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ON THE MINIMAL NUMBER OF PERIODIC ORBITS
ON SOME HYPERSURFACES IN R?*?

by Jean GUTT & Jungsoo KANG (*)

ABSTRACT. — We study periodic orbits of the Reeb vector field on a nondegen-
erate dynamically convex starshaped hypersurface in R2” along the lines of Long
and Zhu [24], but using properties of the S'- equivariant symplectic homology. We
prove that there exist at least n distinct simple periodic orbits on any nondegen-
erate starshaped hypersurface in R2" satisfying the condition that the minimal
Conley—Zehnder index is at least n — 1. The condition is weaker than dynamical
convexity.

REsUuME. —  Nous étudions les orbites périodiques du champ de Reeb sur les
hypersurfaces non-dégénérées et dynamiquement convexes de R?™ en suivant les
travaux de Long et Zhu mais en utilisant ’homologie symplectique S!-équivariante.
Nous démontrons qu’il existe au moins n orbites simples de Reeb sur toute hyper-
surface étoili %e et non dégénérée de R2™ satisfaisant la condition que le plus petit
indice de Conley—Zehnder est au moins n — 1. Cette derniére condition est plus
faible que celle de convexité dynamique.

1. Introduction

We consider a starshaped hypersurface ¥ in R?” endowed with the stan-
dard contact form a which is the restriction of the 1-form A on R?™ defined
by

1 n

5 Z( Tdy! — y/dx?).

Jj=1

A:

The Reeb vector field R, associated to a contact form « is the unique
vector field on ¥ characterized by: ¢t(Ry)da = 0 and «(R,) = 1. Since this
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2486 Jean GUTT & Jungsoo KANG

vector field does not vanish anywhere, there are no fixed points of its flow,
and periodic orbits are the most noticeable objects of its flow.

The existence of a periodic orbit is known from Rabinowitz [25] and a
long-standing question is to know the (minimal) number of geometrically
distinct periodic orbits of (3, ). This question has been studied in depth
in the lowest dimensional case, in which the question is nontrivial, i.e. for
a hypersurface ¥ C R* in [8, 12, 13, 17, 18, 19, 21]. It turns out that, in
this case, (X, ) carries at least two simple periodic orbits and if there are
more than two simple periodic orbits, infinitely many of them are guaran-
teed generically. In higher dimensions, nearly all known multiplicity results
concern hypersurfaces in R?” which satisfy some geometric conditions and
appear in [2, 10, 11, 24, 32, 33].

This paper is based on the approach due to Long and Zhu [24]. They
prove a certain lower bound on the number of simple periodic orbits on a
strictly convex hypersurface. In particular, they show that this lower bound
equals n if the hypersurface is strictly convex and nondegenerate™) . In their
proof, strict convexity plays a role twice. First they use the fact that the
index of periodic orbits behaves very well under iteration in the strictly
convex case. We show here that this remains true under the more general
assumption of dynamical convexity. Recall that (X, «) is dynamically con-
vex if every periodic orbit has Conley—Zehnder index at least n + 1; this is
the case whenever X is strictly convex. Secondly, they use a result of [10]
to get information about the interval where the indices of periodic orbits
of (X, ) sit. For this they use the Clarke dual action functional, which
exists only when ¥ is strictly convex. By using the positive S'-equivariant
symplectic homology instead, we observe that the idea of [24] works under
a weaker assumption and proves a stronger statement. We now state the
results proven in this paper.

A simple periodic orbit is called even if the Conley—Zehnder indices of all
its iterates have the same parity; or, equivalently, if the linearized Poincaré
return map has a number of real negative eigenvalues which is a multiple

of 4.

THEOREM 1.1. — If a starshaped hypersurface (3, ) in R?" is nonde-
generate and dynamically convex, there are at least n even simple periodic
orbits. Moreover if there are precisely n simple periodic orbits, all periodic
orbits have different indices.

M A hypersurface is nondegenerate if all the periodic orbits are nondegenerate, i.e. 1 is
not an eigenvalue of the linearized Poincaré return map; see Section 2.1

ANNALES DE L’INSTITUT FOURIER



MINIMAL NUMBER OF PERIODIC ORBITS 2487

This Theorem is proved in Section 3 as Theorem 3.1, with the dynamical
convexity assumption slightly weakened.

A diffeomorphism f : (X, ) — (2, «) is called an (anti-)strict contacto-
morphism if f*a = « (if f*a = —«). Next corollary directly follows from
the fact that an (anti-)strict contactomorphism maps a periodic orbit v to
a periodic orbit 7/ = f o~ (respectively v/(t) = f(y(T —t))) with the same
period T and the same Conley—Zehnder index.

COROLLARY 1.2. — Suppose that a nondegenerate starshaped hyper-
surface (¥, a) in R?" is dynamically convex and possesses precisely n sim-
ple periodic orbits. If there is a (anti-)strict contactomorphism from (X, )
to itself, all periodic orbits are invariant under it.

An interesting class of (anti-) strict contactomorphisms arises when the
hypersurface ¥ is invariant under a symmetry of (R?" = C", \). For exam-
ple, let f:C™ — C", (21,...,2,) = (2072, ... €29™2) q1,...,qn €N
or (z1,...,2n) — (Z1,...,2,) and assume X is invariant under f, i.e.
f(X) = X. Then the corollary yields that if there are precisely n peri-
odic orbits, all of them are symmetric (i.e. invariant under the symmetry).
In low dimensional cases, this result is proved in [22, 30] for a particular
symmetry, but without the nondegeneracy assumption.

