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A FINITE DIMENSIONAL APPROACH TO
BRAMHAM’S APPROXIMATION THEOREM

by Patrice LE CALVEZ (*)

ABSTRACT. — Using pseudoholomorphic curve techniques from symplectic ge-
ometry, Barney Bramham proved recently that every smooth irrational pseudo-
rotation of the unit disk is the limit, for the C9 topology, of a sequence of smooth
periodic diffeomorphisms. We give here a finite dimensional proof of this result that
works in the case where the pseudo-rotation is smoothly conjugate to a rotation on
the boundary circle. The proof extends to C! pseudo rotations and is based on the
dynamical study of the gradient flow associated to a generating family of functions
given by Chaperon’s broken geodesics method.

RESUME. — A Daide de la théorie des courbes pseudo-holomorphes de la géo-
métrie symplectique, Barney Bramham a récemment montré que toute pseudo-
rotation irrationnelle lisse du disque unité est limite, pour la topologie C?, d’une
suite de difféomorphismes lisses périodiques. Nous donnons ici une preuve du ré-
sultat dans un cadre de dimension finie, valable quand la pseudo-rotation est dif-
férentiablement conjuguée a une rotation sur le bord du disque. La preuve, qui
s’étend aux pseudo-rotations de classe C1, est basée sur ’étude dynamique du flot
de gradient associé a une famille génératrice de fonctions, obtenue par la méthode
des géodésiques brisées de Chaperon.

1. Introduction

We will denote by D the closed unit disk of the Euclidean plane and
by S the unit circle. An irrational pseudo-rotation is an area preserving
homeomorphism f of D that fixes 0 and that does not possess any other
periodic point. To such a homeomorphism is associated an irrational num-
ber @ ¢ Q/Z characterized by the following: every point admits @ as a

Keywords: Irrational pseudo-rotation, generating function, rotation number, dominated
decomposition.

Math. classification: 37D30, 37TE30, 37E45, 37J10.
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rotation number. To give a precise meaning to this sentence, choose a lift
[ of flp\foy to the universal covering space D = R x (0, 1]. There exists
« € R satisfying o + Z = @ such that for every compact set = C D\ {0},
and every € > 0, one can find N > 1 such that

(f/"(2) — (%)

n>NandZer ()N r1(E) = & —a|<e,
n

where 7 : (0,7) — (rcos2mf,rsin2n0) is the covering projection and
p1 : (0,7) — 0 the projection on the first factor. In particular the Poincaré
rotation number of f|s is @. In the case where f is a C* diffeomorphism,
1 < k < oo, we will say that f is a C* irrational pseudo-rotation. Con-
structions of dynamically interesting irrational pseudo-rotations are based
on the method of fast periodic approximations, starting from the seminal
paper of Anosov and Katok [1] (see [9], [10], [11], [12] for further devel-
opments about this method, see [4], [3], [13] for other results on irrational
pseudo-rotations).

Barney Bramham has recently proved the following (see [6]):

THEOREM 1.1. — Every C*° irrational pseudo-rotation f is the limit,
for the C° topology, of a sequence of periodic C* diffeomorphisms.

The result is more precise. Let (¢n)n>0 be a sequence of positive integers
such that the sequence (g,@),>o converges to 0 in T' = R/Z. One can
construct a sequence of homeomorphisms (f,)n>0 fixing 0 and satisfying
(fn)4» = Id that converges to f for the C° topology. Such a map f, is
C° conjugate to a rotation of rational angle (mod. 7). Approximating the
conjugacy by a C°° diffeomorphism permits to approximate f, by a C'*
diffeomorphism of the same period.

The proof of Theorem 1.1 uses pseudoholomorphic curve techniques from
symplectic geometry. Trying to find a finite dimensional proof of this re-
sult is natural, as some results of symplectic geometry admit finite di-
mensional proofs by the use of generating families. A seminal example is
Chaperon’s proof of Conley—Zehnder’s Theorem via the broken geodesics
method (see [8]): if F' is the time one map of a Hamiltonian flow on the
torus T2?" = R?"/Z?", a function can be constructed on a space T?" x R?"
whose critical points are in bijection with the contractible fixed points of F'.
Studying the dynamics of the gradient vector field £ permits to minimize the
number of critical points. Writing F' as a composition of diffeomorphisms
C" close to the identity is the way Chaperon constructs a generating family.
Decomposing F' in monotone twist maps alternatively positive or negative

ANNALES DE L’INSTITUT FOURIER
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is another possible way. It is the fact that F' is isotopic to the identity
that is essential in the construction of the vector field £, but in the general
case £ has no reason to be a gradient vector field and its dynamics may be
more complicated. Nevertheless, if » = 1 the vector field will satisfy some
“canonical dissipative properties” and its dynamics can be surprisingly well
understood (see [15] for the case where F' is decomposed in monotone twist
maps). Among the applications, one can note the following approximation
result (see [16]): every minimal C! diffeomorphism F of T? that is isotopic
to the identity is a limit for the C° topology of a sequence of periodic dif-
feomorphisms. The proofs given in [6] and [16] share a thing in common:
the construction of a foliation satisfying a certain “dynamically transverse
property” on which a finite group acts, the approximating map being natu-
rally related to this action. In [6] the foliation is defined on R x D x T! and
the leaves are either pseudoholomorphic cylinders or pseudoholomorphic
half cylinders transverse to the boundary; in [16], the foliation is singu-
lar and naturally conjugate to the foliation by orbits of £ on an invariant
torus. Therefore it is natural to look for a proof of Bramham’s theorem by
a method close to the one given in [16]. The original proof of Theorem 1.1
is divided in two cases: the case where the restriction of f to S is smoothly
conjugate to a rotation, and the case where it is not. We succeeded to treat
the first case, with some improvements due to the fact that we work in the
C' category but unfortunately could not get the general case. Therefore
we will prove:

THEOREM 1.2. — Every C! irrational pseudo-rotation f, whose restric-
tion to S is C'' conjugate to a rotation, is the limit, for the C° topology, of
a sequence of periodic smooth diffeomorphisms.

Observe that it is sufficient to prove Theorem 1.2 in the case where
the restriction to S is a rotation. Indeed, every C! diffeomorphism of S
can be extended to a C! area preserving diffeomorphism of D (see [5] for
example). So, every C' irrational pseudo-rotation, whose restriction to S
is C'' conjugate to a rotation, is itself conjugate to a C'! irrational pseudo-
rotation, whose restriction to S is a rotation.

Let us explain the ideas of the proof. The first difficulty arises from
the fact that f is defined on a surface with boundary. If one supposes
that f|s is a rotation, one can extend easily our map to the whole plane.
Inside a small neighborhood of D we extend our map by an integrable
polar twist map and outside by a rotation whose angle is irrational (mod.
m) and close (but different) from 27«. This implies that S is accumulated
from outside by invariant circles S,,/, on which the map is periodic with
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a rotation number p/q that is a convergent of «, where o +Z = @. Our
extended map is piecewise C'* and one can construct a generating family of
functions that are C! with Lipschitz derivatives (see Section 2). We could
have chosen to decompose f in monotone twist maps in order to apply
directly the results of [14] and [15], we have preferred to use a decomposition
in maps close to the identity like in [8] to underline the fact that the way
we construct the generating family is not important. One knows that for
every ¢ > 1, the fixed points set of f? corresponds to the singular points
set of a gradient vector field &, defined on a space E, depending on g.
In particular each circle S,,, C R? corresponds to a curve ¥p/q C Eq of
singularities of &,;. In Section 2 we will recall the immediate properties of
&g, in particular its invariance by the natural action of Z/qZ on E,. A
crucial point is the fact that £, is A Lipschitz with a constant A that does
not depend on ¢. An important consequence is the existence of a uniform
inequality between the L? norm of an orbit (the square root of the energy)
and its L° norm. In Section 4 we give the proofs of Theorem 1.2. The
fundamental result (Proposition 4.1) is the fact that 3,,, bounds a disk
A,/q C E4 that contains the singular point corresponding to the fixed point
0 and that is invariant by the flow and by the Z/qZ action. Moreover the

dynamics on A,/ is North-South and the non trivial orbits have the same

p/q
energy. This ene/rgy can be explicitely computed and is small if p/q is a
convergent of a. Consequently the vector field is uniformly small on A, /,.
The approximation map will be related to &|a,,,, as it is done in [16].
It must be noticed that the arguments of this section are nothing but the
finite dimensional analogous of the arguments of [6]. The rest of the paper
is devoted to the proof of Proposition 4.1. If the vector field would have
been C*, one could have used the results of [15] and the following remark:
the set {0} U S/, is a maximal unlinked fixed point set of f9, which means
that there exists an isotopy from identity to f9 that fixes every point of
{0} U S,/4 and there is no larger subset of the fixed point set of f¢ that
satisfies this property. The vector field being Lipschitz, one must adapt
what is known in the C! case to this wider situation. In Section 5 we
recall the existence of a dominated structure by presenting a canonical
filtration on the product flow on F,; x E,, postponing the technical proofs
to the appendix. In Section 6 we explain how A, /, appears as an “invariant
manifold” of this dominated structure. We have tried to write the article

as self-contained as possible.

