that 6y < min(1, C,,) where C,, was defined in Section 3.

THEOREM 5.5. — Assume that the analytic vector field S+R € VF, 5,
generating (3.1) is formally conjugate to a - S, where the formal series a
has constant part 1.

There exists (o > 0 depending only on A,w,n,d such that if ||R||y,.5, <
(o, then S + R is holomorphically conjugate to a resonant vector field b- .S,
where b is a holomorphic function.

ANNALES DE L’INSTITUT FOURIER



NORMAL FORM OF VECTOR FIELDS WITH AN INVARIANT TORUS 2005
5.2.1. Sequences of parameters

Let (mg)r>0 and (r%)k>0 be the sequences defined in the Assumption 3.1
(by Assumption 3.1.7, the sequence (1) has a positive limit as k — 00).
For all k > 0, let

(5.8) Sky1 = Opg(my,)~(ATHI0R)/m

(recall that my > 1 and that g(my) is positive). By the Assumption 3.1.2,
the sequence Jd; has a positive limit do, < 1 as k — +oo.

Notation. — For all k& € N, we will hereafter denote by Oy the set
Vrk. X ng.

Let (Ck)k>0 be a real sequence such that
oo

(5.9) © < ST d)(1+20%(n 1 2)B)
and
_ 205
Ght1 = g(mk)Ck

where C¥¢ is a fixed constant, depending only on n,d and S, which will
appear in the computations below, and B is the Brjuno sum defined in the
Assumption 3.1.2. As mentioned in Section 3, one can assume that for all
k>0,

20//
(5.10) g
g(my)
so that (Cx)r>o0 is a strictly decreasing sequence. Moreover, let
k
= _¢
j=0

Notice that for all £ > 0,

I 20y L a0y
m=C0+) G|]| 75 <C+) G777
’ ; Ogg(ml) ’ ; ®g(my;—1)

Using the Assumption 3.1.3, this implies that

k
2C%(n+2)1 i
<G+ Y G s+ Dnglmi—1) o 4 90u(n +2)B)
i=1 -1

therefore, under the Assumption (5.9), ni < 5.
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5.2.2. Iteration step

Theorem 5.5 will be proved by an iteration of the following statement,
the proof of which is postponed to the last section:

PROPOSITION 5.6. — Let Ny, R, € VF,
of order my,. Assume that

.5, With Ny resonant and Ry,

(1) S+ Ny + Ry, is formally conjugate to the normal form a - S where
a is a formal series;

(2) ||N/€ - S||Tk:76k < ks
(3) ||Rk||Tk,5k < Gk,

then there exists an analytic diffeomorphism ®j on Oy41 with values in
Oy, conjugating S + Ny, + Ry to S + N1+ Ri41 where Ny is resonant,
Ry41 has order my41, such that the following properties hold:

(1) ||N]<?+1 - S||Tk+1,5k+1 < Mk+1,
(2) ||Rk+1||rk+175k+1 < CkJrl?
(3) ||(I)k - IdHTk+1,5k+1 < Ck+17
(4) the quantity

HD(I)k - I||"'k+176k+1
= maX{Han (cbk - Id)”""k+115k+1’ ||8YJ/ ((I)k - Id)||7“k+1,5k+1}

is less than (g1

Remark. — Under the assumptions of Theorem 5.5, the initial system
satisfies the assumptions of Proposition 5.6 with £ =0, No =0, Ry = R.

5.2.3. Convergence of the algorithm

We now proceed with the iteration of Proposition 5.6. For all k£ € N, let
(5.11) \Ifk = <I>Oo--~o<1>k
The map ¥y is well defined on O41 with values in Og; moreover, Uy,

conjugates S + N + R to S+ R.

