Sy,
§ k2
“

e ANNALES

DE

L INSTITUT FOURIER

Rebecca BELLOVIN
Generic smoothness for G-valued potentially semi-stable deformation rings
Tome 66, n° 6 (2016), p. 2565-2620.

<http://aif.cedram.org/item?id=AIF_2016__66_6_2565_0>

© Association des Annales de I’institut Fourier, 2016,

Certains droits réservés.
Cet article est mis a disposition selon les termes de la licence
CREATIVE COMMONS ATTRIBUTION — PAS DE MODIFICATION 3.0 FRANCE.
http://creativecommons.org/licenses/by-nd/3.0/fr/

L’acces aux articles de la revue « Annales de I’institut Fourier »
(http://aif.cedram.org/), implique I’accord avec les conditions générales
d’utilisation (http://aif.cedram.org/legal /).

cedram

Article mis en ligne dans le cadre du
Centre de diffusion des revues académiques de mathématiques
http://www.cedram.org/


http://aif.cedram.org/item?id=AIF_2016__66_6_2565_0
http://creativecommons.org/licenses/by-nd/3.0/fr/
http://aif.cedram.org/
http://aif.cedram.org/legal/
http://www.cedram.org/
http://www.cedram.org/

Ann. Inst. Fourier, Grenoble
66, 6 (2016) 2565-2620

GENERIC SMOOTHNESS FOR G-VALUED
POTENTIALLY SEMI-STABLE DEFORMATION RINGS

by Rebecca BELLOVIN (*)

ABSTRACT. — We extend Kisin’s results on the structure of characteristic 0
Galois deformation rings to deformation rings of Galois representations valued in
arbitrary connected reductive groups G. In particular, we show that such Galois
deformation rings are complete intersections. In addition, we study explicitly the
structure of the moduli space X, n of (framed) (¢, N)-modules when G = GLn.
We show that when G = GL3 and Ko = Qp, X, n has a singular irreducible
component, and we construct a moduli-theoretic resolution of singularities.

RisUME. —  Nous étendons les résultats de Kisin sur la structure des anneaux
de déformations de représentations galoisiennes en caractéristique 0 aux anneaux de
déformations de représentations galoisiennes & valeurs dans des groupes connexes
reductifs G. En particulier, nous prouvons que ces anneaux de déformations de
représentations galoisiennes sont d’intersection complete. De plus, nous étudions
la structure de ’espace de modules X, n des (¢, N)-modules (cadrés) quand G =
GLp. Nous prouvons que X, y a une composante irréductible singuliere quand
G = GL3, et nous construisons une résolution des singularités avec interprétation
modulaire.

1. Introduction

Let K/Q, be a finite extension, and let V' be a finite dimensional F,-
vector space equipped with a continuous Fp-linear action of Galg. Let
R} be the universal (framed) deformation ring of V. Then Kisin proved
that for a fixed p-adic Hodge type v and a fixed Galois type 7, there is

a quotient R} —» RE’T’V whose characteristic 0 points are the potentially
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2566 Rebecca BELLOVIN

semi-stable deformations of V' with p-adic Hodge type v and Galois type
7 [12]. He further showed that Spec RE’T’V[l /p] is equi-dimensional and
generically smooth, and computed its dimension. More recently, Hartl and
Hellmann have shown that the moduli space of (p, N)-modules is reduced
and Cohen—Macaulay [8, Theorem 3.2], which implies the same properties
for Spec R‘D/T’V[l/p].

However, it is natural to study Galois representations valued in connected
reductive groups other than GL,,. If G is a connected reductive group over a
p-adic field which admits a smooth reductive integral model, Balaji has used
techniques from integral p-adic Hodge theory to construct potentially semi-
stable and potentially crystalline integral deformation rings [1], extending
the work of Kisin [12]. He further showed that potentially crystalline de-
formation rings are smooth and computed their dimensions.

In this paper, we extend Kisin’s results on the local structure of
Spec RE’T’V[I/p] to the study of the characteristic 0 deformation rings of
Galois representations p : Galg — G(E), where G is a connected reductive
group defined over a finite extension E/Q,. More precisely, we show the
following:

THEOREM 1.1. — Let p : Galg — G(FE) be a continuous homomor-
phism. Fix a finite totally ramified Galois extension L/K , a corresponding
Galois type T, and a p-adic Hodge type v. Then there is a complete local
noetherian F-algebra REV”’ which pro-represents the deformation problem

PlGal,, is a semi-stable lift of
DefE’T’V(R) = { p:Galg — G(R) | plgar, with Galois type T
and p-adic Hodge type v

Furthermore, RPD’T"’ is generically smooth, locally a complete intersection,
and equidimensional of dimension dimg G+dimg(Respg /g G)/Py (where
P, is the parabolic associated to the p-adic Hodge type v).

Even if G = GL,,, this improves on the generic smoothness result of [12].

As in [12], to prove Theorem 1.1 we study Galois deformation rings and
their singularities by studying a certain moduli space of linear algebra data.
Fontaine’s theory defines an equivalence of categories between potentially
semi-stable Galois representations (valued in GL,) and “weakly admissible
filtered (¢, N, Galg )-modules”. We use the theory of Tannakian categories
to define G-valued filtered (¢, N, Galk )-modules in §2, and we review the
relevant Tannakian theory in detail in the appendix (in particular, we show
that the p-adic Hodge type is locally constant). The analogue of the weak
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GENERIC SMOOTHNESS FOR DEFORMATION RINGS 2567

admissibility condition is not clear in general, but infinitesimal deforma-
tions of admissible filtered (¢, N, Galk )-modules are admissible so this suf-
fices to study the deformation theory of potentially semi-stable G-valued
Galois representations.

More precisely, in order to prove Theorem 1.1, we first prove the follow-
ing:

THEOREM 1.2. — Let X, n - denote the moduli space of framed G-
valued (¢, N, Galy, /i )-modules, where L/K is a finite totally ramified Ga-
lois extension. Then X, n - is reduced and locally a complete intersection,
and each irreducible component has dimension dim Resggr, /g G, where
Lo = K, is the maximal unramified subfield of L.

For any p-adic Hodge type v, there is a parabolic subgroup P, C
Respgr/r G attached to v; the moduli space of framed G-valued filtered
(¢, N, GalL/K)—modules is reduced and locally a complete intersection,
and each irreducible component has dimension dimRespgr,/pG +
dim(Resgpgr /g G)/Py.

This extends the work of Hartl and Hellmann [8], who showed that if
G = GL, and L = K, then X, y - is reduced and Cohen-Macaulay. Using
the relationship between potentially semi-stable Galois representations and
filtered (g, N, Galg )-modules, and following the arguments of [12], this
permits us to deduce Theorem 1.1 and its crystalline analogue in §6.

In order to prove Theorem 1.2, we first recall the deformation the-
ory of G-torsors and morphisms between them in §3. This permits us
to write down a tangent-obstruction theory for deformations of filtered
(¢, N, Gal g )-modules. Using this tangent-obstruction theory and the the-
ory of cocharacters associated to nilpotent elements of a Lie algebra (re-
called in §4), we show in §5 that the moduli space of (framed) G-filtered
(¢, N, Galg) modules is generically smooth and equidimensional.

Although we set up the deformation theory for filtered (¢, N, Galy,,k)-
modules with L/K an arbitrary finite Galois extension, we need to assume
L/K is totally ramified in order to carry out our calculations. This is be-
cause we need the centralizer of 7 in Res; ¢ r/r G to be an algebraic group,
which is not the case unless 7 is linear, rather than semi-linear. Both [12]
and [1] assume that 7 factors through the inertia group Iy, so this ad-
ditional hypothesis is not overly restrictive.

However, this still leaves open the question of the structure of the irre-
ducible components of X, n . We partially address this question in §7 for
G = GL,, when 7 is trivial. For G = GL3, we show that X, y is geomet-
rically the union of two smooth schemes intersecting in a smooth divisor,
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2568 Rebecca BELLOVIN

recovering the result of [13, Lemma A.3], and we give explicit equations.
For G = GL,,, we show that when K, = Q,, the irreducible component cor-
responding to N being regular nilpotent is smooth. However, for G = GL3,
we show that geometrically there are three irreducible components, which
we write X;eg, Xsub, and Xo, and X, is singular. Loosely speaking, the
three irreducible components correspond to the three (geometric) nilpotent
conjugacy classes of gl;, and Xg,}, is the one corresponding to the subreg-
ular nilpotent orbit. One might hope that the singular points X}, arise as
degenerations from a different irreducible component. However, we provide
a moduli-theoretic resolution of Xy, and use it to show that while some
singular points of this component do come from X, (in a sense we make
more precise in §7.3), there are others which do not. This answers a ques-
tion of Kisin in the negative [15]. However, we still know very little about
the singularities of Xg,1,. For example, we do not know whether Xg,}, is
locally a complete intersection.

2. Definitions

Let £ and K be finite extensions of Q,. Suppose that p : Galg —
GL4(E) is a potentially semi-stable Galois representation, becoming semi-
stable when restricted to Galy, for some finite Galois extension L/K. Then
we can associate to p a filtered (¢, N, Galy g )-module, which satisfies an
additional weak admissibility condition.

DEFINITION 2.1. — A filtered (¢, N, Galy,/k)-module is a finite dimen-
sional Lg-vector space D equipped with a bijection ® : D — D which is
semi-linear over @, a linear endomorphism N such that No® = p®o N, an
action T of Galy x which is semi-linear over the Galois action on Lo and
commutes with ® and N, and a separated exhaustive decreasing Galy, k-
stable filtration Fil® Dy, by L-vector spaces.

More generally, we will consider continuous Galois representations
p: Galg — Autg(X)(E)

where G is a connected reductive algebraic group defined over E and X is
a trivial right G-torsor over F.

Remark 2.2. — We work with trivial G-torsors and their automorphism
schemes, rather than copies of G, in order to avoid making auxiliary choices
of trivializing sections. This allows us to preserve the traditional distinction
between a vector space, and a vector space together with a choice of basis.
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A Galois representation p is said to be potentially semi-stable if o o p :
Galg — GL4(F) is potentially semi-stable for some faithful representation
o0 : G — GLg, in which case this holds for all representations o : G — GLg4
over L.