ANNALES DE L’INSTITUT FOURIER



BRAMHAM’S APPROXIMATION THEOREM 2173
2. Extension and decomposition of a pseudo-rotation

Let f be an orientation preserving homeomorphism of the Euclidean
plane. We will say that f is untwisted if the map

(z,y) = (p1(f(,9)),y)

is a homeomorphism, which means that there exist two continuous functions
g,g on R? such that

r=g(X,y),

f(x,y) = (XvY) g {Y _ g/(X7y).

In this case, the maps X — ¢(X,y) and y — ¢'(X,y) are orientation
preserving homeomorphisms of R. If moreover, f is area preserving, the
continuous form xdy + Y dX is exact: there exists a C! function h : R? — R

such that
oh , _ Oh

g= 6‘7y’ g = X’
The function h, defined up to an additive constant is a generating function

of f.

We will be interested in untwisted homeomorphisms satisfying some Lip-
schitz conditions. Let f be an orientation preserving homeomorphism of the
Euclidean plane and K > 1. We will say that f is a K Lipschitz untwisted
homeomorphism if

(i) f is untwisted;

(ii) f is K bi-Lipschitz;

(iii) the maps X — ¢(X,y) and y — ¢'(X,y) are K bi-Lipschitz;
(iv) the maps y — g(X,y) and X — ¢'(X,y) are K Lipschitz.
Let f be a C! diffeomorphism of R? and denote by

9X 90X

0, 0,
Jac(f) = ﬁ oY

ox Jy

its Jacobian matrix. One can verify that f is a K Lipschitz untwisted
homeomorphism if and only if the eigenvalues of the matrix Jac(f)!Jac(f)
lie between K ~2 and K? and if the following conditions are fulfilled

0X 0X
g2« -1g -1 <
K< B S K, K7 <det(Jac(f)) 5 S K
and
9X| 09X oY oX
oy | =~ oz’ |0x| " Oz’

TOME 66 (2016), FASCICULE 5
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In particular all these conditions are satisfied if Jac(f) is (uniformly) suf-
ficiently close to the identity matrix.

Until the end of Section 5 we suppose given a C'! pseudo-rotation of
rotation number @ that coincides with a rotation on S. We choose a real
representant o of @ and an irrational number 3 > « such that (o, 3)NZ = 0.
We extend our map to a homeomorphism f of the whole plane defined in
polar coordinates as follows:

@+ 2nr(a+r—1),r) ifrel,14+8—al,
f(0,r) = .
(0 +2n53,7r) ifr>1+p8-a.

We get a piecewise C! area preserving transformation that satisfies the
following properties:

— 0 is the unique fixed point of f;

— there is no periodic point of period q if (go, g8) N Z = 0;

— if (qa, qB) NZ # 0, the set of periodic points of period ¢ can be
written (J,<,/q<s Sp/q» Where Sp/q is the circle of center 0 and
radius 1 + p/q — a.

ProOPOSITION 2.1. — For every K > 1, one can find a decomposition
f = fmo---of1, where each f; is an area preserving K Lipschitz untwisted
homeomorphism that fixes 0 and induces a rotation on every circle of origin
0 and radius r > 1.

Proof. — Denote by f’ the plane homeomorphism defined in polar coor-
dinates as follows:

(0 + 2ma, 1) if r € 10,1],
f'0,r)=3 0+2n(a+r—1),r) ifrel,1+8-al,
(0 + 2783, T) ifr>14+8-a

One gets f' = (f’,)™, where

0+ 2ra/m/ 1) if r € [0,1],
Jo(0,7) =S 0+ 2m(a+1r —1)/m/,r) ifre[l,1+8—al,
0+ 2x8/m/,r) ifr>14+p8-a.

If m' is large enough, f/ , is an area preserving K Lipschitz untwisted
homeomorphism. Indeed it induces a diffeomorphism on each surface of
equation

r<l, 1<r<1+f—-a, 1+F—a<r

and the Jacobian at every point is uniformly close to the identity.

ANNALES DE L’INSTITUT FOURIER
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One can write f = f” o f’ where f” coincides with the identity outside D
and is an area preserving C! diffeomorphism, when restricted to ID. To get
the proposition one can use the path-connectedness of the group Diff!, (D)
of area preserving C! diffeomorphisms of D that fix 0 and every point of S,
when furnished with the C' topology™. Indeed, for every neighborhood
U of the identity in Diff!, (D), one can write f”|p = fll, oo f{" where
I € U. Choosing U sufficiently close to the identity and extending f/
by the identity map outside D, one gets a decomposition of f” into area
preserving K Lipschitz untwisted homeomorphisms. It remains to write
m =m’ +m"” and to define

fT/rL’ lflém/,
fi= " i m! <
iftm' <1< m. O

i—m/

Remark 2.2. — To each map f; is naturally associated an isotopy
(fi,t)tejo,2) starting from the identity: writing f;(z,y) = (X,Y), one sets

(1 =tz +tX,y) if t € [0,1]

One gets an isotopy (fi)icjo,2m] joining the identity to f and fixing the
origin by writing

ft = fl—‘—i,t—?iofio"'ofl lf t S [22,2@+2]
This isotopy can be lifted to the universal cover R x (0, +00) of R?\ {0} to
an isotopy from the identity to a certain lift f of f|g2\1o3. The real rotation

number (as explained in the introduction) defined by the restriction of f
to the universal cover D =R x (0,1) of D\ {0} is «.

Remark 2.3. — By choosing m/’ sufficiently large in the proof of Propo-
sition 1, one can suppose that for every ¢ € {1,...,m} and every r > 1, the
rotation that coincides with f; on the circle of origin 0 and radius r is a K
Lipschitz untwisted homeomorphism. This fact will be used in Section 5.

3. The generating family and the gradient flow

We fix K > 1 and a decomposition f = f,, o---o f; given by Proposi-
tion 2.1. We define two families (g;)1<i<m, (9])1<i<m of continuous maps

aving been unable to find a written proot of the path-connectedness of Di in
() Having b ble to find a wri f of the path d f Diffl (D) i
the litterature, we have written one in the appendix (Lemma 7.1)

TOME 66 (2016), FASCICULE 5
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as follows .
file,) = (X,¥) & {; I
- gi(X7 y)7
and a family (h;)1gi<m of C' maps, such that
Oh; ,  Oh;
Iy T ox

We extend the families
(filicicm, (9i)1<i<m, (9D)1<i<ms (ha)i<i<m,
to m periodic families
(fiiezs (9i)iez, (9:)iez, (hi)iez

We fix in this section an integer ¢ > 2 such that (qo,gB8) NZ # (. To
lighten the notations, unlike in the introduction we do not refer to g while
defining objects. We consider the finite dimensional vector space

E = {Z = (zi)iEZ S (RQ)Z ’ Zitmq = iy for all 7 € Z} s
furnished with the scalar product

<(Zl)1627 ZEZ Z l‘ll‘ + yzy“

0<i<mgq

where z; = (z;,y;) and 2z} = (x},y;). We denote by || || the associated
Euclidean norm and write

3 -
A(z,2) = int |}z 7|

for the distance of a point z to a set Z C E.
We define on E' a vector field £ = (&;);cz by writing

&i(2) = (vi — gi—1 (i, yim1)s @i — gi(Tiy1, i) -
Note that £ is invariant by the (¢ periodic) shift
p:E—=>E,
(2i)iez > (Zitm)iez.-
Indeed, ¢ being a linear map, one has
£(p(2) = (Yitm = Gim1 Titm, Yirm—1)s Titm = Gi(Titms1, Yitm)) jeq

= (yi+m - g;+m71($i+ma Yitm—1)s Titm — Jitm(Titm+1, yi+m))¢ez

= ¢(&(2))
= Dy(z) £(2).