A nondegenerate contact form « is called perfect if the number of good
periodic nondegenerate orbits with Conley Zehnder index k is equal to the
dimension of the k-th positive S'-equivariant symplectic homology group.
The following corollary generalizes a result due to Giirel [14]. We note
from Theorem 1.1 that if (X, ) is dynamically convex and has precisely n
periodic orbits, it is perfect by degree reason (see Section 3).

COROLLARY 1.3. — Suppose that a nondegenerate contact form « on
a starshaped hypersurface ¥ in R?™ is perfect. Then there are precisely n
even simple periodic orbits.

This is proved as Corollary 3.3 in Section 3.

A natural question is whether dynamical convexity is necessary for multi-
plicity results. The following Theorem (proven as Theorem 3.4 in Section 3)
is our partial answer.

THEOREM 1.4. — Let (2, a) be a nondegenerate starshaped hypersur-
face in R?™ such that every periodic orbit has Conley—Zehnder index at
least n — 1. Then X possesses at least n simple periodic orbits.

We point out that every periodic geodesic flow of a Finsler n-sphere has
at least Conley—Zehnder index n — 1 under a certain pinching condition.

TOME 66 (2016), FASCICULE 6
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Under this pinching condition and nondegeneracy, Wang [31, Theorem 1.2]
proved a conjecture of Anosov on the number of periodic geodesics on
Finsler spheres. The proof of Theorem 1.4 can be used to give an alternative
rather short proof of this result. This will be discussed in a future paper.

It is easy to show that every nondegenerate starshaped hypersurface
in R?" has two periodic orbits, see for example [14, 20]. The following
statement shows that if two periodic orbits on (X, «) do not satisfy a certain
action-index resonance relation, there has to be a third one. This can be
thought of as a generalisation of a theorem due to Ekeland and Hofer [10,
Corollary 1] (or see [9, Corollary V.3.17]).

PROPOSITION 1.5. — Let (3, ) be a nondegenerate starshaped hyper-
surface in R?", for n odd, with two simple periodic orbits v and §. Then &
carries another simple periodic orbit unless

A) _ AW)
ficz(y)  Hez(9)

where [icz and A stand for the mean Conley—Zehnder index and the action
respectively.

(1.1)

The rest of the paper is divided into three sections. Section 2.1 is de-
voted to Long’s index iteration formula and gives a proof of our slight
generalisation of the common index jump Theorem due to Long and Zhu.
In Section 2.2, we recall the properties of positive S'-equivariant symplec-
tic homology that we need. Section 3 contains the proofs of Theorem 1.1,
Corollary 1.3, and Theorem 1.4. Section 4 is entirely devoted to the proof
of Proposition 1.5.

Acknowledgements
JG thanks Peter Albers for his kind and fruitful hospitality in Miinster
and acknowledges support from the BAEF. JK is supported by DFG grant
KA 4010/1-1.
2. The main tools
2.1. Index iterations

The Conley—Zehnder index associates an integer to any continuous path
1 defined on the interval [0,1] with values in the group Sp(R?"~2) of

ANNALES DE L’INSTITUT FOURIER
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2(n —1) x 2(n — 1) symplectic matrices, starting from the identity and
ending at a matrix which does not admit 1 as an eigenvalue. This index
is used, for instance, in the definition of the grading of Floer homology
theories. If the path ¢ were a loop with values in the unitary group, one
could define an integer by looking at the degree of the loop in the circle
defined by the (complex) determinant -or an integer power of it. One uses
a continuous map p from the symplectic group Sp(R?"~2) into S* and an
“admissible” extension of 1 to a path 1; :[0,2] — Sp(R?"~2) in such a way
that p? o{/; :[0,2] — S! is a loop. The Conley—Zehnder index of 1 is defined
as the degree of this loop

picz () = deg(p® 0 1)).

Let ¢! denotes the flow of the Reeb vector field R, on a starshaped hy-
persurface ¥ in R?" endowed with the standard contact form «. The
linearized flow T'¢! respects the splitting TS = RR, ® kera, we have
T ¢! |ker o : ker a — ker . Throughout the paper we assume that all the pe-
riodic orbits (including all iterates) are nondegenerate; this means that 1 is
not an eigenvalue of the linearized Poincaré return map T'é7 |ier o (7(0)) of
a periodic orbit v : [0,T] — (X, «) with v(0) = y(T') and 4(t) = Ra(7(1)).
The Conley—Zehnder index of a periodic orbit v is defined by

pcz(y) = pez(y)

where 1, (t) € Sp(R?"~2), t € [0,1] is the linearized flow Tt |xer o (7(0))
expressed in a symplectic trivialization of ker @ along v extendable over
a capping disk of «. For a complete presentation of the Conley—Zehnder
index we refer to [1, 7, 15, 23, 26, 27]. The mean Conley—Zehnder index of
a periodic orbit v is defined to be

k
lim Hoz\v) ") .

o k—o0 k

fcz(y)

To begin with, we recall Long’s index iteration formula in the nondegen-
erate case, and immediate consequences of this formula which are used in
the proofs of our results; the proof of this theorem can be found in [23,
Section 8.3] or in [20, Theorem 3.2].