If p is potentially semi-stable, we use the Tannakian formalism to con-
struct a G-valued version of the filtered (¢, N, Galy, - )-module D (V); we
refer the reader to §A.2.9 for details of the constructions and some of the
notation. Briefly, for every representation o : G — GLg4, 0 0 p is a po-
tentially semi-stable representation, and D% (0 o p) is a weakly admissible
filtered (¢, N, Galy,/x)-module. The formation of D% (o o p) is exact and
tensor-compatible in o, and if 1 denotes the trivial representation of G,
then DX (1 0 p) is the trivial filtered (¢, N, Galy i )-module.

Therefore, o — DL (0 0 p) is a fiber functor 1 : Repg(G) — Vecy,, and
we obtain a G-torsor Y over L equipped with

an isomorphism ¢ : ¢*Y — Y,

a nilpotent element N € Lie Autg Y,

for each g € Galy g, an isomorphism 7(g) : g*Y — Y,

a Galp-stable ®-filtration on Y7, or equivalently, a ®-filtration

Gal
on the G-torsor Y} LK over K.

These are required to satisfy the following compatibilities:
e AdBP(N)=1L1N

e Ad7(g)(N) a N for all g € Galy,/x

e T(g192) = 7(g2) © g37(g1) for all g1, g2 € Galy i

e 7(9)0g"® = Do r(g) for all g € Galy,/x
Here Ad® and Adr(g) are “twisted adjoint” actions on Lie Autg Y'; after
pushing out Y by a representation o € Repg(G), they are given by M
®,0Mod 1 and M +— 7(g9)y 0 M o7(g),; !, respectively.

The G-valued semi-linear representation 7 is the Galois type of p, and the
type of the ®-filtration is the p-adic Hodge type of p. We refer the reader
to §A.2.5 and §A.2.3 for more details, and in particular for the definition
and a discussion of the type of a ®-filtration.

We wish to study moduli spaces of these objects, because the completed
local rings of such moduli spaces will be related to local Galois deformation
rings. In fact, to study potentially semi-stable Galois deformation rings, it
suffices to study the local structure of moduli spaces of linear algebra data.

DEFINITION 2.3. — Let p : Galg — G(E) be a continuous representa-
tion, and let R be an E-finite artin local ring with maximal ideal m and
residue field E. A lift of p is a continuous homomorphism p : Galg — G(R)
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which is p modulo m. A deformation of p is a continuous homomorphism
p: Galg — Autg(X)(R) which is isomorphic to p modulo m, where X is
a trivial G-torsor over R. That is, a deformation is a lift where we have
forgotten about the trivializing section.

Suppose that p is a potentially semi-stable representation, becoming
semi-stable when restricted to Galy,. If p is a lift of p to R which is poten-
tially semi-stable, then D (p) is a G-valued filtered (¢, N, Galy,/ fc)-module
over R lifting D% (p). Similarly, if p is semi-stable (resp. crystalline), a semi-
stable (resp. crystalline) lift p yields a G-valued filtered (¢, N)-module
(resp. a G-valued filtered p-module).

PROPOSITION 2.4. — Let p : Galg — Autg(X)(E) be a potentially
semi-stable representation, where X is a trivial G-torsor over E, and let
R be an E-finite artin local ring with residue field E. Then p ~ DL (p)
is an equivalence of categories from the category of potentially semi-stable
deformations of p to the category of filtered (v, N, Galy,k)-modules over
R deforming D% (p).

Proof. — The formation of D% (p) is clearly functorial in p, so it suffices
to construct a quasi-inverse.

Suppose D is a deformation of DZ(p) (as a G-valued filtered
(¢, N,Galg /g )-module). Then for every representation o : G — GL(V),
the push-out D, of D is a filtered (¢, N, Galy, /i )-module over R which
deforms DX (0 o p). Since p is potentially semi-stable, D% (o o p) is weakly
admissible for all o € Repg(G), and since deformations of weakly admissi-
ble filtered (¢, N, Galy,/x )-modules are themselves weakly admissible, D,
is weakly admissible for all o € Repg(G).

But weakly admissible filtered (o, N, Galy,/x)-modules are admissible
when the coefficients are a Q,-finite artin ring, so we have an exact tensor
compatible family (p,) of potentially semi-stable representations of Galg,
where p, is a deformation to R of the push-out p, of p. Therefore, by
the discussion in Appendix A.2.6, we obtain a continuous representation
7 : Galg — G(R) such that DL (7) = D and 7 is a deformation of p. [

DEFINITION 2.5. — Let R be an FE-finite artin local ring. We say
that a G-valued filtered (@, N,Galy/k)-module D over R is admissible
if D = D% (p) for some potentially semi-stable representation p : Galgx —
Aute(X)(R) for some G-torsor X over R.

Remark 2.6. — 1In the course of the proof of Proposition 2.4 we showed
that a deformation of an admissible filtered (¢, N, Galy, i )-module is itself
admissible.
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Thus, in order to study potentially semi-stable deformations of a specified
G-valued potentially semi-stable Galois representation, it suffices to study
the deformation theory of the associated linear algebra.

Notation 2.7. — We will often need to consider tensor products A ®q,
Lo, where A is an E-algebra. In order to simplify notation, particularly in
subscripts, we adopt the convention that A ® Lo means A ®q, Lo.

3. Deformation theory

Fix a finite extension E/Q,, a connected reductive group G defined over
E, a finite extension K/Q,, and a finite Galois extension L/K. We will
study the deformation theory of G-valued (p, N, Galy,x )-modules, follow-
ing [12].

We first introduce two groupoids on the category of FE-algebras. Let
Mooy be the groupoid whose fiber over an F-algebra A consists of the
category of Res E®q, Lo/E G-bundles D 4 over A equipped with a nilpotent
N € LieAutg D4 and a family of isomorphisms 7(g) : ¢*Da — D4 for
g € Galp /i such that 7(g192) = 7(g2) 0 g57(g1) for all g1,92 € Galp g,
and such that Ad(7(g))(N) = N for all g € Galy k, where Ad(7(g)) :
Lie Autg D s — Lie Autg D 4 is the induced homomorphism.

Let 9Mod, v be the groupoid whose fiber over an F-algebra A consists
of the category of G-bundles D4 over A®q, Lo equipped with 7 and N as
before, and also an isomorphism ® : ¢*D4 — D4 such that 7(g)og*® = Po
©*7(g9) and Ad(P)(N) = %N, where Ad(®) : Lie Autg D4 — Lie Autg Da
is the induced homomorphism.

Remark 3.1. — To motivate these definitions, we refer the reader to
Sections A.2.5 and A.2.10. We remark only that if G = GL4 and D, is
a free A ®q, Lo-module of rank d, and ®p : Dy — Dy is a semi-linear
bijection represented by a matrix M, then Autg Da = (Rest,/q, GLa) 4,
and ®p induces a map Autg Da — Autg D4 sending g € GL(A ®q, Ko)
to ® o go ®~! which is represented by the matrix Mp(g)M 1.

Suppose more generally that D 4 is a split Resggr,,p G-torsor over an D-
algebra A. If we choose a trivializing section of D 4, it induces a trivializing
section of p*D 4, and an isomorphism ¢*D4 — D4 of G-torsors is given
by multiplication by an element b € Resggr, /e G- If we change our choice
of trivializing section by multiplying it by g € (Resggr,/r G)(A), then b
turns into g~ 'bp(g). Thus, the linearization of Frobenius ¢*Da — D4 is
given by b € Respgr,/p G, up to “twisted conjugation”

TOME 66 (2016), FASCICULE 6



2572 Rebecca BELLOVIN

If we choose a trivializing section of D 4, we obtain an identification of
Autg Da with (Resggr,/e G) 4. Using this identification we can view N as an
element of (Resggr,/rad G)(A). Then since N =p Ad(b)(¢(NN)) holds after
pushing out by any representation of G, it holds in (Resggr,/zad G)(A)
as well.

Given Dy € Mod, n, we let ad D4 be the (¢, N, Galy, /x )-module over A
induced on Lie Autg D 4. We denote the Frobenius, nilpotent operator, and
action of Galy,/x on ad D4 by Ad(®), ady, and Ad(7), as well. Consider
the anti-commutative diagram

(ad D 4) %' “22 D 0 D ) Gale e
adN adN
Ad(®)—
(ad DA)GalL/Kpﬂ 1(ad DA)GalL/K
We write C*(D4) for the total complex of this double complex, concen-
trated in degrees 0, 1, and 2, with differentials d°, d', and d?, and we write
H*(D4) for the cohomology of C*(D4). This is the G-valued analogue of
the complex which appears in [12, §3] The total complex of this double
complex controls the deformation theory of o0, n:

PROPOSITION 3.2. — Let A be an artin local E-algebra with maximal
ideal ma, and let I C A be an ideal with Ima = 0. Let D 4,; be an object
Ofi)ﬁOD%N(A/I), and set DA/mA = DA/[ ®A/I A/mA Then

(1) IfH*(D g jm , ) = O then there exists D4 in 9Mod, n(A) lifting D 4 ;.
(2) The set of isomorphism classes of liftings of D4, over A is either
empty or a torsor under the cohomology group H' (Da/ma)®@a/mal.

Before we can prove this, we will need some preparatory results on de-
formations of torsors and on deformations of isomorphisms of torsors. Note
that I ® a4/m, Dajm, is the set of elements of (Autg Da)(A) which are
the identity modulo I. It is an A/m4-vector space, and we sometimes view
it additively and sometimes multiplicatively. We refer to such elements of
(Autg D) (A) as infinitesimal automorphisms.

Let A be a henselian local E-algebra with maximal ideal m 4, and let
I C A be an ideal with Im4 = 0.

LEMMA 3.3. — Let H be an affine algebraic group over E, and let D 4
be an H-torsor over A. Let f : D41 — Dayr be an automorphism of H-
torsors. Then there exists a lift f : D4 — D 4, and the set of such lifts is a
left and right torsor under I ® g /m, ad D g /m , -
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Proof. — If D, is split, the existence of a lift is clear. Otherwise, there
is a finite étale cover A — A’ such that D4 is split, and we may choose
a lift f/ : Dar — Dy of f/ : Dary;r = Daryr. Then f’ yields a cocycle
[f'] € H, (Spec A, I ®a/ms adDgjm, ), and f’ can be modified to descend
to an isomorphism f : Dy — D4 if and only if [f'] = 0. But Spec A is affine
and I® 4 /m ,ad D 4/, is a finite A-module. Therefore, H (Spec A, I® 4 /m ,
ad D g/m,) = 0 and f exists.