In this section, we will state some easy facts about &.

ANNALES DE L’INSTITUT FOURIER
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LEMMA 3.1. — The vector field is A Lipschitz, where A = vV6K2 + 3.
Proof. — For every z = (2;)iez and z’ = (z});cz, one has
(i — gi—1 (@i, yi1)) — (Y5 — 951 (@, 4i 1))
< lyi = yil + Kl — 5] + Klyio1 — yi 4|
and
‘(xi — 9i(Tiv1,9:)) — (33; - 9i($2+17y2))|
< o — @] + Kl — 2340 | + Ky — yil-
By Cauchy—Schwarz inequality, one knows that
(a+b+c)? <3(a®+ 1% +c2),
which implies that
I€:(2) — &(2)|1* < 3(K> + 1) (Js — aif” + |yi — yil?)
+ 3K (|zipr — 2 [P+ i — ¥ia1?)
and that
1€(2) — £(2)]|* < (6K + 3)||z — 2'||°. O
One deduces that the associated differential system
i = Yi — gi—1 (i, Yim1),
Ui = i — 9i(Tit1, i),

defines a flow on E. We will denote by z! the image at time ¢ of a point
z € E by this flow, and more generally by Z* the image of a subset Z C E.

LEMMA 3.2. — For every (z,2z') € E? and every t € R, one has
e Mz —2/|| < ||2* — 2| < M|z —7/|

and

e Mle()] < llg2)] < e ()]l

Proof. — Let us begin with the first double inequality. For every (z,z’) €
E? and t > 0, one has

Iz — 2" < ||z — 2l + || (2" — 2") — (z — 2)|

t
—lz—2] + H | o) - eta)as

t
<||z—z'\|+A/ l2* — 2| ds
0

TOME 66 (2016), FASCICULE 5
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which implies by Gronwall’s Lemma that |z! — z'*|| < e?!||z — 2||. The
inequality on the right, for ¢ < 0 can be proven similarly and the inequality
on the left can be deduced immediately from the one on the right.
Writing this double inequality with z’ = z*, dividing by s and letting s
tend to 0 permits to obtain the second double inequality. O

For every i € Z, define the maps
Q; : E — R?,
z — (9i(Tiv1, i) Yi),
and
Q. E—R%
z— (zi, g1 (Ti,yi-1))-

By definition of g; and g}, one knows that

fillgi(@iza, yi),vi) = (@ir1, 9i(@iv1, vi),
which means that f; o Q;(z) = Qj,(z). Observe also that

& =Jo(Q; —Qi),

where J(z,y) = (—y, ). In particular z is a singularity of £ if and only if
Qi(z) = Q}(z) for every i € Z. One deduces that @; induces a bijection
between the set of singularities of £ and the set of fixed points of 7. Indeed,
if z is a singularity of £, we have f; o Q;(z) = Q;+1(2z) and consequently

f10Q1(2z) = fingo---0 f10Q1(2z) = Qmet+1(2) = Q1(2).

Conversely, suppose that f9(z) = z, and consider the sequence z = (z;);ez,
where 21 = z and 2;11 = fi(z;). It belongs to E because f(z) = z and is a
singularity of £ because g;(x;+1,¥:;) = ; and ¢}(T;41,¥:) = Yi+1. Moreover
we have Q1(z) = (g1(x2,y1),y1) = (21,y1) = 2. The set of singularities
consists of the constant sequence 0 = (0);cz, whose image by @1 is the
common fixed point 0 of all f;, and of finitely many smooth closed curves
(Xp)pe(qa,q8)nz; €ach curve ¥, being sent homeomorphically onto S/, by
Q1 (and in fact by each Q; or @%). Observe that £ is C! in a neighborhood of
0 and C* in a neighborhood of ¥, because each f; is a C* diffeomorphism
in a neighborhood of 0 and a C*° diffeomorphism in a neighborhood of S, .
Observe that ¢ is the gradient vector field of the function

h:z— Z Y — hi1 (24, Yiz1)

0<i<mgq

ANNALES DE L’INSTITUT FOURIER
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and that h is invariant by . The vector field £ being a gradient vector
field, one can define the energy of an orbit (z!);cr to be

—+o0
NICP T T t
| e = tim hiat) — im_ hia'),

LEMMA 3.3. — For every z € E, one has
+oo
2 012 g — . T t
Jeta)l? < 4 [ lleta)iPar = 4 ( tim nia) -~ 1 b))

Proof. — It is an immediate consequence of the inequality

e M@ < g
given by Lemma 3.2. g

LEMMA 3.4. — For every z € X, one has

2
hi) ~ 0(0) = 70— 0) (1+ (/g — o) + L1220

Proof. — Recall that @1 sends %, onto the circle S/, and denote by
D,;, C R? the disk bounded by S,/,. The quantity h(z) — h(0) is the
difference of action between the two corresponding fixed points of f9. It is
equal to the opposite of the area displaced by an arc joining 0 to Q1(z)
along an isotopy of R? that fixes 0 and Q;(z). In our case, it is independent
of z, the set ¥, being contained in the critical set of h, and its dynamical
meaning is the following: it is equal to the opposite of the rotation number
of the Lebesgue measure in the annulus D,,/, \ {0} defined by the map f¢
for the lift to the universal covering space that fixes all the points of the
boundary line. It is easy to compute. The rotation number of the Lebesgue
measure restricted to D\ {0} is equal to 7(qa — p), therefore:

1+p/q—a
h(z) — h(0) = 7n(p — qa) — /1 2rr((r+a—1)g—p)dr

(p/q—a)z)_ O

=l q0) (1+ (g — ) + 21

4. The main proposition and its consequences

In this section we will give a proof of Theorem 1.2. It will follow from
Proposition 4.1, whose proof is postponed to Section 6. The arguments are
very close to the ones given by Bramham in [6]: we replace pseudoholomor-
phic curves by orbits of the gradient flow but the spirit of the proof is the
same.

TOME 66 (2016), FASCICULE 5
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PROPOSITION 4.1. — The curve X, bounds a topological disk A, C E,

that satisfies the following:
(i) A, contains the constant sequence 0;

) A, is invariant by ¢;
) each projection z — (z;,y;—1), ¢ € Z, is one to one on A;
(iv) each projection z — (z;,y;), © € Z, is one to one on Ay;
) A, is invariant by the flow;

) for every z € Ay \ ({0} UX,), one has lim;_,_, z* = 0 and
limy—, o0 d(2",3,) = 0.

Let us explain now why this proposition implies Theorem 1.2.
Proof of Theorem 1.2. — Let us begin by writing
(p/a— )
3 .

The assertion (iii) tells us that the maps Q;|a, and Qj|a,, i € Z, induce
homeomorphisms from A, to D,,/,. One gets a family of homeomorphisms

(fi)iez of D, by writing:
fi= (Qi+1la,) © (Qila,) ™"

This family is m periodic because A, is invariant by ¢. Moreover f =

Clp.g) = 7(p — qa) (1 T (/a—a)+

fm o---0 fi is q periodic because

F=(Qm+la,) 0 @Q1la,) ™ = (Qila,) o (¢la,) © (Qu]a,) ™"

Observe now that

filp,,, = (Qiz1la,) o (QilAp) ™"
and that
fi— filp,,, = J o &ip10(QilAp) 7"
By Lemma 3.3 and Lemma 3.4, one deduces that

sup |fi(2) — fi(2)] < AY2C(p,q)V/2.