LEMMA 5.7. — The map VY is a holomorphic diffeomorphism from
Ok+1 to Wi (Ogy1)-

Proof. — The map Uy is analytic on Ok by composition, since every
®; is analytic on Oj41. Moreover, for all k and all (X,Y) € Og41,
[|DY(X,Y)—I|| = |[(DVj_1 — I) 0 D) - DOy, + DDy, — I||

5.12
(5:12) < (D — 1) 0 Dy - DO+ G
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which implies, by the property 4 of Proposition 5.6, that on Oy,

(5.13)  [[DUR(X,Y) = I|| < [[(DWg—1 — I) © Pi[(1 + Crt1) + Crta

Let (uy)nen be defined by ug = ¢ and for all n > 1, u, = (14 G )tun—1+Gn
One computes easily that for all n > 2,

n

H L+ G) + GO +0) + - 4 Guma (1 + G (1 4+ Ga)

=2
1

therefore u, < n,[[}_;(1 4+ ¢) < ge™ < %eé. Now, assuming for all
(X,Y) € O that

[(DVg—1 — D)(X,Y)]] < ug
(which is true for k = 1 by the property 4 of Proposition 5.6 with k = 0),
then on O1, the estimate (5.13) implies that

(5.14) |1DUR(X,Y) — I|| < ur(l+ Coy1) + Cot1 = Uk1

and one deduces by recurrence that for all k,

(5.15) [|IDPL(X,Y) —I|| < *68 <1

The map ¥y is therefore an analytic dlffeomorphism from Op41 to its

image. |
DEFINITION 5.8. — Let Oo = V., X Ws_, where ro is the limit of

the sequence (ry) and 0o is the limit of the sequence (dy), or equivalently,

O = N O

PROPOSITION 5.9. — The sequence (Vy)i>1 defined in (5.11) has a
subsequence which converges to a holomorphic diffeomorphism on Oy, =
NkenOk-

Proof. — A simple recurrence shows that ||Id — Ugl|,_ s, < Mry1. In-
deed,
Id—9, = (Id— \I/kfl) o®p + (Id— (bk>
therefore

HId - qjk”"‘k+176k+l < ||Id - \Dk*1||Tk>5k + ||Id - ¢}9H"'k+176k+1

and one sees that if [|[Id— Vi _1]|,, 5, < 9k, then |[[Id—=WUr|r, 5000 < D1
Thus (¥g) is uniformly bounded on O in the analytic weighted norm,
therefore there exists a subsequence (¥y,) which is a Cauchy sequence for
this norm. In particular, (¥, ) converges uniformly on every compact subset
of O to a map ¥, which is holomorphic on O,
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Moreover, the estimate (5.15) is uniform in k. Therefore, U, is still
injective on Oy, thus it is a holomorphic diffeomorphism on O. g

The sequence (Nj) = (axS) is convergent in the topology of the analytic
functions on O, since || Ny11—Ni|lro 5. = || Ri.res|lro 5. < C and since
(x is summable (there exists a constant ¢ < 1 such that ¢, < ¢¥(p). Let Nuo
be the limit of (Ny) in this topology; then Now = a5 for some resonant
function a., which is holomorphic on O.,. The sequence Ry tends to 0 in
the analytic topology on O. Therefore W, conjugates S+ Ny, to S+ R.

This concludes the proof of Theorem 5.5 based on Proposition 5.6, which
is proved in the next section.

6. Proof of Proposition 5.6

We now make all the assumptions of Proposition 5.6.

If S+ N + Ry is formally conjugate to the normal form a - .S, then by
Proposition 5.4, there exists a formal series a; with constant part 1 such
that N = ag - S and since Ny, is analytic on V,, x W, , so is ai. Moreover,
if || Nk — S|lre.60 < Mk, then by our definition of the norm of a vector field
given in Section 2, for all 1 < j < d,

(6.1) [(ar — Dwjlry,s0 < 0k
therefore |ag — 1)r,.5, < ma):]_f‘wj‘ S 8(ni03)cw < % (since it was assumed

that dy < C.,).

6.1. Homological equation

As a first step in the construction of the diffeomorphism ®;, one has to
solve the homological equation

EGk = [Gk,Nk} = Rk

where R}, contains all non resonant monomials of R, with degree between
my, and my41 — 1. For every vector field F', one has

LF = [F, akS] = ak[F, S] + F(ak)S

(where F'(ay) stands for the Lie derivative of ay under F'). Let D : F'
ag[F,S] and NV : F — F(ay)S which are defined and linear on the space of
formal vector fields.
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The operator N satisfies:
N?F = N(F(a;)S) = F(ax)S(ax) =0
(since ay, is resonant). Moreover,
DNF =D(F(a)S) = ag[F(ax)S, S| = —arS(F(ax))S
and
NDF = N(ax[F, S]) = —arS(F(az))S
so that A" and D commute. Thus, formally
D+N) =T +D'N) ' D =D T -ND )

where D~! and (D~!)? are defined, i.e. on non resonant formal vector fields.
Therefore, the solution will be