The second assertion is clear, because if f, f' : Dy = D4 are two lifts,
then fo f" and f’'o f are elements of I ®4/m, ad D g/m - a

The next result also follows from [7, Exposé XXIV, Lemme 8.1.8]:

LEMMA 3.4. — Let H be an affine algebraic group over E, and let D 51
be an H-torsor over A/I. Then there is an H-torsor D4 over A such that
D®a A/I = Dyjr, and Dy is unique up to isomorphism.

Proof. —If D,y is a split H-torsor, the existence of a lift is clear.
Otherwise, there is a finite étale cover A — A’ such that D,/ is split,
and we may choose a trivial lift Dar of Dys/r. Then D4s yields a cocy-
cle [Da/] € HZ (Spec A, I ®a/my ad D gjm, ). Letting p1,pa : Spec A’ x 4
Spec A’ = Spec A’ be the projection maps, we can find an isomorphism
piDa = p3Das (which is the identity modulo I), and [Da/] = 0 if and
only if this isomorphism can be chosen to give a descent datum. But Spec A
is affine and I1® 4/, ad D g/ , is a finite A-module, so HZ, (Spec A, I®4p/m,
ad D 4 /m,) = 0. Since H-torsors are affine and descent is effective for affine
morphisms, D4 exists.

Now suppose that D4 and D’y are two lifts of D,,;. There is a finite
étale cover A — A’ over which they become isomorphic, and a choice
of isomorphism [’ over A’ yields a cocycle [f'] € H} (Spec A, I ®4/m,
ad Dy /m, ). Then [f'] = 0 if and only if f’ can be modified to give an
isomorphism f : Dy — D/,. But A is affine and I ®a/my ad Dgjm, 18
a finite A-module, so H (Spec 4, I ®a/ms adDyg/m,) = 0 and [f'] = 0.
Therefore, D 4 is unique up to isomorphism. |

LEMMA 3.5. — Let H be an affine algebraic group over E, and let Dy,
D',y be H-torsors over A, and let f : Dajyr — D’A/I be an isomorphism.
Then there exists a lift f : Dy — D'y, and the set of such lifts is a tor-
sor under a left action of HY(A, 1 ® 4/m, ad D'y ,) and a right action of
HO(A,I®A/mA adDA/mA).

Proof. — Since D 4/ and D', /1 are isomorphic, and there is a unique lift
of D4/r to an H-torsor over A, up to isomorphism, D4 = D',. Therefore,

TOME 66 (2016), FASCICULE 6



2574 Rebecca BELLOVIN

we may fix an identification of D4 and D', so that the existence of a lift
of the isomorphism f becomes a question of the existence of a lift of an
automorphism of an H-torsor. But such a lift exists, by Lemma 3.3.

If f1, fo : Do = D/, are two isomorphisms lifting f, then f; o f;! is an
automorphism of D’, which is the identity modulo I, and is therefore an
element of I ®4/m, ad D’y. On the other hand, given an automorphism g
of D', which is the identity modulo I, g o f is a lift of f.

Similarly, f5 Lo f1 is an automorphism of D 4 which is the identity modulo
I. On the other hand, given an automorphism h of D4 which is the identity
modulo I, fs o h is a lift of f. a

LEMMA 3.6. — Let D be a Resggr, /g G-torsor over A, and let 7o be
a semi-linear action of Galy /i on D 4,1. That is, we have a set of isomor-
phisms 10(g) : g*Da/r — Dayr such that 70(g192) = To(92)09570(g1). Then
there is a semi-linear action T of Galy, /i lifting 7o, and it is unique up to
isomorphism.

Proof. — For every g € Galp gk, we can lift 79(g) to an isomorphism
71(9) : g*Da — D4, and we wish to show that we can choose the
{71(9)}geqal, ,, such that they provide an action of Galy k. The assign-
ment (g1, g2) + c(g1,92) = 71(g92) 0 g371(g1) o T1(g192) ! is a 2-cocycle of
Galy /g valued in HO(A, T ®a/my adDygjm, ). But

HQ(GalL/K7HO<A;I®A/mA adDA/mA)) = 0

because Galy,/x is a finite group and HO(A, T ®a/m, adDygjm,) is a char-
acteristic 0 vector space. Therefore, there is some 1-cochain ¢’ such that
c=d(c). If we define 7(g) = c'(g) "to7i(g), then 7(g2) 0 g57(g1) = 7(9192),
as desired.

Let 7,7" be two semi-linear actions of Galy g on Dy lifting 70. Then
the assignment g — c(g) := 7(g) o 7/(g) 7!

valued in HY(A,I ® 4/m, ad D g/m, ), because

c(gh) = 7(gh) o 7' (gh) ™"
7(h) o h*7(g) o h*7'(g) " o 7' (h) ™}
7(h) o h*c(g) o T(h) ™t o7(h) o7’ ()™
h-elg) + elh)

is a 1-cocycle of Galy/k, again

where we have switched from multiplicative to additive notation in the
last line. But Hl(GalL/K,HO(AJ ®a/ma adDy/m,)) = 0, again because
Galy i is a finite group and HO(A, I®4/myad Dy, ) is a characteristic 0
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vector space, so

c(g) =g-m—m=my(g)g*mro(g) " om™*

for some m € I®4/m,ad D g/, - Then m is an infinitesimal automorphism
of D4 carrying 7 to 7'. O

LEMMA 3.7. — Let D4 be a Resggr,/r G-torsor over A equipped with
a semi-linear action 7 of Galy /. Suppose we are given Ng € ad D 4,; such
that Ad(7(g))(No) = No for all g € Galy, /. Then there exists N € ad D 4
lifting No such that Ad(7(g))(N) = N for all g € Galy, and the set of
such lifts is a torsor under I ® 4 /m, (ad D g /g , ) S*12/5.

Proof. — Suppose that N and N’ are two Galy,, -fixed lifts of Ny. Then
N-—-N'¢ I®A/mA adDA/mA

and
Ad(r(g))(N = N') =N - N’
as desired.
We now address the existence of N. Choose some lift N € ad D 4, and
define

1 ~
= Y Ad(r(9))(N)
| Galy, /x| geGaly i
Then N lifts No, and Ad(7(g))(N) = N for all g € Gal,/x- O

The “averaging” technique used here is ubiquitous in the theory of rep-
resentations of finite groups.

LEMMA 3.8. — Let D4 be a Resggr,/ g G-torsor over A equipped with
a semi-linear action T of Galy . Suppose there is an isomorphism ®g :
©*Dasr — Dayr such that 7(g) o g*®g = ®g 0 ¢*7(g) as isomorphisms
©*9"Dayr — Dayr- Then there exists an isomorphism ® : p*Da — D
lifting ®¢ such that 7(g) o g*® = ® o p*7(g), and the set of such lifts is a
torsor under a right action of H*(A, I ® 4 /m, ad D /m ) “2E/5 .

Proof. — Suppose first that there are two isomorphisms ®, ®’' : p* Dy =
D4 with the desired property. Then ® o ®~! is an infinitesimal automor-
phism of D4 such that for all g € Galy/,

7(9) 0 g" (@0 ® ") =D op'r(g) 0 g*® ! = (@0 @) o7(g)

Thus, o &' € I ®a/m, (adDA/mA)GalL/K.
We now address the existence of a Galp,g-fixed lift ®. By Lemma 3.5,
the set of all lifts @ : p*Da — Da of @ : ¢* Do/ — D 4/1 is non-empty, so

we choose some lift ® and again “average” it under the action of Galy, k.
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More precisely, for any g € Galy/k, 7(g) o g*® o p*1(9)" o &1 is an
isomorphism D4 — Dj4 which is trivial modulo I, so it is an element of
I ®a/myadDyymy,- Viewing I @4 m, ad D g/m, additively, we define

1 ~ ~ ~

b= ——— Z 7(9)og*® o r(g) Lo d 1| 0 ®
| Gal, )k |
gEGalL/K

Then for any h € Galy g,

7(h) o h*®
1 ~ ~ ~
=71(h)o| h*7T(g) o h*g*® o h*p*r(g) o h*® ' |oh*®
(h) Galp | > hir(g)ohyg ©*7(9)
gEGalL/K
1 ~ ~ ~
== h h)*®oh*p* “lop*d~t|oh*®
Gl ] O kel Bonteri) o d o
g€Galr /i
1 ~ ~ ~
_ 7(gh) o (gh)*® o w*t(gh) top*r(h) o h*® 1 |o h*D
Gal | > 7lgh)o (gh) @ o r(gh) " o7 (h)
g€Galr /i
=Pop*r(h)oh*®d o h*D
)
as desired. O
Remark 3.9. — The reader may be concerned that we have asserted

the equality of two isomorphisms of Respgr,,r G-torsors, one an isomor-
phism ¢*¢*D4 — D4, the other an isomorphism ¢g*¢*Dy — D4. But
although Galy/ may very well be non-abelian, its action on A ®q, Lo
factors through an abelian quotient and commutes with the action of .
Therefore, p*g*D 4 and g*p*D 4 are canonically identified.

Now that we have shown that we can lift D 4,5 and 79 over A, uniquely
up to isomorphism, and that we can lift Ny and @y compatibly with 7, we
are in a position to prove Proposition 3.2.

Proof of Proposition 3.2. — Let D4,; be a (¢, N, Galy, i )-module over
A/I. Lemma 3.4 implies that we can lift the underlying Resgg,, /g G-torsor
to a torsor Dy over A, and Lemma 3.6 implies that we can lift the action of
Galy/k to a semi-linear action 7 of Galy,,x on D4, in both cases uniquely
up to isomorphism. In addition, Lemma 3.7 implies that we can lift Ny to
N € ad D4 and Lemma 3.8 implies that we can lift &g to @ : p* Dy — Dy,
such that N and ® are Galy,g-fixed.
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Then D4, together with 7, N, and @, is a (¢, N, Gal,/k)-module if and

only if N' = pAd(®)(N). Define h = N —pAd(®)(N) € I& a/m , ad DL/~

If H2(DA/mA) = 0, then there exist f,g € I ® 4/m, ad Di?;ff(K such that
h = adn,(f)+(pAd(®y)—1)(g). Then we claim that if we define N :=N+g
and & = f~1o®, then N = p&(&;)(ﬁ) Note that we are going back
and forth between the “additive” and “multiplicative” interpretations of
I @A m, DS;L?;K. But N = p@(&))(ﬁ) holds after pushing out D4 by any
representation G — GL(V') over E, by the construction in the proof of [12,
Proposition 3.1.2], so it holds in ad D 4.