ZGDp/q
Observe also that ﬁ fixes 0 and coincides with f; on S, /,.

On the disk D one can write

p/q

~

f=1f="Ffmofmaoofi = fmofmao-oh
+ fmofm—lo"'o]?l - fmofm—lo"'o]?l

+ fmo-0faofi = fmo---ofr0fi.

ANNALES DE L’INSTITUT FOURIER
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By definition of K Lipschitz untwisted homeomorphisms, one gets

sup |f(2) = f(2)| S A+ K +---+ K™ AV2C(p, )"/

2€Dp/q

Let us consider now the homothety H of ratio 1 + p/¢ — « and set
f=H"'ofoH.On the disk D one can write

f—f:(H71ofoH—HflofoH)—&—(H*lofoH—foH)+(foH—f).
Using the fact that f is K™ Lipschitz, one gets

sup |f(2) = f(2)] < 1+ K+ -+ K™ 1 AY2Cp,q)" > +(1+K™) (/g — ).
zeD

We will get the same upper bound for sup,p |/~4(2) = f~'(2)|. One can
choose p and ¢, with p—qa arbitrarily small, which means that the quantity
on the right side itself can be chosen arbitrarily small. O

Remark 4.2. — Keeping the notation above, one gets

o~

Id— f7 = fmqofmq—lo"'o.}/c\l - fmofmq—lo"'ofl
+ fmqofmqflo"'ofl - fmqofmqflo"'oﬁ

o~

+ fmqo"'OfQOfl - fqu---OfQOfl,
which implies that

sup |z — f9(2)| < 1+ K +---+ K™ 1) AY2C(p,q)"/?,
ZEDp/q

and that

sup [z f1(2)] < (1+ K+ -+ K™ AV2C(p, q)" + (14 K™)(p/q— Q).
zeD

One gets a similar inequality for sup,¢p |2 — f~%(2)|. Extending in a similar
way our original diffeomorphism with the help of a negative polar twist map
will give us a similar inequality for couples (p,q) such that p/q < a. If «
satisfies the following super Liouville condition: for every u € (0, 1), there
exists two sequences of integers (gn )n>0 and (pp)n>0, with g, > 0, such that
|gne — pn| < p9, then there exists a sequence (7,,)n>0 such that (f™),>0
converges to the identity on D for the C° topology. One says that f is C°
rigid. This is a C' version, but with the additional assumption of being C!
conjugate to the rotation, of the following recent result of Bramham [7]:

THEOREM 4.3. — Every C° irrational pseudo rotation f of rotation
number @ is C° rigid if it satisfies the following super Liouville condition:
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for every p € (0,1), there exists a sequence of integers (¢, )n>0 such that
d(gn@,0) < pin.

5. Canonical dominated structure for the gradient flow

In this section, we will do a deeper study of the vector field £. The fact
that £ is a gradient flow has no importance here. What is crucial is the
fact that £ is tridiagonal and monotonically symmetric (we will explain
the meaning of this). We refer to [14] or [15] for detailed proofs. In what
follows, the function sign assigns +1 to a positive number and —1 to a
negative number.

Let us consider the set

V:{ZEE|xi7é0andyi7é0foralli€Z}

and the function L on V defined by the formula

Lo)= 1 Y sien(e) (sien(y) — sign(yi 1)),

0<i<mgq
1 . . .
=1 3 sign(y) (sien(e) - sign(risn)
0<i<mg
It extends continuously to the open set
W:{ZGE|$1:0éyi_1yi>0, yi:Oé:rixH_l >0}
Let us first explain the meaning of L. For every z € E, one can define a
loop v : [0, 2mgq] — R? by writing:
) (14 2i —t)a; + (t — 20)zi41,Y5) if t € [24,2¢ 4 1],
Vz\l) = . . . . .
(Xig1, 24+ 20 —t)y; + (t—2i — Vy;41) fte2i+1,20+2].
The fact that z belongs to W means that the image of this loop does not
meet 0. Write Oz, 0z~, Oy™, Oy~ for the half lines generated by the vectors

(1,0), (—1,0), (0,1), (0, —1) respectively. The formulas given above tell us
that

1 1
L(z) = 5(0:5Jr Ay, +027 Av,) = i(OyJr Ay + 0y~ A7),

where A means the algebraic intersection number. The integer L(z) is noth-
ing but the indice of the loop =, relative to 0. In particular, L is integer
valued and takes its values in {—[mq/2],...,[mq/2]}.

Let us state the fundamental result, whose proof is postponed to the
appendix:
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ProrosITION 5.1. — If z, z are two distinct points of E such that
7/ —z ¢ W, then there exists e > 0 such that z'* —z' € W if 0 < |t| < e.
Moreover, for every t € (0,¢], one has

Liz'—2)=L(z° —2°) > Lz " -z %)=Lz "' —z7").
For every p € {—[mgq/2],...,[mq/2]}, let us write
W, ={z e W|L(z) = p}
and define

Wih=Tnt | CL{ ([ JWy ||, Wy =TIt [ CL{ [J Wy ] |,
p'2p p'Sp
where Int and Cl mean the interior and the closure respectively. Similarly
write

W, ={(z2)c ExE |2 —zecW,},
Wi ={(z,2)e ExE |z —ze W]},
le:{(z,z’)EExE|z/—ZEW;}.

Proposition 5.1 gives us a canonical filtration on the product flow defined
on E x E\ diag, where diag = {(z,2') € E x E|z = z'}. Each set W, is
an attracting set of the product flow on E' x E'\ diag and each set W, a
repulsing set. More precisely, if (z,2") € CI(W,")\ diag, then (z°,2"*) € W,
for every t > 0; if (z,2") € CI(W, ) \ diag, then (z',2"") € W, for every
t < 0. Consequently, the boundary of W; and W, in E x E'\ diag are 1
codimensional topological submanifolds.

In particular, if z and z’ are two singularities, then z’ — z € W and
L(z' — z) is well defined. Let us explain the meaning of this integer. Re-
call that to each map f.(z,y) — (X,Y) is naturally associated an isotopy
(fi,t)tejo,2) starting from the identity defined as follows

Fro(my) = (1=t +tX,y) if t € [0, 1],
O X -ty - 1)Y) ifte1,2)

and an isotopy ( ft[Q])te[O,qu] joining the identity to f?, where

FlU = fiiegio fio-rofy if € [26,2i+2).

The integer L(z' — z) is equal to the linking number of the two corre-
sponding fixed points of f¢ for this natural isotopy naturally defined by
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the decomposition of f, in other words to the topological degree of the
map

@) - 1)
@) = 17 (@)
from the “circle” [0, 2mq]|o=2mq to the unit circle. In particular, if p/q €
(o, B), then (0,2z) € W, for every z € ¥, and (z,2’) € W, for every z and
z' in 3.
The reason why Proposition 5.1 is true due to the fact that the vector
field is tridiagonal and monotonically symmetric. Writing the coordinates
in the following order

s Yi—1Tis Yir Tit1s - - -

the corresponding coordinate of £ depends only on this coordinate and its
two neighbours. Moreover it depends monotonically on each of the neigh-
bouring coordinates and for two neighbouring coordinates, the “cross mono-
tonicities” are the same. In our example, &; depends only on x;, y;_1 and
s, is a decreasing function of y;_; and an increasing function of y; whereas
y; depends only on y;, x; and x;41, is an increasing function of x; and a
decreasing function of x;;1. To every tridiagonal and monotonically sym-
metric vector field is associated a natural function L satisfying Proposi-
tion 5.1. An important case is the linear case. Suppose that &, is a linear
tridiagonal and monotonically symmetric vector field on our space E. We
obtain a dominated splitting (that has been known for a long time, see [17]
for example): there exists a linear decomposition

E= &b E,
pe{—[ma/2),....[ma/2)}

in invariant subspaces where
E,N\{0} = {z € E|e"* (z) € W, forall t € R},

and the real parts of the eigenvalues of &, |g, , are larger than the real
parts of the eigenvalues of &,|g,, if p’ < p (here e*¢- means the exponential
of the linear map t£,). Moreover, the spaces