G = 'Dil(.[ - NlDil)Rk
since Ry, is a non resonant vector field. Now for all (P, Q) € Z¢ x N",

n

0 +Ze (P.X)yQ+E,

(P.X)yQ
(6.2) adg Ze 'Y ax, v,

j=1
0 L 0

. Z i(P,X) Q Z (P, X)yQ+E;
- ihe ¢ v X; * ‘ Y ’ Y

=1
therefore the operators adg and aj- (the multiplication by ay) preserve
the equivalence classes C. of indices (P, Q) € Z¢ x N” such that i(P,w) +
(@, A) = ¢; moreover, N also preserves these equivalence classes since

n

63 ZeNPXYQaa +Ze P)(}/Q—‘y—E/a7
X 3’

j=1

d
i(P.X)y WP, X))y Q+E,
§ e X ap(X,Y) +§ eHPXy T a(X.Y) | S(Y)

51

=1 J
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Therefore,
(64) (D+N)F=R<=F=)» F,andVceC,

(D+ N)F.,

d n
9 9\ irx)yQ
= > ZRJ;P,Q X, + ZRd+j/,P,Q+Ej/Yj' oY, e Y
(P,Q)eC:\Jj=1 J'=1

This makes it possible to separate the homological equation into two parts:
the low frequency part, and the high frequency part. This means distin-
guishing two cases for c:

(1) either C. contains a couple (P, Q) with |P| < my,

(2) or all elements of C. satisfy |P| > my
(the equivalence class Cy does not enter into the computation, since Ry, is
non resonant). We will denote by Zy the set of all non empty equivalence
classes which are in the first case, and by Z,, the set of all equivalence
classes which are in the second case. Thus there is a decomposition

Ry = B+ Ry
where R) only has monomials Ry, p.q such that (P, Q) belongs to an element
of Ty, and RY° only has monomials Ry, p g such that (P, Q) belongs to an
element of Z,, both being non resonant. Since Ry, is truncated with respect
to the degree in Y, the low frequency part RY has monomials whose indices
belong to a finite number of equivalence classes. One will solve separately
LGY) = R} and LG° = Ry°, then let Gj, = G} + G5°. As shown above, the
solutions are given by

GO=D Y I-ND HR)
and

X =D 'I-ND YRy

(since R and R$° are non resonant, the solutions are defined and they will

be analytic under some assumptions on RY, R%°). It remains to estimate
GY and G in the analytic norm on Opy1.

Estimate of the operator N/

It is convenient first to give an estimate of A acting on VF,» s into
V F,, s, where the positive parameters " > r3, 6" > 03 will be given later.
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Applying A does not add small divisors. One has

(6.5)  F(ax)(X, Y)

d d
= F,(X,)Y X,Y) F’ (X,Y Xy
; Jax; +; )y, XY
d .
=S (a)pe Y Fy(X.Y)iPel Py
P,Q j=1
+ Z (ar)p,o Z F;/(X, Y)Qj,nyEjlez'(P,m
P,Q/Q; 21 §'=1
which implies that
(6-6) \F(ak)|r3,53
< ZeTs\PlE(lel Z | ak P’,Q'
P/ Q/
'[Z|Pj||FJ¥P—PCQ—Q’| + > |5y pprgrm, o]
j j/
< |ak‘,,.//’5//||F||ru’5,, ZGTSIP|E5£Q‘
PQ
DI LV LR B
P/ Q/ ] ]

Let ry = %T” and 04 = /0”43, in order to have v’/ —ry = r4 — r3 and
(5”/(54 = 54/(53. Then

(6.7)  [F(an)lra,0 < laglor 5o || Fll g Y e PIEgL

P,Q
. Z 67|P'\r4ef\PfP'|7‘”ef\P'\(T”fr4)(‘P/| + TL)
P/
>80 80719671 (118"
Q/
< ‘ak|r//’6//||F‘|,,,I/}6//Zera‘PlEé‘SQ‘
PQ

. Z e~ IPIrae=IP10" =ra) (| P!| 4 )