THEOREM 2.1 ([23]). — Given a nondegenerate periodic orbit v, so that
all its iterates are nondegenerate, there exist an integer p € 7, an integer
q € [0,n — 1] and q irrational numbers 0; in [0,1], such that, for any
positive integer { € N, the Conley—Zehnder index of the ¢-th iterate of «y is

TOME 66 (2016), FASCICULE 6
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given by

(2.1) pez (') = tp+2 Z 140;] +q

j=1
where || denotes the largest integer which is lower or equal to r, and
where q can be n — 1 only when p is even. In particular,

q
(2.2) nez(v) =p+a. fiez(y) =p+2 05,
j=1
and
(2.3) |nez(v') = Llicz(y)] <n —1.

Moreover if pcz(y) = n — 1+ ¢ for some ¢ € NU {0}, then p > ¢ and
pez(YY) = pez(vY) + e. The Conley—Zehnder indices of all even (resp.
odd) iterates of a periodic orbit have the same parity.

An alternative way to see (2.3) is presented in [27, Lemma 3.4].

The following theorem, called the common index jump theorem due to
Long and Zhu [24, Theorem 4.3], is a key tool of the paper. We include
a proof of the theorem stated below, because their idea in fact proves a
slightly generalised statement which will be used later in the paper. In the
original proof, they used Bott’s iteration formula and included the degen-
erate case; here we treat the nondegenerate case which is simple enough
for a proof only using Long’s iteration formula.

THEOREM 2.2 ([24]). — Let 71,...,7y: be simple periodic orbits on a
given contact manifold of dimension 2n — 1. Assume that all the iterates of
the periodic orbits are nondegenerate and that all the mean indices of the
periodic orbits are positive; ficz(v;) > 0 for all i € [0,k]. Then, for any
given M € N, there exist infinitely many N € N and (my,...,my) € N¥
such that for any m € {1,..., M}

2m; — 2mi+m

pez (7™ ™) = 2N = pez (") and poz (v ) = 2N + pcz (")
and
2N — (n—1) < pcz(2™) < 2N + (n —1).

k
Proof. — Let v be the vector in RF22i-1% defined by

. ( 1 1
v ficz(v)” " ez ()’
91,1 ol,ql 92,1 ek,,qk >
ficz(m) hcz(n) Hez(ve) T Hez(w) )

ANNALES DE L’INSTITUT FOURIER
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where pcz(vY) = fp; + 2 3;1L€917jJ + ¢;. Consider the closure of the
k k
projection on the torus TH i = R @ [gk+>2._ @ of the set

{k'v}rren; it is a closed subgroup of the torus T}HZL % Hence any neigh-
bourhood of the neutral element of the torus contains the image of an in-
finite number of elements of the set {k’v}ycn. Hence, if we denote by [a]
the non integer part of a, [a] := a — |a], for any given € > 0, there exist
infinitely many N € N such that all

—— and [——— | arein [O,e[orin |1 —€,1].
[Mcz(%) ticz(7:) [0:el | [

With N as above, if [
Then

| .
] isin [0, €[ define m; : ch(%)J andn; =1

2mifi;] = Hﬁci\f(%)J 292‘4 = [;(Z;\z[?;j) - {ﬁci\%@)}wi’j}

liesin[0,4e[U}1—4e,1[.If[AZ\E ]isin]l—gl[,deﬁnemi::—P—N J

wez (i) rez (i)
and 1; = —1 . Then

e =gt - [ [l

liesin [0,4e[ U ]1—4e,1[. Observe that [A
pez(vi

oz (vi)

} isin [0, ¢[. Hence, with

our definitions, we always have

20 [ ] (0l mimn| 2],

ficz (i) ticz (i)
and [2m;0; ;] € [0,4e[ U]1 —4e,1].

For each ¢ € {1,...,m}, we denote by &; the set

51' = {] S {1, .. -7%’} | [Zmzﬂi,j] (S [0,46[}
and by &Ff its complementary (F :={1,...,¢;} \ &).
Given a positive integer M we pick the e such that
de < mm{@u s 297;,3'] Sy [MGM] ;1 — Qi)j s [1 — 29%” yeeey
[ = M6, ;)]

Vi g}

For any N corresponding as above to this € and with the corresponding

1
’ 6g:” ucz(v

m;, we have,

[2mi9i,j] <4e Vje€ E and 1-— [szew] <4de Vj e gf

TOME 66 (2016), FASCICULE 6
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Thus we have [277%91'7]'] — 0,’73' < 4e — 91'7]' < 0 and [Qmﬁw] + 91'7]' < 1 for
allj S Si, and [szQZJ] — 91'73‘ >1—4e — 0@73‘ > 0 and [2m10w] + Gi,j >
1—4e+06;; >1forall j €&, so that

ot = -t
[2mi0; 5] = [(2m; — 1)0; ;] + 0;

2m;0; ;] = [(2m; —1)0; ;] + 1 and )

[2m; JJ L(2m )0ij} +1 an for j € &;,
2m2 ’LJ = 2m’b_ 1)91” +91J

[2m;6; ;] = [(2m; +1)0; ;| and for j € &,
27)’L2 91 ] = [le z]} + 02]

2m; =[(2m; +1 — 1 and .