F - @ - @E
p'2p 'SP
satisfy
Ef\{0} ={z€ E | e (z) e W} forall t € R}
and
E;\{0}={z€ E| et (z) € W, forall t eR}.
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In the case of a tridiagonal and monotonically symmetric C! vector field,
with non zero cross derivatives, one gets such a decomposition of the tan-
gent space at every singularity, for the linearized flow. The proof of Propo-
sition 5.1, in the C! case is given in [14]. Starting with two distinct points
z and z' such that 2’ —z ¢ W, polynomial approximations obtained by
successive integrations permit to determine the sign of the coordinates of
z't — 7!, for small values of . A more precise study, replacing polynomial
approximations by explicit inequalities is given in [15, Lemma 2.5.1] and
permits to extend Proposition 5.1 to the compactification of E x E \ diag
obtained by blowing up the diagonal and then to get a similar result for
the linearized vector field on the tangent bundle. One proves in that way
the existence of a global dynamically coherent dominated splitting (the
definition is recalled in the next section). The proof of Proposition 5.1 that
uses [15, Lemma 2.5.1] extends word to word to our Lipschitz case. How-
ever, Proposition 5.2 stated below, needed in the next section, necessitates
an extension of this lemma to the case where vanishing conditions on the
coordinates of z’ — z, are replaced by smallness conditions. Its proof, post-
poned in the appendix, will be a direct consequence of Lemma 7.1, the
main result of the appendix.
Let us define

E'={zeE|i#i=zy=0 and ¢ #i—1=yy =0}
and

E'i:{z€E|i’7$i:>:ci/ =0 and @' #i= yy :0}.
Write 7' : E — E' and n’* : E — E'? for the orthogonal projections on E?
and E'* respectively, write 7'+ : E — E*t and 7't : E — E"** for the
orthogonal projections on E*+ and E'**.

PROPOSITION 5.2. — For every t > 0, there exists a constant Ny > 0
such that for every pair of points z, z' in E satisfying z'* — z° € W if
s € [—t,t], and for every i € Z, one has

7 — 2)]| < Ny (2" 2]

and
|7 (2" — z)|| < Ny ||7" (2’ — 2)|I.

6. Proof of Proposition 4.1

The goal of this section is to prove Proposition 4.1, We will begin with
a preliminary result (Proposition 6.1) that states the existence of a topo-
logical plane II,, containing 0 and X,, invariant by ¢, such that for every
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t € R and every ¢ € Z, the projections z +— (x;,y;—1), and z — (z;,y;) send
homeomorphically (I,)?, the image of II, by the flow at time ¢, onto RZ.
This last fact will be a consequence of the inclusion

((I,)" x (IL,)") \ diag C W),

The disk A, C II, bounded by ¥, satisfies the assertions (i) to (iv) of
Proposition 4.1. In the second part of the section, we will prove that it is
invariant by the flow (assertion v)) and that for every z € A, \ ({0} UX,),
one has lim;, o z" = 0 and lim;_, 1 d(z*,%,) = 0 (assertion (vi)).

As explained in the previous section, a tridiagonal and monotonically
symmetric C! vector field on F, with non zero cross derivatives, admits a
dominated splitting, which means a decomposition of the tangent bundle

TE = $H E,(2),
pe{~[ma/2],....Ima/2]}

invariant by the linearized flow, with relative expanding properties, and
this splitting is dynamically coherent, which means that every field

@ Ep(z),
POSPEP1

is integrable. This is a consequence of Proposition 5.1 stated in [15]. The
coherency is obtained via graph transformations. One can integrate the

fields
P E,(z), P E,(2),

PoSP PP1
and then take the intersection of the integral manifolds. In particular a
plane II,, tangent to the bundle E,(z) is characterized by the property

()" x (I,)") \ diag C W, for all t € R.
Here the vector field is no longer C', the decomposition
TE = T E,(z)
pE{—[mq/2],....[mq/2]}
does not exist but fortunately the graph transformation exists: there exist
topological manifolds I'} and I, satisfying
dim(T}) + dim(T', ) = mq + 2
and such that for every ¢t € R, one has

(O x (@0 \diag c W, ((T,)" x (T,)") \diag c W, .

P
In case where the vector field is C!, the manifolds I‘; and I'; are Cc!

and the fact that II, = F;‘ Nnr,isa C" plane follows almost immediately
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from the Implicit Function Theorem. In our situation, to prove that II, =
F; NI, is a plane, we will need a Lipschitz Implicit Function Theorem
which means that some Lipschitz conditions about the manifolds F;r, r,
and II, must be satisfied. This is the reason one needs Proposition 5.2.

PROPOSITION 6.1. — For every p € (g, ¢B)NZ, there exists a set IT, C
E, the image of a proper topological embedding of R2, such that:
(i) II, contains {0} U X,;
(ii) II, is invariant by ¢;
(iii) ((IL,)* x (II,)") \ diag C W, for every t € R.

Proof. — As explained in Remark 2.3 at the end of Section 2, the ro-
tation f.; that coincides with f; on the circle S/, is an area preserv-
ing K Lipschitz untwisted homeomorphism. One gets a decomposition
fe = fim o -+ 0 fi1 of the rotation of angle 2mp/q. To this decomposi-
tion is associated a linear vector field £, on E which is the gradient of a
quadratic form. Its kernel being homeomorphic to the fixed points set of
(f+)9, is a plane. Since ¢, coincides with £ on {0} U X, its kernel con-
tains this set: it is the plane generated by ¥,. Applying what has been
said in Section 5, one knows that there exists a linear (and orthogonal)
decomposition

E= b Ep,
p'€{=[mq/2],...,[mq/2]}

where

Ey\{0}={zcE| e’ (z) € W, forall t e R},
and that the spaces

= @ Ee 5= @5
"' 2p’ "' <p’

satisfy

EX\{0} ={ze E|e"*(z) e W) forall teR}
and

E \{0} ={ze E|e"*(z) e W), forall tcR}.
Observe that F, is the kernel of &, and that F,, E[‘f and £, are invariant
by ¢ because &, is invariant by . Write

W;:E—>E;r, T, E—=E;
for the orthogonal projections. Every vector “sufficiently close” to Ez‘f or

E, must belong to W;‘ or W, respectively. This implies that there exists
a constant M > 1 such that:

(z.2) €W, = |7, 1(2) — 7, 1 (2)]| < M7 (2) — 7, (2)]],
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and
(z,2') €W, = |m)31(2) — 7)1 ()| < M7, (2) — 7, (2)]].
Identifying the space E = Ef © E, | with the product Ef x E,,, we
write I'y C E for the graph of a function v : E; — E, ;. We define
G ={v:Ef - E_, |y xTy)\diag c W}
and
=+ - .
G, ={v:Ef - E, |y xTy)\diagc CIW,;)}.
Note that ?; is closed for the compact-open topology, note also that
every function in ?; is M Lipschitz, by definition of the constant M.

LEMMA 6.2. — The vector field £ induces a positive semi-flow (t, ) —
P on ?;r, such that Ty = (T'y)*. Moreover, one has " € GF for every
P € ?: and every t > 0.

Proof. — By Proposition 5.1, for every ¢ € a: and every t > 0, one has
((Ty)" x (Ty)") \ diag € CIW;).

Consequently (T'y,)" projects injectively into EZ‘,Ir . In fact it projects surjec-
tively. Indeed, the map

z— mp((z +(2))")

is more than an injective and continuous transformation of E; . One de-
duces from Lemma 3.2 that it is Me?? bi-Lipschitz. In particular it is a
homeomorphism of E; . This means that (I'y)" is the graph of a continuous
function ' € Q;r . The continuity of the map

(t,9) = Y,

when ?; is furnished with the compact-open topology, follows easily. The
fact that 1! belongs to g; for every t > 0 is an immediate consequence of
Proposition 5.1. 0

Similarly, one can identify E with the product £ x E; |1, write Fﬁ/ﬂ CckE
for the graph of a function ¢’ : B — E;_H and define

G, ={v':E; - Ef | ([} xT)\dagcW,}
and
G, ={v:E; = Ef |y xTy)\diag c CIW,)}.
We can define a negative semi-flow (¢,1’) — 't on ?Z: such that Fiw =
(T,)" and we have ¢'* € G for every ¢/ € G, and every ¢ < 0.
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Ifz € E, | denote by ¢, € G the constant map equal to z, and similarly
ifz € E;L 41 denote by vy, € G, the constant map equal to z'. The graphs
of these families of maps give us two transverse foliations. Let us study
the time evolution of these foliations. For every t > 0, every z € £, ; and
every z' € E,,, we define the set

Mg =y N1, .