7696 /60) 719N A+ (Q'8")
Ql
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Now
©8) e TTIP A = 30 3D (K e
KEeN |P/|=K

<Y CDKTH (K +n)e KO =)
KeN

< O(n,d)/ tle=tr"—ra) gy
0
C(n,d)

~ (’I“” _ 7“4)‘1""1

and

6.9) Y (07/5) 7N d+1Q10") =D D> (8"/64)7H(d + L")

Q' LeN|Q'|=L

< C(n,d) Y L™(8"/64)~"

LeN
gC(n,d)/ t"(8" /64) " tdt
0
< C(n,d)(Ind”/6,)~ "1

(here and below, C(d) and C(n, d) stand for generic constants which depend
only on n,d) therefore

(6.10)  [F(ar)lrs,55 < C(n, d)|ag|rr s || Flr 50

. Z er3‘P|E5:|3Q|67‘PIT4 (T” . r4)7(d+1)54—|Q|(1n (5”/(54)77171
P,Q

Thus,

C(n,d)
|F(al~c)|r3,63 < ||F|‘r"75”|ak|r",6” (r’ — 7Ag)szA(ln 53 —In 5//)2n+4

Therefore,

< axl C(n,d) o
s C s S Qg |r 6" (r" — ?,.3)2d+4(1n 53 —In 5//)2n+4 w

(6.11) [lINVllo=
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Low frequency part

First consider the set Zy and let C. € Zy with ¢ # 0. Let

R.(X,)Y)
d 9 5 ‘
= Z Z(R )j PQaX +Z Rk; d+] PQJFE/ J’W 67'<P7X>YQ
(PaQ)ECc j=1 7'=1 J

The equation DF,. = R, can be solved as follows:

-1
(6.12) F.=D'Re= Y. (Bea; )P ipx)ya
(P,Q)eC.

Now, since ay, is analytically close to 1 (i.e. |ax — 1|5, .5, < %), using the
sub-multiplicativity of the weighted norm, Rcagl isin VF,, s,
less than 2||R||, s, and R a,;l also has quasi-order my in Y. Thus, using
the estimate (2.2), for all 1 < j < d+n, (R.a;');.p.q has modulus less than
2||Re||ry 5,6 IP1S, 9l Therefore, letting § = 64,7 = r, for all 1/ € (0,7)
and all ¢’ € (0,0),

with norm

me+1—1

& (!
(6.13)  [|IDT'R.||,5 < 7||R s > (§)|Q| S eI
Q.,|Q[=my, P/(P,Q)€C.
Mmpaq—1
2||RC||T6 < o'
g el (=)@l
e(r =) Q,IQXI;mk g

2||RC||T,5 ((i/)mk 1
Soe(r —r)dtit g (Ind’ — Ind)nt1

This implies the following estimate:

_ 2sup {71} ¢ 5
—-1p0 c€Zo\{0} (n+1) m
(6:14) 107 Rl g0 < T M 0 Gy D R ()

(since ||RY||r5 = >c.ez, |1 Rellrs). Applying D~" once more on (6.12), one

has

(Dfl)QRc — Z ((D_IRC>G’];1)P7Q ez(P,X)yQ
(P,Q)eC. ¢

and since (D) R, is in C¥ 5 and lag—1] 5 < %, then forall 1 < 7 < d+n,

(D' Re)a. spl < (D7 Re)a [l gre P69
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thus for all " < 7’ and §" < ¢,

4supc€IO\{0}{Cil}2 (iu)mk
(r — r)atL (! — p)atis
1
(Iné’ —In o)™+t (Ind” — In é" )+

(6.15) [[(D™1)2Rel|p v <

1 HRCHT,(S
therefore, by the Assumption 3.1.5,
4g(mk)2 6//
(r — )1 (! — prryd+l (7>
1
(Iné’ —In )™+t (Ind” — Iné" )+

mg

(6.16) [[(D™1)2Rel|pr 5v <

7l Rellrs

Using now the estimate (6.11), for the low frequencies of Ry, one has,
for some constant C’ which only depends on n,d,