Lm JJ (2 +1)8:5] o for j € &F.
[(2m; + z,]] [2m; w} +0i;—

Equation (2.2) reads ficz(vi) = pi + 2Zj":1 ; ; and yields:

qi qi
2m;p; + 2 Zt2m191,jj = 2miﬂcz(’}/i) +2 Z(L?ﬁlzonJ — 27711'91'73')

j=1 j=1
ni N J
=1 | ——— |21 -2 E 2m1
i \JU/CZ (’Yz) .UCZ ’Yz 7 j
N
=2N — s |:A :|2,LLCZ 71 -2 E 2mz 1
:U/CZ(’YZ) j

with our choices of €, N m;’s and 7;’s, using (2.4) and the fact that the
iicz(v:)’s are positive, we have

qi
2mipi +2)[2mib;;] — 2N + 247
i=1

22(1— 2m;0; ; )—1—22( 2m;0; ; ) [AmN ]Qﬁcz(%)

jeee et poz(vi)

< SeHES + 8e#E; + 2eficz (Vi) = 8¢'e + 2ficz(vi)e < 1.

Since the difference of two integers is still an integer, this in turn implies

qi
(2.6) 2mp; +2) [2mib; ;] = 2N — 24E;.
j=1

Equation (2.1) gives pucz(v;™) = 2m;p; + 2 1 [2mi0; ;] + gi; hence
poz(1™) = 2N = 24E7 + i € [2N = (n = 1), 2N + (n = 1)]

ANNALES DE L’INSTITUT FOURIER
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and this proves the last part of the statement. We now compute

poz (7™ ED) ) using equation (2.1) and relations (2.5) and (2.6):

qi
poz (7™ ) = 2mupi — pi + 2 ZL(2mi —1)0;;] +a
j=1

—2N+22( (2m; —1)6; ;] — [2m; ”J)—pi-f—qi—Q#Ef

:2N+2Z (—1) —pi+q; — 2#E =2N —p; — q;
JEE:

= 2N — pcz(vi)

and

qi
poz (V) = 2maps +pi+2)[(2ms + 10 5] + 4
j=1

—2N+22( 2mi + 1)0i5] = [2mili]) + i + 4 — 24E¢

=2N+2 > 1+p; +qi — 2#E = 2N + poz ().
JEES

More generally,for any positive integer 1 < m < M, we have

qi
pez (V™) = 2mapi + mpi +2 ) [(2ms +m)bi 5| + g
j=1

—2N+22( (2m;+m)b; ;] — L2mi9i7jj)+mpi+qi—2#gf

Jj=1
qi

= 2N—|—mpi—|—22<|_[(2mi + 1)0i,j] + (m— 1)0i,jJ>+Qi

ai
= 2N+mpi+2ZLm9i,jJ +¢; =2N + pcz (V")
j=1
In the fourth equality we used the identity
la+0b] = |a] + |[a] +b], Va,b€R hence |a+b| — |a] =|[a] +b]

for a = (2m; +1)6; ; and b = (m —1)6, ;. For the last equality we compute
that if j € &,

H(2mi + 1)9i,j] + (m — 1)0i,jJ = L[Qmiei,j] + m@i,jJ = Lm@i’jj

TOME 66 (2016), FASCICULE 6
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using (2.5) and the fact that [m0; ;]+[2m;0; ;] < [mb; j]+4e < 1. If j € &F,
H(?ml + 1)910‘} + (m — 1)9,"“ = LmOi,j -1+ [2m19w]J = Lm@i’jj

using again (2.5) and the fact that 1 — [2m;6; ;] < 4e < 1 — [mb; ;]. The
2mi=my s analogous. O

i

computation for pcz(y,

2.2. Positive S'-equivariant symplectic homology

Symplectic homology is defined for a compact symplectic manifold with
nondegenerate contact type boundary. Very roughly, it is the semi-infinite
dimensional Morse homology for the symplectic action functional defined
on the contractible component of the free loop space of such symplectic
manifolds. In our situation, a nondegenerate starshaped hypersurface X
in R?” is a contact type boundary of the compact region bounded by .
The version of homology which we will use is the so called positive S'-
equivariant symplectic homology for (3, o) C R?" with rational coefficients,
denoted by SHfl’Jr(E,RQ”;Q). The Sl-action we are referring to is the
reparametrization action on the free loop space and by positive we mean
that only periodic orbits of the Reeb vector field are taken into account.
Rather than giving a precise definition we recall some important properties
of it. For details we refer the reader to [4, 5, 6, 16, 28, 29]. We can think
that the chain complex for SH 5 1’+(E7 R?"; Q) is built over unparametrized
periodic orbits of (X, ) with grading given by the Conley—Zehnder index,
in light of [5], see also [16, 20]. The differential is counting gradient flow
trajectories of the action functional between periodic orbits modulo the
Sl-action, which solve a certain elliptic PDE. Moreover bad periodic orbits
do not contribute to this homology. Recall that a periodic orbit v is called
good if the parity of its Conley—Zehnder index is the same as that of the
underlying simple orbit and is called bad otherwise.