LEMMA 6.3. — Let us fix ¢ € Z. The set 11, 5/ + is the graph of a map
0+ : E' — E'- and the graph of a map 0}, : E'* — E'**. Moreover, 0;,
and 9§’t are Ny Lipschitz, where N, is defined by Proposition 5.2.

Proof. — For every s € [—t,t], one has
(I, . 4)° C Fw;+s N F;z;’z‘,‘+s7
which implies that
((Hgp)® x (1550 4)°) \ diag C W;r AW, =W,.

Therefore I, 5 ; projects injectively on E* and E’*. We want to prove that
it projects surjectively. Fix z, € E* and look at the map

L
©: Bt B x Ef,

2 (1 (7 +2) ),y (2 +2)1)
Observe that

Ze + 2 €M (ata)—)mt,  (2atm)),t0

which implies that © is injective. Let us prove that it is MeA? bi-Lipschitz
it E, 4 % E;r 1 is furnished with the supremum norm. The fact that it is
et Lipschitz is an immediate consequence of Lemma 3.2. To prove that
the inverse is MeA* Lipschitz, one can note that for every z, z’ in E**, one
has (z* 4 z,2z* +2') € W because (z* + z') — (z* + z) has two vanishing
consecutive coordinates. So either

(z"+z,z"+7) € CiW,_1)

or

(z* +z,2" +2') € CW,,,).

One deduces that
(" +2)" (2" +2)7") e W,
or
(z* +2), (2" +2)") € W;+17
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which implies that
1 (2" +2) ") —m (2" +2) )| = M~ e |z — 2|

or
Iy (2 +2)7") =i (2" +2) )| > M~ te |z — 2.

We deduce from the fact that © is Me“? bi-Lipschitz that © is a homeo-
morphism, which implies that I, , ; is the graph of a function 6;; : E* —
E‘L. By Proposition 5.2, the fact that (Il ;) X (Il5 4 4)%) \ diag C W,
for every s € [—t,t], implies that this graph is N; Lipschitz. We can define
a similar map 6 , : E'* — E’"* and it will also be Ny Lipschitz. |

Let us finish the proof of Proposition 6.1. For every ¢ > 0, define

=Ty T, = (7)1 (7)™

Each graph I'y: and F;},t contains {0} U X, because this is the case for
[0}

E} and E, : one deduces that II,; contains {0} U X,,.

Each graph Lyt and F;ﬁEt is invariant by ¢ because this is the case for E;
and £, and because § is invariant by ¢: one deduces that II, ; is invariant
by .

For every t > 1 and every ¢ € Z , one may write II,; as the graph of a
function 6;; : E* — E'! and as the graph of a function 0, : E'* — E'it
and all these functions are N; Lipschitz.

Using Ascoli’s Theorem, one may find for every i € Z a map §; : E* —
Eit amap 0, : E'" — E'"t both N; Lipschitz for every ¢t > 0, and a
sequence (t,)n>0 satisfying lim,,_, ¢, = +oo, such that each sequence
(03¢, )n>0 converges to 0; and each sequence (0], )n>o converges to 6; for
the compact-open topology. The graphs of 6; and ¢} are equal and inde-
pendant of i. The topological plane II, obtained in that way is invariant
by ¢, contains {0} UT', and satisfies

((IL,)" x (IT})) \ diag € W,
for every t € R. O

Proof of Proposition 4.1. — Let II, be a plane given by Proposition 6.1.
The curve ¥, bounds a disk A, C II,,. This disk is invariant by ¢ because it
is the case for I, and X,, so the assertion (i) is satisfied. The assertions (iii)
and (iv) being true on II, are of course true on A,. The map @; sends
homeomorphically II, onto R? and satisfies Q1(0) = 0. Moreover its sends
¥, onto S, /4, which implies that it sends A, onto D,, /4. Consequently one
has 0 € A,, which means that (i) is true.
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Let us prove now that for every z € A, \ ({0} UX,), one has

lim z' =0, lim d(z",%,)=0.
t——o0 t——+oo

Observe that ¥, bounds the disk (A,)" C (II,)*, which is also sent homeo-
morphically onto D,,/, by each @; and Q. Consequently, the orbit of every
point z € A, \ ({0} UX,) is bounded. The flow of £ being a gradient flow,
the sets «(z) and w(z) are not empty, either reduced to 0 or included in
one of the curves of singularities. The only possible circle is ¥,, because
(0,2') € W, for every ¢t € R and (0,2") € W,, for every z’ € 3,/. Using the
fact that h(z’) > h(0) if 2’ € ¥, one deduces that (vi) is satisfied.

It remains to prove (v), which means that A, is invariant by the flow.
It is sufficient to prove that the disk A, is independent of the plane 1I,
given by Proposition 6.1. Indeed (II,)" also satisfies the properties stated
in Proposition 6.1, and ¥, bounds the disk (A,)" C (II,)". We will give
a proof by contradiction, supposing that 1I, and H;, are two planes given
by Proposition 6.1, such that ¥, bounds two distinct disks A, C II, and
AL C T,

Suppose that z € A, \ A}, The map @, induces homeomorphisms from
A, and A} onto D,/ so there exists 2 € A}, such that Q1(z") = Q1(z),
which implies that (z,2’) ¢ W. Therefore, one has (z,2') € CIW,,) or
(z,2') € CI(W,_,). In the first case, there exist p’ > p and 7' > 0 such that
(z',2'") € Wy for every t > T. In the second case, there exist p’ < p and
T < 0 such that (z*,2'") € W, for every t < T. Let us consider the second
case. The fact that lim;_, . z* = 0 and that (0,z") € W, implies that the
line generated by z' is approaching the space E,(0) when ¢ tends to —oo.
We have a similar result for z'*. The fact that (z'7%,2"***) € W, for every
s € (=00, —t+T) implies that the line generated by z‘ —z't is approaching
the space E,/(0) when t tends to —oo.

As we know that the eigenvalues of D¢(0)|g,, (o) are smaller than the
eigenvalues of D¢(0)|g, (o), we deduce that there exist C' > 0, ¢’ > 0 and
u > ' such that, for —¢ large enough, one has

2" < Cett, ||2"|| < Cer, |2 =2 = Clet™,
which is impossible.

Let us consider the first case. The fact that ¥, x 3, \ diag is included
in W, implies that 0 is an eigenvalue of D{(z")|g, (2 for every z” € X,.
Consequently, there exists a uniform upper bound g’ > 0 of the spectrum
of D&(2")|k,, (z)- The fact that w(z) and w(z') are included in ¥, and that
(z,2'") € W, for every ¢t > T implies that lim;, o ||z° — 2’| = 0. More-
over if ¢ is large, then for every s € (=T — t,+00) one has (z!*%,2/*%) €
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W,r. This implies that if ¢ is large and z'* is close to a point z” € ¥, then
it is also the case for z* and the line generated by z' —2z'* is close to E, (z").
Consequently, if ¢ is large, then

|2 — 2" > 2" - 2",
which is impossible. O

Remark 6.4. — The uniqueness property that has been stated in the
previous proof permits us to give a construction of A,. Let II, ; = (E;)t N

(Eg) " be the plane defined in the proof of Proposition 6.1 and A, ; C 1L, ;

the disk bounded by ¥;, then one has
Ap = lim Ap,ty

t—+oo
for each natural topology (induced by the Hausdorff distance, associated
to the C topology on maps 6; : E* — E'L or on maps ¢, : E'* — E'i1).
The uniqueness property, and consequently its invariance by the flow is a
consequence of the fact that {0} U S,/, is a maximal unlinked fixed point
set of f4. The fact that £ is a gradient flow was not essential in the proof,
nevertheless the proof is easier in this case (see [15, Proposition 5.2.1]).