(6.17) [[D7HI = ND ™) Re|lrs 5

< Clgm) (%)™ axlrm 5
S =)@ = )] [(In(87/6)) (In(8” /87))]m
. Cw”RcHr,&
(7"” _ T3)2d+4(1n<63/6//))2n+4

therefore

(6'18) ||G ||T3,53

< C'g(mg)* (%)™ |ag |5
S =) — st [(m(a'/a))<1n(6“/6’>>j"“
| Coll Bl
(7’// _ )2d+4( (53/5//))2n+4

High frequency part

If C. is in the second case (which implies that ¢ # 0), by the Assump-
tion 3.1, one has the estimate

o /
1 Q —(r—r")|P
(6.19) [|D7'R.||r.s < —HR s > () S eI

Qilelzms P/(P,Q)€C,
6/ — T'—’I'/—G
< 2||Rel|rs Z (f)lQl Z e 1) P
Q.lQIZmy P/(PQ)EC,
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(the computation is similar to (6.13)) thus

(6.20) [|IDT'RY|| s

<2 Y Rdes Y ()@ S et

Ce€loo Q,Q[=Zmy P/(P,Q)€C.

_ 0’ e
CARFls Y (R Y e
Q,|QIZmy P,|P|>my

Nells (8, e e

my
S (r— 1 — g )dtl ( ) ) (Iné’ — Ing)n+t!

(as in (6.8) and (6.9), the sums on P and ) were estimated by means of
an integral). Applying D~! once more, one gets

(6:21) [[(D™)? R[5

4HREOHT’6 i”)mk e—(r—r’_gk)mke_(r/_r//_ek)mk
S r—r =€) (' =1 — )] 6 [(In(37/8) In(6” /6")]n+1
4HR20HT75 0" . @_(7"—7”//—2619)77“c

ST e 5 @ @
Finally, using the estimate (6.11),

(6.22)  [N(D™)2R|rs s

AR Ns (8" /)™ =120 gy s
S T ) (7 — ) [(n(57/8) In(8 /5]
Cn,de

’ (r" — T3)2d+4(1n 85 —In §7)2n+4
which implies that
(6.23) (|G ]rs,5

Cra,s||RE||r,5(8" /5)™* o= (=" —2ex)my,
h [(T =1’ —eg)(r' =" — €k)]d+1 [(1n(5’/5) ln((S”/(S/)]n+1

. [(’I"N _ r3)2d+4(ln 53 _In 5//)271—1—4]—1

where C), 4 5 depends on n,d, S but not on the step of iteration.

6.2. Choice of the parameters

We make the following choice of parameters:

8 =016 b3 =062/8 and 64 = 641

_p'
mip

0= (S}C;(SN = 6g(mk)
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where D" = 10 + 6n, and

1 1
’l"/ =7r — Z('f‘k - rk:+1) ; ,',.// =Tr—- é(rk - ’I”k;+1)§
(6.24)

rg="r-— 1(7”16 - Tk+1) y T4 = Tk41

This choice implies that r — ' =7’ — " =" — r3 and

"

In(/8)| = (6" /5")| = n(53/8")] = 5[In(6"/6)] = 3 n g(m)

2mk

as well as
) In g(my)
mg

ln63 — 11154 = (TL+ 2
Applied to estimate (6.18) on the low frequency part GY, this choice gives

C g5 g(mi)* (5 )™
(r — r/)4d+6[% In g(my,)]4n+6

(6.25) 1GRlra.00 < Col | Rillr.s

Now by Assumption 3.1.6,
1

(T‘—T‘I)_4d_6 — [i(rk —Tk+1)]_4d_6 < 44d+6(7“k — Thg1 _ek)—4d—6 < g(mk)
Therefore,

" 308" \my

59(mu)”(5)™ | 5
(6.26) Gy < {5y Rl

mp

where C¢ only depends on n,d, S. By Assumption 3.1.3,

1
(627)  [|GRllrsss < Cog(mu) O Rylrs < —5< [ Rillrs
g(my,)
since D" = 10 + 6n. By the smallness Assumption 3 on Ry and the As-
sumption (5.10) on C§ and g, and by the definition of the sequence ((),

Cht1
(6.28) |GRllrg.05 < 5

Concerning high frequencies, when applied to estimate (6.23), the choice
of parameters implies