Suppose that D4 and D’ are two lifts of Dy /; as (¢, N, Galy, i )-modules.
We may assume that the underlying torsors and actions of Galy i are
identified. Then g := N — N’ and f := ® o ®'~! are elements of ] ® 4 /m ,
DS/ and

Ajma

adn, (f) + (pPAd(®o) — 1)(g9) =0
because this holds after pushing out D 4 by any representation G — GL(V')
over E| by the construction in the proof of [12, Proposition 3.1.2]. Therefore,
(f,9) represents a class in I ®4/m, H' (Da/m,)-

Now D4 and D’y are isomorphic if and only if there is some Galy, k-
invariant automorphism wu of the underlying torsor of D, which is the
identity modulo I, and carries N to N’ and ® to ®". That is, u € I ® g /m ,

DE?LZK, and Ad(u)(N) = N and uo ® = & o p*u. But Ad(u)(N) = N’
if and only if N/ — N = adn,(u), and uo ® = &' o p*u if and only if
®od ! =y!oAd(®')(u). Thus, Dy and D’ are isomorphic if and only

if (N — N',®o0® 1) is in the image of d°. O
Remark 3.10. — The proof of Proposition 3.2 also shows that if we fix a
particular lift D4 of the underlying Resggr,/r G-torsors and a particular

lift 7 of 79, then the space of lifts (&, N) of (g, Ny) to D4 compatible with
7 such that N = pAd(®)(N) is either empty or a torsor under

ker ((a.dDA/mA ®A/mA I) 5P (adDA/mA ®A/mA I) - (a‘dDA/mA ®A/mA I))

This differs from the statement of Proposition 3.2 in that we are considering
the space of lifts, not the space of lifts up to isomorphism. We will use this
observation in Section 5 to compute the dimension of a cover of a particular
moduli stack.

We now turn to the question of deforming filtered (¢, N, Galyx )-modules.

LEMMA 3.11. — Let A be a henselian local E-algebra with maximal
ideal my, and let I C A be an ideal with Imy, = 0. Let H be a reductive
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algebraic group over E, and let D4 be an H-torsor over A, and suppose
that the reduction D 4/ of D modulo I is equipped with a ®-filtration
F$. Then there is a ®@-filtration on D 4 lifting it, and the space of such lifts
is a torsor under (adDA/mA/FiIO adDajm,) @ajma I-

Proof. — Suppose first that there are two ®-filtrations, F* and F'°,
lifting 7§. Let Ao : Gy — Auty (D4 r) be a cocharacter splitting g, let
A\, N 0 G =2 Autg (D 4) be cocharacters splitting F* and F'°, respectively,
and let P, P’ C Auty(D4) be the corresponding parabolics. We may ar-
range that X\ and X reduce to A\g modulo I. By the local constancy of the
type of a filtration, A and A’ are conjugate by an infinitesimal automor-
phism of D4 (since they are equal modulo I), and F* = F'* if and only if
X and X are Fil®ad Dgjm, ®a/m, I-conjugate. O

We define the groupoid 9Modr , v~ of G-valued filtered (¢, N, Galy i )-
modules of p-adic Hodge type v and Galois type 7 to be the groupoid on
the category of F-algebras whose fiber over A is the category of G-torsors
D4 over A® Lg equipped with ®, N, and 7 making D4 into an object of
9Mod, -, and such that the G-torsor (DA)SaIL/K over A® K is equipped
with a ®-filtration of type v. The deformation theory of an object D4 of
Modr, n+(A) is controlled by the total complex C}.(D4) of the double
complex

(ad DA)GaIL/K

(ad DA)GalL/K —— @(ad DA)GalL/K

s (ad DA)GalL/K

(ad Da 1, /Fil®ad Dy p,) G2l

where the top row is the complex C®(D4). We let H%.(D4) denote the
cohomology of C%.(Dy).
Note that since (Respgr g G)/Py is smooth and the ®-filtration on

(DA)(L}alL/K does not interact with the (p, N, Galy,x)-module structure,

any obstruction to deforming D,,; as a filtered (p, N, Galy,x)-module

comes from an obstruction to deforming it as a (¢, N, Galy,/k)-module.
More precisely, we have the following result, following [12, Lemma 3.2.1]:

PROPOSITION 3.12. — The natural morphism of groupoids MModr , N -
— 9Mod, n,r given by forgetting the ®-filtration is formally smooth.
Furthermore, let A be a henselian local ring with maximal ideal m4 and
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an ideal I C A with Ima = 0. Let D 4,; be an object of Modr , N - (A/T)
and set DA/mA = DA/I Ra/r A/my. Then
(1) If H3.(Dajm,) = 0 then there exists Da in Modp,, n - (A) lifting
DA/I'
(2) The set of isomorphism classes of liftings of D 4,; over A is either
empty or a torsor under the cohomology group H},(DA/mA )@ A mal

Proof. — The assertion about formal smoothness follows from the
smoothness of the quotient Resgg /g G/ Py. Similarly, if HZ (Dajm,) =0,
then H?(D 4 /m,) = 0 and a lift D4 of D4,; (as G-valued (¢, N, Galy,/f)-
modules) exists. But Resgpgx g G/Py is smooth, so we can lift the
@-filtration on (D) to a @-filtration on (DA)SalL/K.

For the last claim, we note that two lifts, D4 and D/, of D,; (as

GalL/K
L

filtered (¢, N, Galy,x)-modules) if and only if the infinitesimal automor-
phism u of the underlying torsor of D4 can be chosen to carry the ®-
filtrations to each other. But this is the case if and only if its image in

Gal . Gal . o,
(ad DA/nf,:f{L/ Fil° ad DA/nf‘/fL) ®A/m, I is trivial. O

4. Associated cocharacters

Let G be a connected reductive group over a field &, and let N be a nilpo-
tent element of g := Lie(G). That is, for any finite dimensional representa-
tion p : G — GL(V), the pushforward p. N is a nilpotent element of gl(V).
If G is semisimple, this is equivalent to the condition that ady : g — g be
a nilpotent operator. We briefly review the theory of “associated cochar-
acters” for N; we refer the reader to [11] for further details and proofs,
particularly Section 5. We are only interested in the case when the char-
acteristic of k is 0, but we review the theory for positive characteristic as
well. We assume the ground field is algebraically closed.

Let L be a Levi factor of a parabolic subgroup of GG, and suppose that

N € [:= Lie(L)

DEFINITION 4.1. — N is distinguished in [ if every torus contained in
Z1,(N) is contained in the center of L.

Intuitively, if N is distinguished in [, L should be the “smallest” Levi
whose Lie algebra intersects the orbit of N (under conjugation) nontrivially.
For example, if G = GL3, then

)
0
0

01
N:(oo
00
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is not distinguished in gl;, but it is distinguished in the Lie algebra of

)
zot = {(5:4))

which certainly contains a non-central torus of GL3, whereas
z x 0
zenns={(332))

Every nilpotent element IV € g is distinguished in some Levi subgroup
of G. In fact,

Indeed,

LEMMA 4.2 ([11,4.6]). — Let N € g be nilpotent and let T be a maximal
torus in Zg(N)°. Then the centralizer L of T in G is a Levi subgroup, and
N is a distinguished nilpotent element of [.

DEFINITION 4.3. — A cocharacter X : G,, — G is said to be associated
to N if Ad(A(t))(N) = t2N and there is a Levi subgroup L C G such that
N is distinguished nilpotent in [ and \ factors through the derived group
DL of L.

LEMMA 4.4 ([11, 5.3)).

(1) If the characteristic of k is good for G, then cocharacters associated
to N exist.
(2) Any two cocharacters associated to N are conjugate under Zg(N)°.

Since characteristic 0 is a good characteristic for all G, associated cochar-
acters will exist for us. From now on, we assume that the characteristic of
k is good for G.

PROPOSITION 4.5 ([11, 5.5]). — Suppose the characteristic is 0. Let N €
g be a nilpotent element of the Lie algebra of G. Then A — dA(1) is a
bijection from the set of cocharacters associated to N to the set of X €
[N, g] such that [X, N] = 2N.

Remark 4.6. — Suppose we are working over an algebraically closed field
of characteristic 0. The theorem of Jacobson—Morozov states that if N € g
is nilpotent and non-zero, there exist H,Y € g such that (N, H,Y") form an
sly-triple inside g, and they are unique up to conjugation by Z4(N). Then
since SLs is simply connected, we can exponentiate the map sly, — g to get
a map SLy — G. Composing with the standard diagonal torus G,, — SLo
turns out to yield an associated cocharacter A : G,, — G.
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Remark 4.7. — McNinch has relaxed the requirement that the ground
field be algebraically closed. He has shown [19, Theorem 26] that over a
perfect ground field F' of characteristic good for G, if N € g(F) is nilpotent
and non-zero, there is an F-rational cocharacter associated to N. We will
not need this here, however.

Given an associated cocharacter A of N, we may construct the associated
parabolic Pg(\) = Ug(\) X Zg(XA), where Ug()\) is the unipotent radical
of Pg(A) and Zg(A) = Pg(A\)/Ug()) is reductive.

Note that if A is associated to N, then IV lies in the weight 2 part of the
A-grading on the Lie algebra p of Pg()\), while the Lie algebra of Zg()) is
by definition the weight 0 part. Thus, although we have two Levi subgroups
of G floating around, N is not contained in the Lie algebra of Zg(A), let
alone distinguished there.

ProrosiTION 4.8 ([11, 5.9, 5.10, 5.11]).

(1) The associated parabolic Pg(\) depends only on N, not on the
choice of associated cocharacter.

(2) We have Zg(N) C Pg(M). In particular, Zg(N) = Zp(N).