7. Appendix

The goal of the appendix is to give a proof of Proposition 5.2. This
proposition will result from the technical Lemma 7.1. A particular case of
this lemma, that we will explain in detail, implies Proposition 5.1. The
proof of Lemma 7.1, in this particular case, is nothing but the proof of [15,
Lemma 2.5.1]. We will look at a wider situation than the one studied in
the present paper by looking at a general tridiagonal and monotonically
symmetric Lipschitz vector field.

We fix an integer r > 2 and consider the finite dimensional vector space

F = {X = (xi)iez S R” | Tityr = T4, for all i € Z} .
Unlike in Section 3, we furnish F' with the sup norm || || where ||x|| =
max;ez | ;|-
We consider on F' a tridiagonal and monotonically symmetric Lipschitz
vector field ¢ = ({;)iez. More precisely we suppose that
Gi(x) = Gi(wi1, i, Tit1),
where

— the map =z — (;(x;-1, 2, z;41) is K Lipschitz;
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— the maps = — (i(z, 2, zi41) and © — (a1, 2, x) are K bi-
Lipschitz homeomorphisms;

— if ¢ — (i(wi—1,x;, x) is increasing, then x — (ip1(x, 41, Tit2) IS
increasing and we set o; = 1;

— if x — (a1, 24, x) is decreasing, then x — (;p1(x, 41, Tip2) IS
decreasing and we set o; = —1.

Here again, we write x* for the image at time ¢ of a point x by the flow.

We will prove the following:

LEMMA 7.1. — For every integer | > 2 and every real number p € (0, 1],
there exists:

— a sequence of polynomials (Py)r>0 in R[X1, X2] depending on K,
I and p, such that Py(0, X2) = ax X5 with a, > 0 if k < [1/2] + 1;

— a sequence of polynomials (Qr)r>0 in R[X1, Xs] depending on K,
1, and pu, such that Q(0, X3) = by X5 with b, > 0;

— real numbers €g > 0 and ty > 0,

which verify the following:
For every ¢ € [0,¢¢] and for every x, X’ such that
|z — | > pllx — x|,
i1 — 24| <ellx — x|,
|zt — x;H
|Zigpie1 — Ty
the following inequalities are satisfied for every t € [—tg,to] \ {0}:
otk sign(t)* (efyy, — ') = Prle [t]) [Ix = x|,
|x§+k+1 - x/§+k+1| < Qe [t]) Ix = '],
|25k — 2 ikl <
Tty SO (@l — 2 a) = Pule, [t) x = X,
where
Ojyp = sign(x; — x)) 0y ... Oiqpp_1
and

/ : ’
Oitl+1—k = sign (2141 — $¢+l+1) Oitltl—k - Oitl-
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Moreover if | = 2m — 1 is odd and 0, _10iym—1 = 04, 10itm, then

Oy SIEN()™ (T, — 25 ) = 2P (e, [t]) [Ix = XY,
where
U§+m = U;+m710i+m*1 = U§+m+10i+m-

Proof. — By replacing the vector field £ with —&, one changes every o;
into —o;. Thus it is sufficient to prove the lemma for ¢ > 0. Let us begin
by defining two sequences (ar)r>0 and (bx)r>0 by the induction equations

aps1 = k7" (K ag — 2Kby) , brgr = 3Kk bg
and the initial conditions
ap = p/2, bo =19,

where 0 > 0 is chosen sufficiently small to ensure that aj is positive if
< [1/2] + 1. The number ¢ depends on K, [ and p. Suppose moreover
than 6 < p and write
] log(8/2)
&g = 57 to = 73[( .
Let us continue by defining two sequences of polynomials (Py)k>o0,
(Qr)k>0 in R[X7, X5] by the recursive equations

0 _
8X ——Pyp1 = K'Py — 2KQy,, Pry1(X1,0) = =X,
7Qk+1 =3KQr(X1,X2), Qr+1(X1,0) = X,
00X,

and the initial conditions
Py=p/2, Qo=0.
Observe that
Pi(0,X) = ar X5,  Qr(0, Xs) = b X5
Note also that Qg (z1,22) > 0if £ > 0 and z9 > 0.

We will prove by induction on k € {0,..., [I/2]} that for every ¢ € (0, to],
one has

Pi(e,t) [lx — x|
Pi(e, t) [lx = x|

Tii (T — in) >
U§+l+1—k($§+l+1—k - $I§+l+1—k) >
and

|25 — "5 < Qrle,t) [x — x|

J
fithk<j<it+l+1—k
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By hypothesis, the vector field is 3K Lipschitz. Using Gronwall’s Lemma,
like in Lemma 3.2, one deduces that

673Kt||xt _ X/tH < th _ x/t” < eBKt”x _ X/H.
Therefore, for every i € Z, one has
s — 2] < K |x — x|,

which implies
s — ] < 3K x - x|
and so
(2t — 2't) — (2 — 2})] < x — x|

By definition of g and ¢y one deduces that the induction hypothesis is
satisfied for k = 0.

Suppose that the induction hypothesis has been proven until k, where
k < [1/2] and let us prove it for k£ + 1. One has

Titht1 — jj;'-&-k-&-l
= Gkt 1 (Titks Tieht 1, Titht2) = ikt 1 (T ps Ti k15 Tiht2)
+ i1 (T Tiv kot 15 Tikr2) = Cirhrt (Tigg Thgpy1s Tiv k)
=+ Q+k+1($;+k, x;+k+1,xi+k+2) - Q+k+1(x;+k, x;+k+lax;+k+2)'

By definition of 04411, 0}, and by hypothesis, one deduces that
U§+k+1(¢§+k+1 - ilf’+k+1) 2 (K_lpk(gvt) - 2KQk(£vt)) [x —x'||.
Consequently, one has
‘7§+k+1(($§+k+1 - $/§+k+1) — (Titk+1 = Tiypin))
t
> (/ (K™ Py(e,u) — 2K Qg (s, u)) du) Ix — x|,
0
which implies that
/ t It
Tiprt1(Tiprgr — Tigne1)
t
> ([ KR 2K Que wdu— <) - x|
0
= Pepa(e,t)x x|
The same proof gives us

Ui+lfk($§+lfk - x/§+l7k) = Prya(e,t) [|x — X/||~
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Now, let us fix j € {k+2,...,l — k — 1}. One has
|5 — 25 < BKQu(e, t)]Ix — x'||

and so

af — )~ o=t < ([ 3K Qu(e ) ) x|

which implies

t
o ol < ([ 3KQue 0 dute ) Ix = = Quaslesllx — |
0

It remains to study the case where | = 2m—1isodd and o7, 0ifm—1 =

O} tmi10i+m- One has
/ -t It -1 !
O-i+m(xi+m - i+m) 2 (2K mel(gﬂt) - Kmel(‘at)) HX - X H

which implies

O—i-&-m (I§+m - x,§+m)

t
> </ 2K 1P 1(g,u) — KQu_1(e,u) du — 5> lx — x|

0

t
> </ 2K 1P, 1(e,u) — 4K Q1 (g, u) du — 25) lx —x'||
0

= 2P (e, t)x — | O

Let us explain why Proposition 5.1 can be deduced from Lemma 7.1 in
the case where € = 0. The function defined by the formula

L(x) = Z o; sign(z;) sign(z;y1)
o<igr

extends naturally to the open set
U= {X el | ;i =0=0;_10; Ti—1Tit1 < 0}
t

VR
in

Supposing ¢ = 0, Lemma 7.1 permits to determine the sign of every x§ -z
je{i,...,i+ 141}, |t| € (0,t0], with the exception of zf,  — a't

+m?
the case where j = 2m — 1 is odd and 0}, _10i4m—1 7# O} L1mi10itm- One
has

sign(af, ), — @'}, ;) = sign(t)* o},

) . k
sign(2fy 1 g — 21 k) = sign(t) ol g
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Recall that o}, , = oiyr-10j,p_; and 0j 1 1 ) = Citi1-kTi 1o g if
1 < k < [1/2], which implies that

sign(a} — 2't) sign(a}, | — a'%, ) = sign(t) 0, %0}, | = sign(t),
Gl i 2 - it )2+ 1t 1)

In the case where ¢ is positive, the value of

. t Ity o t It

g ojsign(z; — a'%) sign(z; —2'541)
1<y
is
I+ Cigm Of i Oiymer  if 1 =2m is even,

if | =2m — 1 is odd and

! /
Oitm—10i+m—1 = Oj4m10i+m;

if | =2m — 1 is odd and
/ /
Oitm—10itm—1 7 Oiymi1Titm-

I+1
-1

In the case where t is negative, it is

—l+ Citm Oy Oipmyr  if I =2m is even,
if ] =2m — 1 is odd and

O'z/'+m—10'i+WL—1 = ‘7£+m+1‘7i+m7
if ] =2m — 1 is odd and

Ottm1Titm—1 7 Oitmi1Titm-

—1-1

—1+1

The difference between the two values is a positive multiple of 4, except in
the case where [ = 1 and ojo; # 0}, 50441, which means that

osign(z; — a)) # oipsign(zipe — x5 ,5).