More precisely, for any large real number K, there exists an integer
N, such that the S'-equivariant symplectic homology SHY 1’+(Z, R2";Q),
truncated at level K for the action, and up to degree N, is the limit of
homologies which can be computed via a spectral sequence for which the
complex of the first page up to degree N is spanned by the good periodic
orbits on the boundary 9% of period at most K, graded by their Conley—
Zchnder index, and with a differential 0, so that the action A(y) := f7 a
of a periodic orbit decreases along 0 (see [16]).

The following computation is by now well known.

ANNALES DE L’INSTITUT FOURIER
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THEOREM 2.3. — Let ¥ be a nondegenerate starshaped hypersurface in
R?". Then we have
SH517+(2’R271;Q) ~ Q if * 6n—1+2N>1

0 otherwise.

It implies in particular that for each non negative integer m there exists
at least one good periodic orbit of Conley—Zehnder index n + 1 + 2m. It
also implies that if there exists a good periodic orbit with Conley—Zehnder
index equal to n 4+ 2m, then there must exist at least 1 extra good periodic
orbit of order n 4+ 2m + 1 or n + 2m — 1. Remark that the hypersurface
is perfect if and only if for each integer m > 0 there is exactly one good
periodic orbit with Conley Zehnder index n+ 14 2m and there are no good
periodic orbit of any other Conley Zehnder index.

3. Multiplicity of periodic orbits

We denote by P11 the set of periodic orbits on (X, «) whose Conley—
Zehnder indices are congruent to n 4+ 1 modulo 2.

THEOREM 3.1. — Let (¥, ) be a nondegenerate starshaped hypersur-
face in R?"™. Suppose that every simple periodic orbit in P, has Conley—
Zehnder index at least n+1. Then (3, a) possesses at least n simple periodic
orbits, all iterations of which are in Py 1.

Proof. — Knowing the positive S!-equivariant symplectic homology from
Theorem 2.3, which has generators in all degrees which are congruent to
n + 1 modulo 2, no iterate of a simple periodic orbit not in P, can gen-
erate a nonzero homology class since if some iterate of this is in P41, it is
a bad periodic orbit. We can assume without loss of generality that there
are only a finite number of simple periodic orbits in P11, say v1,...,Vk-
Periodic orbits with Conley—Zehnder indices at least n + 1 have positive
mean indices (cf. equation (2.3)) and thus by Theorem 2.2, with M = 1,
there exists an interval

]2N = (n+1),2N + (n+1)]

for some N € N, in which the Conley—Zehnder index of precisely one iterate
of each of those orbits sits. Indeed, we have, with the notations of that
theorem,

Mcz(%zml Y = 2N — pcz (i)

ON — (n+1),
poz (V) = 2N 4 pez (i) = 2

<
> 2N+ (n+1)

TOME 66 (2016), FASCICULE 6
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and, by Long’s iteration formula (Theorem 2.1) picz (vF) < pcz (vFH!) for

all £ € N. In view of Theorem 2.3 again, there must be generators in the

n degrees which correspond to the Conley—Zehnder indices in the interval

(i.e. indices 2N — (n—1),2N —(n—3),...,2N +(n—3),2N +n —1). Since
2my 2my,

they can only correspond to «;™*',...,v; *, all of them have to be good
and k > n. O

This together with the following corollary prove Theorem 1.1.

COROLLARY 3.2. — If a nondegenerate dynamically convex starshaped
hypersurface (3, ) in R?" possesses precisely n simple periodic orbits, then
all periodic orbits are in P,+1 and all Conley—Zehnder indices of periodic
orbits are different.

Proof. — The first assertion directly follows from the theorem. If two
periodic orbits have the same index n — 1 + 2k with k£ € N, there would
exist a good periodic orbit with index n+2k or n+2(k+1) by Theorem 2.3
and this is not in Py 41. |

COROLLARY 3.3. — Suppose that a nondegenerate contact form « on
a starshaped hypersurface ¥ in R?" is perfect. Then there are precisely n
even simple periodic orbits.

Proof. — From Theorem 3.1, we know that there are at least n even sim-
ple periodic orbits since perfectness implies dynamical convexity. Indeed if
there is a periodic orbit whose Conley—Zehnder index is less than n+1, per-
fectness is violated since SHfif (3, R?"; Q) is the first nonzero homology
group, see Theorem 2.3. Now we show that there are at most n even simple
periodic orbits, see also [14, Corollary 1.6]. Assume by contradiction that
there are more than n even simple periodic orbits. We choose n + 1 even
simple periodic orbits and then apply Theorem 2.2. Then there are n + 1
good periodic orbits with index sitting in [2N — (n — 1), 2N + (n — 1) ].
By Theorem 2.3, this contradicts the perfectness assumption. O

This proves Corollary 1.3. Next we provide a proof of Theorem 1.4.

THEOREM 3.4. — Let (X, a) be a nondegenerate starshaped hypersur-
face in R?" such that all periodic orbits have Conley-Zehnder index at least
n — 1. Then (3, ) possesses at least n simple periodic orbits.