Cn,d’S |R?||r,5(5”/5)mk
(T — o — 6k)2(d+1)

ef(rfr”72ek)mk 1

(6:29) |G lrs,55 <

—2d—4

° 77 (7(Tk — Tk 1))
(2 In g(my)JAtn+D+2n+4 14 +

ANNALES DE L’INSTITUT FOURIER



NORMAL FORM OF VECTOR FIELDS WITH AN INVARIANT TORUS 2017

Again by Assumption 3.1.3 and 3.1.6, this implies
(630) | |G120 | |7‘3,53 < Cn,d,S ‘ |Rzo | |T,5g(mk)1+4(”+1)+2”+4

(§" e (=" =2
Therefore, since D" > 2+4(n+1)+2n+4 and since (8" /§)™* < g(mk)—D”,

Ch.d,s

g(my)

which implies, using the Assumption 3 and the definition of the sequence
(§k>7 that

(631) HGon’f‘s,tS?, < |\R130| 0

||Gzol|7”3,53 < Ck2+1

The following estimate of GG, is finally obtained:

(6'32) ||Gk||T3753 < Ck-i-l

Analytic bounds on the differential DGy, of G} will also be necessary.
Forall 1 <j<d,

(6.33)  |19x,Grllry,s

= Y [[iPGypelle?6?
P,Qz>2my

1)
)Gl g 55 (73 — 74) 7D (In 65 — Ingy) ="+

S((sg

Similarly, for all 1 < j' < n,

(6.34) |10y, Gillrs.s,
= 3 11QuGrpallenFsg

P,Q>2my

1)
)Gl g 55 (75 — 74) 7D (In 5 — Ingy) ="+

<(63

Therefore (using the estimate (6.32), the Assumption 3.1.6 and the choice
of 64),

||DGI€HT4754 = r??‘,X{HanGka,(SM ||8YJ'/G/€||T4754}
(6.35)

1)
< (i)mkg(mk>n+2<k+l < Cht1
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6.3. Change of variables

Let Gy be the vector field on Of1q with order my + 1 defined in Sec-
tion 6.1, and let @, = Id+ G, (this is a slight abuse of notation: we identify
the vector G (X,Y) € C? x C" with its projection on C%/Z? x C™). Then

H(I)k - Id||7“k+1,5k+1 = ||Gk‘|""k+175k+1 < <k+1

therefore Property 3 holds. One sees that ®; is a diffeomorphism from
Ok+1 to Ok: indeed, if (X,Y) € Og41, then for all 1 < j < d,

(6.36) [Pr,; (X, V)| < |Xj| 4+ Cot1 < Trt1 + Cotr

and the Assumption 3.1.6 implies that |® ;(X,Y)| < 7y, as long as g(mg)
is large enough as a function of d, .S, which is not a restrictive assumption.
For all 1 < j' < n,

(6.37) [Pk, (X, V)| < [Yjr| + Cevr < Okv1 + Chtr

therefore ®; has values in Oy, if it can be shown that

2CI/ 17410n
S <= B = B (gma) T )

(6.38)

Since by the Assumption (5.9), (o < 261”, 0c0, then in particular 2C%¢, <
S

Ok+1; moreover,

17410n 17+ 10n 17+ 10n 1 1
e —1> ———1 — >
g(mg) e elmi) 2 =g (ma) ™ > g(my)

WV

which implies (6.38). Therefore ®; has values in Oy.
By the estimate (6.35), for all (X,Y") € Oky1, the spectrum of D®y(X,Y)
cannot contain 0 since

|D®y(X,Y)| > 1 = 2G1.

Therefore @4 is injective on Oy and @;1 is defined on 4 (Ok41) C Ok.
Property 4 also comes from the estimate (6.35).
Moreover, ®;, satisfies

O3 (Nit1 + Riy1) = Ni + Ry

where

Nip1 = Np + T 'Ry — Ry,
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and

(6.39) (I+ DGg)Rit1
= — DGk(kaH_le — Rk) + (Rk — ka“_le) + DR,Gy,

+ R+ N;,) - GL
;211 [d+” OrFe+ N+ G

Thus, under the Property 1 of Assumption 3.1, Ry41 has order my.yq.
Moreover, for any vector field F' of order my, and any index I € N4+,

(6'40) | |8IF| |Tk+176k+1

= Y|Pt (iPy)"

Q! Qn!
(Qr—Tap1)!  (Qn—Ig4n)!