(3) Za(N) = (Ug(A\) N Za(N)) x (Za(A) N Za(N))

(4) Zg(N\) N Zg(N) is reductive.

PRrROPOSITION 4.9. — Let G be a connected reductive group over an al-
gebraically closed field of characteristic 0. Let G’ be a possibly disconnected
reductive subgroup of G, and suppose N € LieG'. Let A : G, — (G')°
be an associated cocharacter of N. Then Zg/(N) = (Ug/(N\) N Zg/(N)) %
(Ze/(N) N Zg(N)) and Ugr (A\) N Zgr (N) is connected.

Proof. — We first claim that X\ : G,, — (G')° — G is associated to N
as a cocharacter of G. Since we are in characteristic 0, we may use Propo-
sition 4.5 to pass freely between associated cocharacters and Jacobson—
Morozov triples. More precisely, dA(1) satisfies [dA(1), N] = 2N whether
we view dA(1) as an element of Lie G’ or of Lie G, and if dA(1) € [N, ¢'],
then dA\(1) € [N, g] as well. Therefore, A is associated to N as a cocharacter
of G.

We now consider the structure of Zg/(N) and Ug/(A) N Zg/ (N). We
know that Zg(N) C Pg()), and in fact, Zg (V) is the semi-direct product
of Us(A) N Zg(N) and Zg(A) N Zg(N). It follows that Zg/(N) C Par(N)
and in fact, Zg/(N) is the semi-direct product of Ug/(A) N Zg/(N) and
ZGI(/\) N ZGI(N).

For the second assertion, we observe that A normalizes Ug: (A) N Zg: (N)
(by the normality of Ug/(\) in Pg/(\) and the definition of an associated
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cocharacter), so everything in Ug/(A) N Zg/(N) is connected by a copy of
Al to the identity. So Ug/(\) N Zg/(N) is connected. |

We record a few results about families of nilpotent elements of g. We let
N denote the space of nilpotent elements of g. That is, for any k-algebra
A, N(A) is the set of elements N € g(A) such that for every representation
o : G — GL,, the characteristic polynomial of o, (N) is 7.

LEMMA 4.10. — Let N € N (k). There is an fppf neighborhood U — G-
N of N and a section s : U — Gy such that the U-pullback of the universal
nilpotent element of g over the orbit G - N is of the form Ad(s(U))(N). If
the characteristic of k is 0, U may be taken to be an étale neighborhood.

Proof. — We have a morphism G — G - N, given by g — Ad(g)N.
This is the structure morphism of a Zg(N)-bundle on G - N. Fppf-locally
on G- N (or étale-locally in characteristic 0, since in that case Zg(N) is
smooth), this structure morphism admits a section, which by definition has
the desired property. O

COROLLARY 4.11. — Let S be a reduced scheme over a characteristic
field k, and let N € N(S) be a family of nilpotent elements such that for
every geometric point s of S, the conjugacy class of N5 in Lie G is constant.
Then the centralizer Zg,(N) C Gg is smooth over S.

Proof. — The nilpotent family N is some morphism f : § — N, and
the constancy of the conjugacy classes and reducedness of S imply that f
factors through some orbit G - Ny. Thus, we may assume that S = G- Ny
and N is the universal nilpotent element. For any point x € G - Ny, there is
some étale neighborhood U — G - Ny of x and a section s : U — Gy such
that the restriction of the universal nilpotent element to U is of the form
Ad(s(U))N. Therefore, Zg,(N)|v = s(U)Za(N)ys(U)~!, which is visibly
smooth over U. O

COROLLARY 4.12. — Let S be a reduced scheme over a characteristic 0
field k, and let N € N(S) be a family of nilpotent elements such that for
every geometric point s of S, the conjugacy class of N5 in Lie G is constant.
Then étale-locally on S, there is a family of cocharacters A : (Gy,)s — Ggs
such that for each 3, Az is an associated cocharacter for Nz.

Proof. — As before, we reduce to the case of a family of nilpotent ele-
ments over U of the form Ad(s(U))Ny for some section s : U — Gy and
some Ny € N. Then if )y : G, — G is an associated cocharacter for N,
we define \ : (Gp,)u — Gy to be s(U)\gs(U) L. O
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5. Reducedness of X v -

We will use the theory of associated cocharacters to study the structure
of a cover X, n ; of Mody n - in the case when L/K is totally ramified. In
that case, Lo = Ky with f := [Lo : Q,], and 7 is a linear representation of
Galy /. We will first show that this cover is generically smooth, and the
method of proof will let us calculate its dimension. We will then be able to
see that this cover is actually a local complete intersection. Since a local
complete intersection which is generically reduced is reduced everywhere,
we conclude that our cover is actually reduced.

Let £/Q, be a finite extension, and let Dg be a Resggr,,/ g G-torsor over
E equipped with a choice of trivializing section, i.e., a copy of Respgr, /£ G-
For any E-algebra A, let Rep 4 Galy,x denote the set of representations of
Galy x on Respgr, /g G(A) = G(A® Lo).

Let X, n - denote the functor on the category of E-algebras whose A-
points are triples

(q),N,T) S (ReSE®L0/E G)(A) X (ReSE(X)LO/Eg)(A) X RepA GalL/K

which satisfy N = p Ad(®)(¢(N)), 7(g)o® = Por(g), and N = Ad(7(g))(N)
for all g € Galy, k. Here ¢ denotes the Frobenius on the coefficients.

Similarly, let X , denote the functor on the category of E-algebras
parametrizing pairs

(N,7) € (Respgr,/r 8)(A) x Rep,y Galp,/x

such that N = Ad(7(g))(N) for all g € Galy,x. There is a natural map
X,,Nr — X 7 given by forgetting ®.

There is a third functor X on the category of F-algebras whose A-points
are representations 7 : Galy, /g — G(A ® Lo), and there is a forgetful map
)(]\]7.r — X .

All three of these functors are visibly representable by finite-type affine
schemes over E, which we also denote by X, v -, Xn,-, and X.. Moreover,
there is a left action of Respgr,/r G on X, y r coming from changing the
choice of trivializing section. Explicitly,

a- (2, N {7(9)}gecal, ) = (a®p(a) ™", Ad(a)(N), {a7(g)a™ }gecal,, i)

The quotient of X, n,, by this action — “forgetting the framing” — is
93?00%]\{77.

Remark 5.1. — We have assumed that L/K is totally ramified,
so Galp g acts trivially on the coefficients. Thus, when we write
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“Ad(7(g))(N)”, we literally mean the adjoint action of Resggr,/z G on
its own Lie algebra, not a twisted adjoint action.

Consider the coherent sheaf H? on X, n . given by the cokernel of

(p®-1)®ady
LR,

(ad D)9/ @ (ad Dy ) @*er (ad D 4)9#le/x

At any closed point € X, n.,, the specialization H?(z) is H2(DA®;€($)
from Proposition 3.2 which controls the obstruction theory of the corre-
sponding (¢, N, Galy i )-module. Therefore, the locus in X, v where H?
vanishes is open, and to show that X, y , is generically smooth it suffices
to show that this locus is dense.

PROPOSITION 5.2. — There is a dense open subscheme of X, n,» where
H? vanishes.

Before we begin, we remind the reader that Ad refers to a literal ad-
joint action of an algebraic group on its Lie algebra, while Ad refers to a
Frobenius-semilinear action.

Proof. — We begin by extending scalars of X, n , from E to E. Then
the E-points of X, n,- correspond to triples of f-tuples ® = (®4,...,®y),
N = (Ny1,...,Ny), and 7 = (14,...,7s) with ®; € G(E), N; € g(E), and
7 Galp g — G(E) a representation, which are required to satisfy

N; = pAd(®;)(Nit1)
Ni = Ad(7i(g)) (Vi)
7i(g) 0 ®; = ®; 0 Ti11(g)
for all ¢ and all g € Galy k-

It suffices to show that 72 vanishes on a dense open subset of each
non-empty fiber of X, y, — X,. Moreover, the condition “32 vanishes
at y € X, n,-7 is invariant under the action of Resggr,/p G on Xy, N 7.
The compatibilities between ®, N, and 7 imply that if k/E is an extension
of fields and the fiber over z € X, (k) is non-empty, the representation 7
corresponding to z has the property that the Frobenius-conjugates of the
7; are G(k)-conjugate. Thus, letting a = (1, P71, P1Po,...) and replacing
(®,N,7) with a - (®,N,7), we may assume that 7 = (7,...,7) for some
representation 7 : Galy x — G(k).

Let X, n denote the fiber of X, n , over the point corresponding to 7, so
that X, n parametrizes pairs of f-tuples ® and N such that ®; € Zg(7),
N; € LieZg(7), and N; = pAd(®;)(N;41) for all i. Let Xy denote the
fiber of X . over the point corresponding to 7, so that Xy parametrizes
f-tuples N with N; € Lie Zg (7). There is a forgetful map X, y — Xn,

ANNALES DE L’INSTITUT FOURIER



GENERIC SMOOTHNESS FOR DEFORMATION RINGS 2585

and to show that H? vanishes generically on Xy, N, it suffices to show that
it vanishes on a dense subset of each non-empty fiber. Since H? vanishes
on a Zariski-open set, it in fact suffices to find a point on each connected
component of each non-empty fiber. Note that although Zg(7) is reductive
by [10, Theorem 2.2], it will not generally be connected.

The compatibility between ® and N implies that either N; = 0 for all ¢
or N; # 0 for all 7. We first treat the case where N; # 0 for all 7. For each
N;, choose an associated cocharacter A; : G, — Zg(7)°. Then if (®,N)
corresponds to a k’-point of X, y for some extension k’/k, we have

Ad(Ni(p™ %)) (Ng) = p~' Ny = Ad(®4)(Nit1)

by the compatibility between ® and N. We see that if N corresponds to a
point y € X with non-empty fiber, the Frobenius conjugates of the IV; are
Zg(1)(E)-conjugate. Letting b = (<I>1_1)\1(p_1/2),...,<I>J71)\f(p_1/2)) and
replacing (®, N, 1) with b- (®, N, 7), we may assume that N = (N,..., N)
for some N € Lie Zg(7).