Proof. — We study the complex built with the good periodic orbits and
see its compatibility with the positive S!-equivariant symplectic homology
computation in Theorem 2.3. Due to Theorem 3.1, we may assume that
there is a periodic orbit I' whose Conley—Zehnder index is n — 1. Using
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the same argument as in Theorem 3.1, we know that there exist at least
n — 2 geometrically distinct simple periodic orbits ~1,...,vy,—2 for which
all iterates are in P,11: we assume that the only simple periodic orbits in
Pn+1 are y1,...,7g. Since periodic orbits with Conley—Zehnder indices at
least n — 1 have positive mean indices (cf. equation (2.3)), by Theorem 2.2,
with M = 1, there exists an interval

]2N —=n+1,2N+n—1]

for some N € N, in which the Conley—Zehnder index of precisely one iterate
of each of those orbits sits. Indeed, we have, with the notations of that
theorem,

2N —n+1,
2N +n—1

pez (V) = 2N — ez ()
pez (V) = 2N + pez (i)

A\VARV/AN

and, by Long’s iteration formula (Theorem 2.1) pcz(vF) < pez(vFH)

for all £ € N. In view of Theorem 2.3 again, there must be generators in
the n — 2 degrees which correspond to the Conley—Zehnder indices in the
interval (i.e. indices 2N —n+3,2N —n+5,...,2N +n —5,2N +n — 3).
They can only correspond to v, ... ,7,37”’“, all of them have to be good
sok>n-—2.

We also know that SHfif = 0; since we have a generator I' in the
chain complex in that degree, there must exist a good periodic orbit §
of index n. Observe that § cannot be an iterate of I' or any of the ~;’s
because of the parity of its index (it would be a bad orbit). This shows
that either we already have n simple periodic orbits and there is nothing
more to prove, or I' is one of the orbits 7;’s, say I' = ;. We assume by
contradiction that ~i,...,v,—2,0 are the only simple periodic orbits. We
can also assume that ~y; is the only periodic orbit of Conley—Zehnder index
n—1. Indeed another periodic orbit of index n—1 would imply the existence
of a second orbit & of index n; it would be geometrically distinct from §
since pcz (6™ ) > pcz(6™) + 1 and we would have shown the existence of
n simple periodic orbits.

Thus we can assume that pcz(v3) = n+ 1 and pcz(vi) = n+ 1 for all
1 €{2,...,n—2}. Hence by Theorem 2.1,

pez(6°) > pez(6),  pez(vi) > pez(vi)

for all i € {2,...,n — 2} and for all integers s > 2. Since all vy1,...,7,—2,0
have positive mean Conley—Zehnder indices, we can apply Theorem 2.2.
Let (N,my,...,mp_2,ms) € N be given by Theorem 2.2 for M = 2. We
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have, for all integers s > 2 and for all i € {2,...,n — 2}:

2mi—s 2mq—2

pez (71 ) < pez(n ) =2N — picz(77) <2N —n—1

< pea(Z™T) = 2N —n+ 1

and 2N +n—1=pucz(™ ) < poz(™ ) < pez (™).

2m;—s 2m;—1

pez(v; ) < pez(; )<2N —n—1
and 2N +n+1 < pez(77™ ) < poz (7).

/JCZ((SQM(S_S) < MCZ(éZm(;—l) =9N —n
and 2N +n = pucz (8™ < pag (62 TE).

Hence the only periodic orbits whose Conley—Zehnder indices lie in [2N —n,
2N +n] are 6>~ with index 2N —n, 4i™ ~! with index 2N —n+1, the
n—1 orbits ’yfmi, 1 <i< n—1, whose indices are in |]2N—n+1,2N+n—1[N
{n+1+ 2N}, 627 +1 with index 2N + n, ¥ with index 2N +n — 1,
and ™ with index in [2N — (n — 1),2N + (n — 1)]. We distinguish two
cases, whether 2™ is good or bad.

Case 1. — The even iterates of § are good. Then the index of §2™ sits in
[2N—n+2,2N +n—2] and the orbit generates a 1-dimensional piece in the
complex and also in the homology since 7™ =1 2™ .fyfffg’z"yfmlﬂ
have to generate all homology classes of SH S'+ with degrees in [2N —
n+1,2N +n — 1] and therefore §2™ is a cycle and not a boundary. This

contradicts the computation of SH?S N given in Theorem 2.3.

Case 2. — The even iterates of § are bad. We claim that pcz(63) > n+3.
Indeed by Theorem 2.1, pucz(6%) = n+2 and pucz(6°) # n+2 since otherwise
ucz(6) = p+ g with p =1 and ¢ = n — 1 which contradicts the fact that
p must be even if ¢ = n — 1 (cf. Theorem 2.1). This implies in particular
that there are no periodic orbits of index n + 2, therefore there is only one
periodic orbit of index n + 1. By Theorem 2.2, we know that

#{ucy2N +n+1)} =1 and #{ucz;CN+n—-1)} =1
and they generate the nonzero homology classes of SH?* "+ in each degree.
But 62"t is a good orbit of index 2N + n, thus generates a homology

class which is a contradiction with the computation of SH S+ given in
Theorem 2.3. ]
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4. Third periodic orbit