Consequently, if x, x” are two distinct points of F' such that x' —x & U,
there exists to > 0 such that x’* — x* € U if 0 < [t| < to. Moreover, for
t € (0,tp]) one has

E(x’t —x') = ,C(x/to —x") > AC(X/_t0 —x) = E(x/_t —xh .

The proof given above in the case where ¢ = 0 is nothing but the proof
of [15, Lemma 2.5.1]. It implies Proposition 5.1 when applied to the vector
field € because L = L/4.

Lemma 7.1 tells us more. For every | > 2 and u, there exists ty such
that for every ¢t € (0,%o], there exists € such that Py(e,t) > 0 for every
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k < [1/2] + 1. Indeed one has Py(0,t) = axt® > 0. Consequently, if x and
x’ satisfies

|z — 23] = pllx = x|
|Tip1 — i | <ellx =X
|wigr — g < ellx — x|

<
) ’ > ’
|Zitit1 — x¢+z+1| > pflx —x'||
one can determine the signs of z — a'%, j € {i,...,i + 1 + 1}, with the
exception of xf, — a't, . in the case where j = 2m — 1 is odd and
O ym-10i+m—1 7 Oitmy10i+m- Like in the case where € = 0, the value of

Z ojsign(zf — 2'%) sign(af, | —a'%, )
i<i<iH
is larger at time ¢ than at time —t except if | = 1 and oysign(x; — ) #
Oip18ign(zipe — ), ,).
As a consequence, if one defines, for ¢ > 0, the sets
Xo={(xx)eF?||s|<t=x"—-x" €U}

and
!

yt:{x—x

[[x —x']|

(x,x') € Xt},

one deduces that the closure of ), is included in U. This implies Proposi-
tion 5.2.

Let us conclude this appendix with the following result:

LEMMA 7.2. — The space Diff! (D) of area preserving C' diffeomor-
phisms of D that fix 0 and every point of S is path-connected when fur-
nished with the C' topology.

Proof. — Let us begin by proving that the space Diff} (D) of area pre-
serving C'! diffeomorphisms of D that fix every point of S is path-connected
when furnished with the C! topology. Let us consider the symplectic polar
system of coordinates (0, \) € T! x (0, +0oc) defined on on R?\ {0} by

(z,y) = (VAcos 276, vV A sin 276).

Every ® e Diff! (D) induces a C* area preserving diffeomorphism, defined
in a neighborhood of T! x {1} in T* x (0, 1] that fixes every point of T x {1}.
The image of a circle A = Xg is a graph A = () if Ag is close to 1. This
implies that ® is defined by a generating function in a neighborhood of
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BRAMHAM’S APPROXIMATION THEOREM 2199

T! x {1}: if one writes ®(6,\) = (©,A), one knows that (O, ) defines a
system of coordinates in a neighborhood of T! x {1} in T* x (0, 1] and that
(0 —O)d\ + (A — \)dO is a C! exact form. There exists a C? function S
defined on an annulus T! x [1 — 79, 1} such that

oS a8
0—0 = N A== 70
and such that
8275 > —1
000\ '
The circle A = 1 being invariant and contained in the fixed points set of @,
one has e o9
%(Ga 1] = ﬁ(@v 1)=0
which implies
0?S
—(6,1) =0.
000\ (©:1)=0

Let v : [0,4+00) — [0,1] be a C? function such that

V(t):{; ite[o,l/?,],
ift > 2/3.

For every n € (0,19 define

Sy (O,)) v (T) 5(0,\).
One has
028, _, 1-\\ 028 _ly, L—X\ 9s
000N n 000X 1 7 00’
S %8 1908
The f: hat —(0,1) = 1) = 0 implies that th ity ——
e fact that 89(6’ ) 868)\(@’ ) = 0 implies that t equantlty7786

tends to zero uniformly on the annulus of equation 1 —n < A < 1, when 75
tends to 0. As a consequence, if 7 is sufficiently small, one has

%8 51
000\
on T! x [1 — g, 1]. The equations
05, a5,
G—G—SW,A A—Siae)

define a family (®, ;) cjo,1) of area preserving C! diffeomorphisms on the
annulus of equation 1 — 7y < A < 1 that fix all points in a neighborhood of
the circle A = 1 — 1. Extending these maps by the identity on D, one gets
a continous arc in Diffi (D) that joins the identity to a diffeomorphism ®,, ;

TOME 66 (2016), FASCICULE 5



2200 Patrice LE CALVEZ

that coincides with @ in a neighborhood of S. One can write & = &' 0 ®, 4,
where @' coincides with the identity in a neighborhood of S. It remains to
prove that ® can be joined to the identity in Diff(D). A classical result of
Zehnder [18], whose proof uses generating functions, states that every C*
symplectic diffeomorphism on a compact symplectic manifold is the limit,
for the C! topology of a sequence of C* symplectic diffeomorphisms. If I/
is a neighborhood of the identity in Diffi (D), Zehnder’s proof permits us to
write ® = ®” o &', where ®” belongs to U and ®'” is an area preserving
C* diffeomorphism of D, both of them coinciding with the identity in
a neighborhood of S. If U is sufficiently small, ®” will be defined by a
generating function: there exist a real number 7; > 0 and a C? function h
defined on the disk X2 + 32 < 1 such that

x = 0h/0y(X,y)

"(z,y) = (X,Y) & {y = 0h/0X(X,y),

where
0%h

axay

and
MX,y) =Xy if 1-m <X*+y* <L
Writing hs(X,y) = sh(X,y) + (1 — s)Xy, for s € [0,1], the equations

. z = Ohs/0y(X,y)

2wy =XY) < {Y — Oh./OX(X,y).

define a continous arc in Diff!(ID) that joins the identity to ®”. The fact
that ®" can be joined to the identity comes from the following classical
result whose proof uses a similar result, due to Smale, in the non area
preserving case and the classical Moser’s Lemma on volume forms (see [2]
for example): the space of area preserving C*° diffeomorphisms of D, that
coincides with the identity on a neighborhood of S is path-connected when
furnished with the C*° topology.

Let us prove now that Diffl, (D) is path-connected. It is sufficient to
prove that for every compact set = in the interior of D), there exists a
continuous family (¥?),cz in Diff! (D) such that ¥#(z) = 0. Indeed, every
® ¢ Diffl, (D) can be joined to the identity by a path s — ®, in Diff} (D).
If = is chosen to contain the image of the path s — ®,(0), then the path
5+ W) 6 ®, joins ® to the identity in Diff!, (D).
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For every r € (0,1) one can find a C? function v, : [0,1] — R such that

1 iftelo,r],

v(t) =
®) 0 ift>1.

Denote by (U5)ser and (P5)ser the Hamiltonian flows (for the usual sym-

plectic form dz A dy) induced by the function

Hl : (‘T,y) = _yl/'r‘(xz +y2)1 Hl : (xvy) = :L.Vr(x2 +y2)

respectively, and for every z = (x,y) € R? set ¥* = ¥¥ o U§. Observe that

if 22 +y? < r, then U*(2) = 0. O
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