The fiber of X, n — Xn over N is a coset in Zg(7)*/ of (Zg(N) N
Za(1))*!. This will generally be disconnected, even if Zg(7) is connected.
We will find a point on each component of the fiber over N where H?
vanishes.

Choose an associated cocharacter A : G,, = Zg(7)° for N, and let @
denote A\(p~1/2). Let @, = (g, ..., Pg). We need to analyze the maps

pAd(®)o — 1: ad Dy — ad Dy
and
ady :ad Dy — ad Dy
Here ad Dy is g,j,f, and Ad(®) acts by
(X1,...,X7) = (Ad(?1)(X2),...,Ad(D[)(X7))
and ady acts by
(X1,..., Xp) = (adpn, (X1),...,adN, (Xf))

Each factor ggs is graded by A; pAd(®,) — 1 is a semi-simple endomor-
phism of ad Dy since it is the difference of commuting semi-simple oper-
ators. Further, pAd(®,) — 1 acts invertibly on gj/, except on the weight-2
eigenspaces of the factors, where it is 0. Therefore, the cokernel of pAd(®,)—
1 is the direct sum of the weight 2 eigenspaces of the factors. But by the
representation theory of sly, the weight 2 part of gj/ is in the image of ad y .
Thus, H? = 0 at the point corresponding to (24, N, T).

TOME 66 (2016), FASCICULE 6



2586 Rebecca BELLOVIN

It remains to find points where H? vanishes on any other components of
the fiber of X, v — Xn over the point corresponding to (N, 7). This fiber
is a torsor under the action of (Zg () N Za(N))*?, the centralizer of N in
(ZG(T))Xf , so connected components of the fiber correspond to connected
components of (Zg(7) N Zg(N))Xf. By Proposition 4.9, the disconnected-
ness of Zg(7) N Zg(N) is entirely accounted for by the disconnectedness
of Zg(1T) N Zg(A) N Zg(N). For any component of (Zg(7)N Zg(N))Xf,
we may therefore choose a representative ¢ := (c1,...,cy) with the ¢; €
Za(t)NZg(AN) N Zg(N).

Furthermore, by Lemma 5.3, whose statement and proof we postpone,
there is a finite-order point on the component of ¢; - - - ¢y of Zg(7)NZg(A)N
Zc(N). By adjusting ¢y by a point on the connected component of the
identity (Zg(7) N Za(A\) N Zg(N))°, we may replace ¢ by another point
(on the same connected component) with ¢; - - - ¢y finite order.

We put & := &, - ¢, and we claim that the k’-linear endomorphism
pAd(®)—1 on g*/ is semi-simple. It suffices to show that the endomorphism
pAd(®) is semi-simple. The fth iterate of this map is

(X1, Xp) (pf Ad(cics - cf) o Ad(®L)(X1), .. )

But Ad(@{; ) and Ad(cicz - - - ¢f) are commuting semi-simple operators, be-
cause &y = A(p~'/?) and the ¢; were chosen to centralize A so the fth
iterate of p Ad(®) is semi-simple. Since we are working in characteristic 0,
this implies that p Ad(®) is semi-simple as well.

Let us consider the kernel of pAd(®) — 1. The operators Ad(®g) and
Ad(cica -+ - ¢f) can be simultaneously diagonalized, because they are com-
muting semi-simple operators, so to compute the kernel of pAd(®) — 1), it
suffices to compute the kernel of the restriction of pAd(®) — 1 to each si-
multaneous eigenspace. So suppose X := (Xi,...,Xf) € ker(pAd(®) — 1),
and suppose that the X; are eigenvectors for Ad(®y). Then pAd(¢;) o
Ad(®y)(Xi41) = X; for all ¢, and iterating, we have

pFAd(cicigr - ci1) 0 Ad(D]) (X)) = X;

for all i. The indices are taken modulo f. But ¢;c;11 - - ¢;—1 is a finite order
operator, say of order n. Iterating the application of (p Ad(®))/ n times,
we have

P Ad(®GT)(X;) = X;

Therefore, X; lives in the weight 2 eigenspace of @ for all i.
We have now seen that pAd(®) — 1 is a semi-simple endomorphism of
ad Dy whose kernel is the direct sum of the weight 2 eigenspaces of the
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factors, while the image of ady includes the weight 2 eigenspaces. Thus,
(pPAd(®) — 1) + ady : ad Dy ® ad Dy — ad Dy

is surjective, and H? vanishes at the point corresponding to (®, N, 7).

Now suppose that the INV; = 0 for all 4. Then the fiber of X, y over N
is Zq(7)*/, so we need to find a point on every connected component of
Zg(7)*/ where H? vanishes, i.e., to find some @ such that pAd(®) — 1 acts
invertibly on ad Dy:.

Suppose that ® does not have this property, i.e., that there is some
N’ # 0 such that (pAd(®) — 1)(N') = 0. We will find some @’ on the same
connected component of Zg(7)*/ such that pAd(®’) — 1 acts invertibly on
ad Dk-/.

Note that N/ is nilpotent, so by the argument above there is some b €
Za(7) such that b- (@, N') has b-N' = (N/,..., N'). Therefore, b- (®, N, 7)
is a (¢, N, Galy,/k)-module with b- N' = (N’,..., N’) non-zero. In other
words, if ' : Gy, = Zg(7)° is a cocharacter associated to N/, then b- ® €
(N(p™Y2))i (Za(r) N Za(N))*T.

As before, there exists

c=(c1,...,c5) € (Zg(r) N Za(N) N Za(N)) !

with ¢; - - - ¢¢ finite order such that b- @ is on the same connected compo-
nent of (N (p~Y/2)); (Zg(7) N Za(N))*7 as (N~ Y)er, ..., N(p~?)ey).
Therefore, ® is on the same connected component of Zg(7)*/ as bt
(X(p_l/z)cl, ol X(p_l/z)cf). Since G, is connected, this implies that ®
is on the same connected component of Zg(7)*/ as b+ (N (t)c1, ..., N (t)cy),
for all ¢.

Now X : Gy, — Zg(7)° induces a grading of ad Dy, (by grading each
factor). Then for any tg € k' such that X (tg) does not have (/p as an
eigenvalue for any pth power root of unity ¢, pAd (N (tg),..., N (t0)) — 1
acts invertibly on ad Dy,. We claim that pAd (N (to)ec1,..., N (to)ey) — 1
acts invertibly on ad Dy.

Indeed, if Ad(XN(to)ci,..., N (to)cy) has eigenvalue 1/p, then the fth
iterate, which is ' ®q, Ko-linear and acts by

(X1, Xyp) = (Ad(cr - ep N (ko)) (X1), ..., Ad(cr - - cp—1 N (to) ) (X))

has eigenvalue 1/p/. Suppose that c;---c; has order n. Then the fnth
iterate acts by

(X1,.., Xyp) = (AN (t)T™)(X1), ..., Ad(N (to) /™) (X}))

and has eigenvalue 1/p/™, contradicting our hypothesis on .
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To summarize, ® is on the same connected component of Zg(7)*7/ as @',
where ® = b~ (X (to)¢;)i, and pAd(N (to)ci)i — 1 acts invertibly on ad Dy .
Therefore, pAd(®') — 1 acts invertibly on ad Dy, and we are done. O

The proof of Lemma 5.3 is due to Peter McNamara:

LEMMA 5.3. — Let H be a (possibly disconnected) reductive group over
an algebraically closed field. On each connected component of H, there is
a point of finite order.

Proof. — Choose a component gH°. To produce a finite order point on
gH?®, it suffices to produce a finite order point on the component of g in
the center Zz,, () of the centralizer Zp(g). But Zz, (4 is commutative, so
we have a decomposition Zyz,, () = M x U, where M consists of semisimple
elements of Z,, () and U consists of unipotent elements of Zz,, (4, by [9,
Theorem 15.5]. Since U is a unipotent group, it is connected, and so it
suffices to produce a finite order point on each component of M. Now the
connected component of the identity MY C M is a torus, and we claim
that the exact sequence

0— M- M — M/M°— 0

is split. Since M /M"Y is abelian, we may assume it is cyclic. Let z € M /M°
be a generator, and let n be its order. Choose any lift z € M of z. If
nz € MY is the identity, we are done. Otherwise, note that multiplication
n: M° — MY is surjective; if y € M is in the preimage of nZ under
multiplication by n, then y~'Z € M is a lift of # such that ny~'Z is the
identity, and we have our desired splitting. O

We are now in a position to deduce the first part of Theorem 1.2:

COROLLARY 5.4. — X, n r is reduced and locally a complete intersec-
tion. Each irreducible component has dimension dim Resggr, /g G-

Proof. — We again extend scalars on X, v, from E to E. We then
choose an E-point = € X, N, where H? vanishes. The tangent space at
this point is given by ker (ad D ®ad Dg — ad DE) by Remark 3.10 (since
we are working with a moduli space of framed objects), and since H? van-
ishes, the tangent space has dimension dimzad Dz = [Lo @ Qp]dimG.
Since this implies that there is a Zariski open dense subspace of X, v -
with dimension [Lg : Qp]dim G and X, v - is a scheme of finite type over
a field, we see that X, n - is equidimensional of dimension [Lg : Q,] dim G.
Indeed, since the dimension of a scheme is insensitive to nilpotents, we
may pass to the underlying reduced subscheme of X, n , and compute
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the dimension of each irreducible component. The dimension of a vari-
ety is equal to the transcendence degree of its function field, and since
each irreducible component has a Zariski open dense subspace of dimension
[Lo : Qp] dim G, we are done.

Next, observe that X, is the disjoint union of smooth schemes of the
form

(RBSE®LO/E G) / (ZResE®LO/E G(TO))

where 74 : Galp /g — G(E) is a representation of Galp k-

Over a diagonal point 7 = (79,...,70) € X, the fiber X, x is defined
by the relations N; = p Ad(®;)(N;+1), where N; = Ad(7o(g))(N;) and
70(9) = Ad(®;)(70(g)). Thus, ®; and N, are required to live in Zg(79) and
its Lie algebra, respectively. Then the condition

Ni = pAd(®;)(Ni41)

gives us dim Z¢(79) equations, so the fiber X, y is cut out of the smooth
2[Lo : Qp]dim Zg(79)-dimensional space Zg(70)*! x ad Zg(m0)*/ by
[Lo : Qp] dim Zg(7p) equations.