This section is devoted to the proof of Proposition 1.5. Let (2, a) be
a nondegenerate starshaped hypersurface in R?". In the case n = 2, if
there are precisely two periodic orbits, it is known that there is the action-
index resonance relation between them, i.e. (1.1) holds, see [3, 14]. Now
we consider the cases when n > 3. From Theorem 2.3, we need at least
one simple periodic orbit v € P,, 1 to generate non-zero homology classes.
Theorem 1.4 shows that there are at least n simple periodic orbits if all
their Conley Zehnder indices are at least n — 1, so we may assume that
ucez(y) €< n — 3. Theorem 2.3 says that the cohomoly vanishes in any
degree < nm — 3, so we know that there is another simple periodic orbit §
such that §° is good with ucz(0%) € {ucz(y) — 1, pcz(y) + 1} for some
¢ € N. Note that if some iterates of § are in P,,;1, they are bad. We assume
for a contradiction that v and 0 are the only simple periodic orbits. Note
that both periodic orbits have positive mean indices since otherwise we
need an additional periodic orbit to meet the homology computation in
Theorem 2.3, in view of (2.3). Indeed, if the mean index is not positive,
the indices of all iterates are less than n — 1. Denoting as before by N the
set of strictly positive integers, we also may assume that

(4.1) {noz(v*) | k € N} = min{pcz (") |k € N} —2+ 2N

since otherwise, by Theorem 2.2, there is an infinite number of ¢’s in the set
n — 1+ 2N which do not belong to {ucz(7*) |k € N} and this immediately
guarantees an additional periodic orbit.

4.1. First case: 20 > A0
nez(y) — poz()

Since bad periodic orbits do not have any contribution to the homology
SHS 1**, we consider in this section the Conley—Zehnder index only defined
on the set G of good periodic orbits:

,ucztg—>Z.

Observe from (2.3) that pcz(7*) = r implies kficz(vy) € ]r — (n — 1) ,r +
(n—1)[ and thus

A(v) ky _ . A(v)
(r+n—1)ﬁcz(’y)>¢4(7)—k.A(W)>( +1)= .
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Similarly pcz(6) = r+1 implies £ficz(6) €]r—1—(n—1),7+1+(n—1)]
and

A(9) ¢ A(9)
r—mn)= < A(0°) =LA() < (r+mn)= .
=W <A = HAO <UEEL S
Hence
—n+1 A7) A(0)
A(F) > A(S* hen " — > = .
07> A@) W r+n qicz(y)  Hicz(6)
Now, since A AC) e choose C' > 0 so that for all R > C one has

ucz () ucz(9)
R—n+1 A(y) S A(9)
R+n  ficz(y) = ficz(d)
If kg € N is such that such that 2kg +n + 1 > C, then, for any x > ko,
whenever jicz(v¥) = 26 +n+1 and pucz(6%) € {pucz(v*) — 1, ez (v*) + 1}
for some k, ¢ € N we have

(4.2) A(F) > A(5Y).

Since SHfl’Jr is Q for x € 2N 4+ n — 1 and 0 for * € 2Z + n, all high good
iterates of ¢ must be killed by good iterates of v due to (4.2). Since the
action decreases along the differential 9 the equation (4.2) implies

(4.3) Huch (26 +n) +1=H#uct 264+ n+1), K=k
oz oz
and
1 1
(4.4) Doy : SCy it 0 = SCo b 1 k> k.

where SCS"++ is the chain complex spanned by the (unparametrized) good
periodic orbits of period at most K >> 0 and 0 is the differential. Since
fcz(y) > 0 and ficz(6) > 0, we can choose M € N sufficiently large such
that for any k£ > M,

(4.5)

pez(YF) > 2k0+n+3+2(n—1) and  pcz(6®) > 2k +n+3+2(n—1).

According to Theorem 2.2, we can find (N, m,,ms) € N® with N > kg +n
satisfying, for 1 <m < M

(4.6) pez(y*™ ™) = 2N —ucz(v"™),  pez(™ ™) = 2N + pez(h™)

and
(4.7) poz(0%™ ™) = 2N — poz(6™),  pez(82™ ™) = 2N + poz(6™).

Using (2.3), we have poz(v*%) — pez(v*) > —2(n — 1) for any k,i € N
because pcz (V) — pez(VF) = woz (YY) — (k + ) ficz (v) + iﬁcz(j) -
(1cz(v*) = kicz(v)). In particular, for any m’ > M , pcz(y?™ ™) <
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pez(*™ M) 4 2(n = 1) and pez(v?" ™) > pez (v M) = 2(n - 1).
Equations (4.5) and (4.6) yield that for any m’ > M,

(4.8) ucz('yzm”_m/) <2N —n+1, ,ucz(nym”“”/) > 2N + 2Kk9 +n + 3.

One could deduce a better estimate for ucz('meW’m/) but the estimate
mentioned is enough for the proof. The same holds for d: for any m’ > M,

(4.9) pcz(8¥™ ™) <2N —n+1, pcz(82™H™) > 2N + 250 + n + 3.
From Theorem 2.2, we also know
(4.10) pez(Y™) < 2N +n—1,  pucz(6*™) < 2N +n— 1.

Moreover, the fact that both ficz(v) and ficz(d) are positive together
with (2.3) imply that for all k € N, ucz(v*) and pcz(6*) are bigger than
—n + 1 and therefore

(411)  pez(*™ ™) < 2N +n—1, pcz(6*™ ™) < 2N 4+n — 1.

for all 1 < m < M due to (4.6) and (4.7). From (4.8), (4.9), (4.10),
and (4.11), we deduce that if

pez(VF), pez(8°) € 2N 4 n, 2N + 2kg 4+ n + 2],
then k,¢ € N are of the form
k=2my+m, {£=2ms+m forsomel<m,m< M.