. |P\rk+1 ‘Q‘7‘1|
e Okt

Fpq

< (Ok1 [OR)™ (1 — Tgn) 17T
(100 = InGyn) "4l
< (Org1/0k)™ (C(n, d)g(mp)) | P, s,
which, applied to Ny and Ry, implies
(641) ||(I + DGk)Rk+1||7‘k+1,5k+1
< CoCog1 + (k1 /01) ™+ G+ C (s d) (Sk1/08) ™ g ()" T2 G Crtr

G 3™ S e (Clm, dglm) L (Gt )

Voo Tg,!
2t din

1
< CkCrt1 + EC!@-H + CuCrt1

1
+ (Ok11/0k) ™ g(me)™ > Y ﬁ(c(samd)ﬁk)m_lﬁkﬂ
|1‘22 1----Ld+n-
1
S k1
Now

(6.42) [|( + DGr) Ris1llrysr 0011
2 ||Rk+1||7’k+1=5k+1 - ||DGkRk+1||Tk+175k+l
> (1- Ck+1)||Rk+1||Tk+176k+1

which, together with (6.41), finally implies that ||Rky1lre16000 < Cht1,
whence Property 2.
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The vector field Ny satisfies the following estimate:
(643) HNk-i-l 7S||"’k+1>6k+1 < ||Nk - S”Tkﬂsk + ||Rk||7“k75k < Uk+<k < Nk+1
whence Property 1. This concludes the proof of Proposition 5.6. g

BIBLIOGRAPHY

[1] J. AUROUET, “Normalisation de champs de vecteurs holomorphes et équations dif-
férentielles implicites”, PhD Thesis, Université de Nice, France, 2013.

[2] A. D. BrRJUNO, “Analytic form of differential equations. I”, Trans. Mosc. Math. Soc.
25 (1971), p. 119-262.

, “Analytic form of differential equations. II”, Trans. Mosc. Math. Soc. 26
(1972), p. 199-239.

[4] A. D. BRUNO, Local methods in nonlinear differential equations, Springer Series in
Soviet Mathematics, Springer-Verlag, Berlin, 1989, x+348 pages.

(3]

[5] A. GIORGILLI & S. MARMI, “Convergence radius in the Poincaré-Siegel problem”,
Discrete Contin. Dyn. Syst. Ser. S 3 (2010), no. 4, p. 601-621.

[6] E. LoMBARDI & L. SToLOVITCH, “Normal forms of analytic perturbations of quasi-
homogeneous vector fields: rigidity, invariant analytic sets and exponentially small
approximation”, Ann. Sci. Ec. Norm. Supér. (4) 43 (2010), no. 4, p. 659-718.

[7] A. MEziaNI, “Normalization and solvability of vector fields near trapped orbits”, to
appear in Trans. Amer. Math. Soc.

[8] C. L. SIEGEL, “Iteration of analytic functions”, Ann. of Math. (2) 43 (1942), p. 607-
612.

[9] L. STOLOVITCH, “Singular complete integrability”, Inst. Hautes Etudes Sci. Publ.
Math. (2000), no. 91, p. 133-210 (2001).

Manuscrit recu le 12 décembre 2014,
révisé le 15 septembre 2015,
accepté le 8 février 2016.

Claire CHAVAUDRET

Université de Nice Sophia-Antipolis
Laboratoire J.A. Dieudonné

Parc Valrose

06108 Nice Cedex 02 (France)

claire.chavaudret@unice.fr

ANNALES DE L’INSTITUT FOURIER


mailto:claire.chavaudret@unice.fr

	1. Introduction
	2. Notations and general definitions
	2.1. Topological setting
	2.2. Formal aspects
	2.3. Resonances

	3. Setting and arithmetical conditions
	4. Formal normal form
	5. Analytic normal form
	5.1. Preliminary observations
	5.2. Proof of Theorem 1.1
	5.2.1. Sequences of parameters
	5.2.2. Iteration step
	5.2.3. Convergence of the algorithm


	6. Proof of Proposition 5.6
	6.1. Homological equation
	Estimate of the operator N
	Low frequency part
	High frequency part

	6.2. Choice of the parameters
	6.3. Change of variables

	Bibliography