Now for any 7" € X, on the same component as 7, there is some
étale neighborhood U of 7/ such that the quotient map Resggr,/ g G —
Resgor,/E G/ZRQSEMO/E c(7) admits a section g € Resgg 1,/ G(U), since
ZRespgry)m (1) is smooth. Therefore, the U-pullback X, n | of X, v - is
isomorphic to U x X,y and has dimension [Ly : Qp]dimG. But
U x X, n is cut out of the smooth [Ly : Qp|(dimG — dim Zg(r)) +
2[Lo : Qp] dim Zg(79)-dimensional space U x Zg(79)*/ x ad Zg(79)*/ by
[Lo : Qp] dim Zg(m) equations, so it is locally a complete intersection.

Since being locally a complete intersection can be checked étale-locally, it
follows that X, v, is locally a complete intersection. Furthermore, schemes
which are local complete intersections are Cohen—Macaulay by [17, The-
orem 21.3]. Cohen—Macaulay schemes which are generically reduced are
reduced everywhere, since they have no embedded points, by [17, Theo-
rem 17.3], so we are done. O

Thus far, we have considered moduli spaces of (¢, NV, Gal,/x )-modules,
rather than moduli spaces of filtered (¢, N, Galy,/ k )-modules. We now add
a filtration to our set-up and complete the proof of Theorem 1.2.

Fix a conjugacy class [v] of cocharacters v : G, — (Resggr/p G)g
with a representative defined over E. Let P, denote the parabolic
PRESE®K/Eg(V) C Resggr/p G for some such representative v. Then
Respgi g G/Py represents the moduli problem on E-algebras which is
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defined on A-points by
A {@-filtrations of type v on (Respgr/p G)a}

Indeed, given an A-point of Respgx/p G/P, where A is an E-algebra, we
obtain a family P — Spec(A ® K) of parabolic subgroups, such that for
every geometric point z of Spec(A® K), P, is conjugate to Prespg s G (V)-
étale-locally on Spec(A®K), P = gP,g~ ! for some g € G(A® K) since the
morphism Respgr g G — Resggr/p G/ Py is smooth. Thus, étale-locally
on Spec(A® E), we get a ®-filtration on (Respgr/r G)a, by taking the ®-
filtration associated to the ®-grading induced by gAg~'. Since g is defined
up to translation by an element of P,(A) (since parabolic subgroups are
their own normalizers) and such elements preserve the ®-filtration, we in
fact get a ®@-filtration on (Resggk/k G)a over all of Spec A.

Thus, X, v+ X Respgr g G/ Py is the moduli space of framed filtered
(¢, N, 7)-modules valued in Gj it is locally a complete intersection because
Xy~ is and Resgpg /g G/ Py is smooth.

6. Galois deformation rings

Fix a continuous potentially semi-stable representation p : Galgx —
G(FE), with Galois type 7 and p-adic Hodge v, and assume that p be-
comes semi-stable over a finite, Galois, totally ramified extension L/K. We
wish to study potentially semi-stable lifts g : Galx — G(R), where R is a
Q,-finite artin local ring with residue field E. More precisely, we consider
the deformation functor DefE whose R-points are

DefE(R) = {p: Galg — G(R)|p is a lift of p}

Following [12], we will show that DefE is pro-represented by a complete
local noetherian Q,-algebra RE which is reduced and equidimensional, by
relating it to Modp,, n,-. This will prove Theorem 1.1.
We also define the deformation groupoid Def;’v whose R-points are
p®r E = p and p is potentially
DefV(R) := { p: Galg — G(R) | semi-stable with Galois type 7
and p-adic Hodge type v

There is a natural morphism of groupoids DefE’T’V — Def;’V given by

“forgetting the basis”. There is also an associated functor | Def]"" | whose
R-points are defined by

| Def 'V |(R) := Def ¥ (R)/ ~
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Then DefE’T"’ — Def " is formally smooth in the sense that for every
square-zero thickening R — R/I, given a deformation p’ : Galxy — G(R)
of p and a lift p: Galg — G(R/I) of p such that p’ @ g R/I = p, there is a
lift p’ : Galg — G(R) of p such that p’ = p.

Moreover, the fibers of the map |Depr’T’v |(Ele]) — |Def" [(E[e]) are
torsors under ad G/(ad G)%2x . More precisely, g € ad G (an element of
G(Fle]) which is the identity modulo €) acts by conjugation on represen-
tations p : Galg — G(E[¢]), and g € ad G acts trivially if and only if
g € (ad G)%alx | Thus,

(6.1) dimg|Def; ™ |(E[e])
= dimg | Def]V |(E[e]) + dimp ad G — dimp(ad G) 4%

Fix a faithful representation ¢ : G — GL,,. Then o o p is potentially
semi-stable, with Galois type o o 7 and p-adic Hodge type the (geometric)
conjugacy class of o o v. More precisely, 7 is a homomorphism Galy/x =
I — Aut(DZL(p)), and by o o 7 we really mean the homomorphism
Ik — GL,(E ®q, L) induced by pushing out D% (p) along 0. To in-
terpret o o v, we choose a representative cocharacter for the conjugacy
class v, compose with ¢, and consider the corresponding conjugacy class
of cocharacters Gy, — Respgr, g GLy. Then we define two deformation
functors:

Def2 (R) :

ogop

{p' : Galg — GL,(R)|p is a lift of o0 p}
7 is a potentially semi-table lift

DerD(;;’V(R) =<7 : Galg — GL,(R)|of 0 o p with Galois type o o7
and p-adic Hodge type g ov

The pro-representability of Deon , follows from Schlessinger’s criterion; this
fD,T,v

is discussed in [18], for example. The pro-representability of Def_; o Isa
deeper fact, and the proof relies on integral p-adic Hodge theory.

Choose an Og-model for o o p, and let VF be the reduction modulo 7,
where 7 is a uniformizer of Og. Then there is a complete local noetherian
W (kg)-algebra R‘D,F which prorepresents framed deformations of VE (on
the category of artinian W (kg)-algebras). Here kg is the residue field of
Op. This again follows from Schlessinger’s criterion.

We can associate to R‘D,F its generic fiber, which will be a (non-quasi-
compact) quasi-Stein rigid analytic space X EF over W(kg)[1/p]. Then oop

corresponds to a point of X";'F, and for every z € XEF7 the complete local
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ring at x is the framed deformation ring of the corresponding characte-
ristic 0 Galois representation V,, by [14, Proposition 2.3.5] or the discussion
in [3, §6].

We define two closed subspaces of X ‘%. The first, which we denote X EF, o
is the subspace consisting of Galois representations such that the image of
Galg in GL,(R) is contained in G(R) C GLy(R). The second, which we
denote XEI;T;E' , is the subspace consisting of potentially semi-stable rep-
resentations with Galois type o o 7 and p-adic Hodge type [0 o v]. The
existence of X EFTS;' follows from [12, Theorem 2.7.6].

Then the point zg corresponding to o o p lies in XEF,G N XEF”T;:, by

construction. Furthermore, the complete local ring of X EF)G ﬁXEF’TS’;' at g

(which is noetherian) pro-represents DefE’T"’. The reader may object that
the conjugacy class of o ov may “glue together” several different conjugacy
classes of cocharacters G, — Res E®q,L/E G. This is quite true. However,
p-adic Hodge types are locally constant, by the discussion in §A.2.3, and
so the entire connected component of XEF,G N XEI;TS’E' containing zo has
p-adic Hodge type v.

Let Sp(4) ¢ X \;F,G QXEI;TS’E' be a connected affinoid subdomain contain-
ing zg. By Appendix A.2.10, Spec A carries a G-valued family of filtered
(¢, N,Galp / x)-modules, and therefore defines an A-valued point of the
groupoid Modp , v . Identifying A with the groupoid on FE-algebras it
represents, we view this as a morphism of groupoids A — MModr, N, 7.

PROPOSITION 6.1. — For every maximal ideal m of A, corresponding
to a Galois representation p : Galg — G(E’), the morphism of groupoids
Am = Modp, N+ Is formally smooth.

Proof. — The proof of [12, Prop. 3.3.1] carries over verbatim here. [

COROLLARY 6.2. — For any z € X{] ;N XEF’;Z;’, let A, be the com-
pleted local ring of XERG N XEI;TS’E' at x. Then there is an object D, €
Modp,, N+(Az). If U C Spec(A,) is the complement of the support of
H2(D,), then U is dense in Spec(Ay).

Proof. — After an étale extension A, — A’ corresponding to a finite
extension of the residue field (to split D), Das := D, ® 4 A’ is induced
by a morphism

Spec A" — X, N, X Respgr, /g G/Py

Furthermore, U,/ is the complement of the support of H?(D4/). Then the
proof of [12, Proposition 3.1.6] carries over verbatim, and we see that the
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support of H?(D 4/) is nowhere dense in Spec A’. Tt follows that U is dense

in Spec(Ay,). O
It follows that there is a formally smooth dense open subscheme of Spec A
where H2(D4) = 0.

COROLLARY 6.3. — For any z € X";F’G N XEF’TS’;’, let A, be the com-

pleted local ring of X EF’G DXEF’;Z;’ at . Then A\w is a complete intersection.

Proof. — The morphism X, n - X Respgr/p G/Py — Modp, N is
smooth, so the fiber product with Spec A, — 9Modp, N~ is an affine
scheme Spec A" smooth over A, and formally smooth over X, n, X
Respgi g G/Py. It suffices to show that A’ is locally a complete inter-
section.

Let y be a point of Spec A’ and let A’; be the complete local ring at
y. Then the morphism Spec A’;\ — XN X Respgr/p G/ Py is induced

A

by a local ring homomorphism B — A’/’, where B is the completed stalk

Yy )
at a point of X, v - X Respgx/p G/Py. But B — A’Q is formally smooth
by Proposition 6.1, so A’ 2 is a formal power series ring over B. Since B is

complete intersection, ﬁ\’y is as well. O

Then as in [12, Theorem 3.3.4], we prove the following:
PROPOSITION 6.4. — Spec A is equi-dimensional of dimension
dimg G + dimg(Resgg i /g G)/Py

Proof. — By the discussion of [4] before Lemma 2.2.3, the dimension
of local rings of Spec A is constant on irreducible components. Thus, it
suffices to show that Spec A contains a Zariski dense subspace of dimension
dimg G + dimE(RGSE®K/E G)/P,.