Hence picz (%) = 2N +r with n < r < 2k¢ + n + 2 implies k = 2m., +m
for some 1 < m < M, hence pcz(y™) = r. Reciprocally if poz(v*) = r
then 7 < M by (4.5) so that pcz(y2™7t*") = 2N 4. The same is true for
the indices if the iterates of §. Hence

H#ucy(r) = #ucp(2N +71), n<r < 260 +n+ 2.

Since N > ko +n we use equation (4.3) with = n — 1 4 2¢ and the above
to obtain

(4.12)  #pcy(n —242¢) + 1 =#ucy(n—1+2q), 1<qg<ro+1

This implies that the differential 9,, : SC S C’Si’l vanishes. Indeed if
this were not true, the differential 9, would be nonzero for all * = 2¢+n, ¢ <
ko + 1 to obtain the homology results of Theorem 2.3, in view of (4.12).
This would contradicts (4.4). This implies that

(SCS+,0,) I=ZN[-n+3,n—1]

*€I’
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is a chain complex with zero homology in view of Theorem 2.3 again. We
claim that this is impossible by showing that
S Hucpl@ > Y. #ugyla)-
q€(2Z+n+1)NT q€(2Z+n)NT

Observe from (4.8) that pcz(v*) = 2N + ¢ with ¢ € [0,n — 1] implies that
k = 2m., + ko with —M < ko < M; and, by (4.6), ¢ = pcz(y*) if ko > 0
and ¢ = —pcz(y*0l) if ko < 0. Conversely, if oz (7*) is ¢ (or —¢q) for some
ko € N, then pcz(y?™+0) (or pcz(y?>™ ~*0)) is 2N + ¢. The same holds
for 6. Hence

# (s (=) Ungs(q) = #ugy(2N +¢q), 0<g<n—1

except in the case where v2™+ or §2™ is good and has index 2N + g.
Therefore we have

(413) eyt D #ugzla)= > #icy (2N +q)
q€(2Z+n+1)NI q€(2Z+n+1)N[0,n—1]
where e, = 1 if ¥™7 is good and otherwise e, = 0. We set e5 € {0,1} in
the same way and have
(414) e+ > Fucsla) = > #uch(2N + q)
q€(2Z+n)NI q€(2Z+n)N[0,n—2]

Since we have assumed that n > 3, #((2Z + n + 1) N I) > 2. Therefore
using (4.3), (4.13), and (4.14) we deduce

S #ucy(e) = > UL 2N +q) — e,
q€(2Z+n+1)NI q€(2Z+n+1)N[0,n—1]
> > #ucy (2N +q) + #(2Z+n+1)N[0,n—1]) —e,

q€(2Z+n)N[0,n—2]
> Y Hugh@)+2+es—en> Y #ugs(a).
g€ (2Z+n)NI g€ (2Z+n)NI

This proves the claim and hence the first case.

4.2. Second case: A1) < JAB)
MCZ(’Y) MCZ(5)

We derive a contradiction in a similar manner to the first case. In the

A0 o AG) implies that there is
nez () noz(6)

ko € N such that for any & > o, if pcz(7*) = 2k +n + 1 and pcz(6%) €
{pucz(v%) — 1, pez(v%) + 1} for some k, £ € N, then

A(F) < A®8).

same way as before, the condition

ANNALES DE L’INSTITUT FOURIER



MINIMAL NUMBER OF PERIODIC ORBITS 2503

As before, this implies that

(4.15) Hucy(26+n+1) = #ucs e +n+2)+1, k> ko
CZ CZ

and

(4.16) Oonimir : SCoE L -5 SCEE . k> k.

We choose (N, m.,ms) € N3 to satisfy (4.5) and (4.6) as in case one to
obtain as before

#ucs(r) = #ugy 2N +7), n <1< 260 +n+ 2.

and with N > kg + n we use equation (4.15) and the above to obtain the
counterpart of (4.12)

(417)  H#pgg(n+29) +1=#pg(n—142¢), 1<g<ro+1.

This implies that the differential 0,11 : S C’Sj_f' — SC3 '+ vanishes. Indeed
if it did not vanish, then by induction, using (4.17), all 9,,_1424 would not
vanish for 1 < ¢ < kg + 1 and this would contradict (4.16). Therefore the
chain complex

(SCS'+,0.)wer, I'=ZN[-n+3,7]

has vanishing homology. However this is impossible if n is odd. Indeed,
(4.13) and (4.14) become, with the same notation,

et Y. Hugyle) = > #uch (2N + q)
q€(2Z+n+1)N1’ q€(2Z+n+1)N[0,n—1]
es+ >, Hugpld= >, #up2N+q)
q€(2Z+n)NI’ q€(2Z+n)N[0,n]

where e, = 1 if ¥*™ is good and otherwise e, = 0 and similarly for
es € {0,1}. We now use (4.15) and get

S Hucyle) = > HUcE@N +q) — e,
q€(2Z+n+1)N1’ q€(2Z+n+1)N[0,n—1]

= Y. #ugCN++#(QRZ+n+1)N[0,n—1]) —e,
q€(2Z+n)N[1,n]

> Y #ug@t2-ates—ey> Y #ugle) -«

q€(2Z+n)NI’ q€(2Z+n)NI’

Where a = #ug,(0) if n is even and o = 0 if n is odd. This proves the
second case when n is odd, and hence finishes the proof of Proposition 1.5.
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