There is a formally smooth dense open subscheme U C Spec A where
H?2(D 4) vanishes. To compute the dimension of Spec A, we choose a closed
point z € U, with residue field E’, corresponding to the maximal ideal
m C A. Let p, be the representation p, : Galxy — G(FE’) corresponding
to x, and let D, := D% (p,). Since A is formally smooth at x, to compute
the dimension of A, it suffices to compute the tangent space at x. But by
equation (6.1),

dimg | Defl ™Y |(E'[])
= dimp | Def ¥ [(E'[¢]) 4 dimp G — dim g (ad ) CHE
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where ad p, is the induced Galois representation ad p, : Galxy — adG.
Now by Proposition 2.4,

dimp | Def] ¥ |(E'[¢]) = dimp Ext' (Dy, Dy)
where Ext! means extensions in the category of filtered (o, N, Galy,/k)-
modules. Because H?(D,) = 0 by assumption, we can actually compute
dimp Ext*(D,, D) to be
dimp Ext'(D,, D,) = dimg HL(D,)
= dimg ((ad D,) g/ Fil’(ad D) i) + dimp H%(D,)

This follows from Proposition 3.12, since H%(D,) = H3(D,) = 0. In ad-
dition, we have dimpg H%(D,) = dimg (ad p,)“*5 | since both spaces are
the infinitesimal automorphisms of p,, so in the end we find that

dimps | Defs™V |(E'[e]) = dimg G + dimp: ((ad D) i/ Fil’ (ad Dy ) i)

=dimg G + dimE(ReSE®K/E G)/PV

as desired, since (ad D, )k is the tangent space of the (smooth) group
Respor/p G and Fil’(ad D,)k is the tangent space of the (smooth)
group Py. O

Again as in [12, Theorem 3.3.8], the crystalline analogue follows by sim-

ilar arguments:

PROPOSITION 6.5. — Let p be a potentially crystalline representation
p: Galg — G(FE) with Galois type T and p-adic Hodge type v. Then the
deformation problem

p is a potentially crystalline
DefE;;’v(R) =< p: Galg — G(R) | lift of p with Galois type T
and p-adic Hodge type v

is pro-representable by a complete local noetherian ring RE;;"’ which is
formally smooth of dimension

dimg G 4 dimg(Resgg /e G)/ Py

In fact, the arguments are easier because X, , is actually smooth of
dimension dim Resggr, /e G, not merely generically smooth.

7. Explicit calculations

We wish to study the irreducible components of X, n . For simplicity,
we restrict ourselves to the case when L = K and 7 is trivial. In addition,
suppose temporarily that Ky = Q.
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Let Ny € N be a non-zero nilpotent element of g, and let Oy, C N
be its G-orbit, which is locally closed in N. Then if we consider the fiber
square

X%N‘(')NO X%N

L

On, N
the left vertical arrow is smooth. Our technique for studying the irreducible
components of X, n . relies on studying the closure of X@,N|0N0 inside

N x G. To do this, we will use Springer resolutions of closures of nilpotent
orbits.

Let G be a connected reductive group, and let Ny € g be nilpotent and
non-zero. Then we can find a cocharacter A : G,, — G associated to Np,
and A defines a grading on g. Associated cocharacters are not unique, but
they are defined up to conjugacy by Zg(IN)° C P := Pg()); it follows that
the associated filtration on g depends only on Nj.

The Lie algebra p of P is naturally identified with g>¢, and carries a
filtration, which is preserved by the conjugation action of P. Given P’ :=
gPg~!, the Lie algebra p’ carries the conjugate filtration.

We will be interested in G - Ny, the closure of the orbit of Ny under the
adjoint action of G on g. In general, this will be singular. However, we have

PROPOSITION 7.1 ([21, 8.3.1]). — There is a natural morphism G x
g>2 — G- Ny given by (¢,N) — Ad(g)(N), and this is a resolution of
singularities.

We rewrite the quotient G x¥ g~ in a more convenient form. Consider

the morphism
G x g>2 — G/P X g
(9:X) = (9P, Ad(g)(X))

It is P-equivariant, so descends to a morphism G x’ g>2 — G/P x
g. The image is {(¢P, X)|X € Ad(g)(g>2)}. In other words, the image
parametrizes pairs (P’, X), where P’ is a parabolic conjugate to P, and
X €pl,.

Moreover, if (g, X) and (¢’, X’) have the same image in G/P X g, then
there exists p € P such that ¢’ = gp, and

Ad(g)(X) = Ad(¢")(X") = Ad(g) Ad(p)(X)

This implies that X = Ad(p)(X’), so (g, X) ~ (¢', X’). In other words, the
map G x¥ g>5 — G/P x g is an isomorphism onto its image.
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7.1. GLg

We study the geometric structure of X, y more closely when our group
G is GLy and 7 is trivial.

Fix an unramified extension K over Q, of degree f. After extending
scalars on X, y from E to E = Qp, we are considering the subscheme of
GLQXf xg[;f of f-tuples ® := (®1,...,P¢) and N := (Ny,..., Ny) satisfy-
ing

N; = pAd(®;)(Niy1)

for all ¢ (here the indices are taken modulo f).

There are two irreducible components, X,z and Xj, corresponding to
the regular nilpotent orbit in gl, and the orbit N = (0,...,0), respec-
tively. Their intersection X,¢g,0 is the subscheme of GL2X Fof P such that
det(1 — pAd®) = 0, where we consider 1 — pAd® as an operator on the
Qp—vector space g[; ! acting via

Ad®(X) = (Ad(®1)(X2), ..., Ad(®f)(X0))

More precisely, Corollary 4.11 implies that the locus in X, y where
N # 0 is a smooth open subscheme of dimension dim GLs - f (since it is a
ZG (N yeg)-torsor), and the locus where IV = 0 is a smooth closed subscheme
of dimension f - dim GLy. We let X,¢, denote the closure of the former in-
side X, v and we let X denote the latter. We will show that X,.; and Xy
are smooth irreducible components of X, n, and their intersection X;eg o
is smooth as well, and characterized as the subscheme of GLJ 7 such that
det(1 — pAd®) = 0.

We do the last part first.

PROPOSITION 7.2. — X;eg0 C GLQXf |N=o Is defined scheme-theore-
tically by the equation det(1 — pAd®) = 0.

Proof. — If (2,4, N,) corresponds to a geometric point of the open sub-
scheme Xo|n20 C Xreg, then Ny is an element of the kernel of 1 — pAd®,,
so det(1—pAd®,) = 0. Since Xo| o is smooth (and in particular reduced),
the equation det(1 — pAd®) vanishes on X,e5. Thus X,g 0 is contained in
the subscheme defined by det(1 — pAd®) = 0.

Conversely, suppose that ®, corresponds to a geometric point of GLy F =
Xo with det(1 — pAd®,). Then there is some non-zero N € g[zxf such that
(1—pAd®,)(N) = 0. We define a morphism A' — X, x via t — (2, tN).
For ¢ # 0, this morphism lands in the IV # 0 locus of X, y. Therefore,
(29,0) € Xicg.
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Thus, X,eg 0 is a closed subscheme of {det(1—pAd®) = 0} C X, with the
same geometric points. But by the next proposition, {det(1 — pAd®) = 0}
is smooth, and in particular, reduced, so it is equal to X;cg 0. O

PROPOSITION 7.3. — The subscheme of GLJ' defined by det(1—
pAd®) = 0 is smooth.

Proof. — In order to study the locus in GL;f where det(1 —pAd®) = 0,
we will compute the characteristic polynomial of ® € GLy f acting on gl 7
For X := (X4,...,Xy) € g[;f, Ad® acts by

Ad®(X) = (Ad(P)(X2),...,Ad(Pf)(X1))

As a matrix, this is

0  Ad(®) 0 - 0

0 0 Ad(®,) 0

0 0 0 Ad(®s +)
Ad(®;) 0 0 0

Here the “entries” are actually 4 x 4 matrices, and we view A and Ad(®;) as
operators on gl,. Thus, to compute the characteristic polynomial of pAd®,
we need to compute the determinant of

A —pAd(®,) 0 0

0 A —pAd(®s) 0

0 0 e A —pAd(®s_y)
—pAd(®y) 0 . 0 A

By row reduction, this is the same as the determinant of

A —pAd(®,) 0 0

0 A —p Ad(®y) 0

0 0 A —pAd(®;_y)

0 0 0 A—plAd(®;- By By_y)/A 1

which is det(A\ — p/ Ad(®y - @1 -+~ Pf_1q)).
We are interested in the subscheme of GLJ ! where

det(1 —p/ Ad(®, -~ ®y)) = 0.
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Letting Nm @ denote the product ®; - - - ®, the equation of this subscheme
can be computed to be

p'(TrNm @) = (p” + 1)? det Nm &
This follows from a brute force computation that the characteristic poly-
nomial of the adjoint action of ® € GL2 on glyis

N (Tr<I>) 2((Tr<I>)27 A2 (Tr ®)?
det @ det @ det @

Thus, we are interested in the zero-locus of

f(TerQ)Q + 2p2f ((Ter‘I’)Q _ 1)_ 3f (TrNm @)? Af

——A+1

det Nm @ det Nm ¢ det Nm &
1 2f\2 _ (Ter‘I)) . f\2
(1—p*)?—p/ iNm® (1-p’)
2
1 f2 12 f(Ter@)
e =

But then a simple computation shows that the equation
p (Tr @) = (pf +1)*det @

defines a smooth subscheme of GLy. For if ® = (2 %), then the Jacobian of
this equation is
2pfa +2pfd—
(p" +1
(p" +1
2pfa+2pfd—

(v! +1)%d

)2e

)%

(v’ +1)%a

Vanishing would force a = d and b = ¢ = 0, which in turn would force 4p/ =
(p? + 1)2, implying (pf — 1)2 = 0, 1mply1ng p/ = 1, which is impossible.

Since the multiplication map GL2 — GLs is smooth, this shows that
Xreg,0 is smooth. O

Next we claim that X, is smooth. This can be done via a simple tangent
space calculation: we know that X, ny is equidimensional of dimension 4f,
and we know that X,., contains an irreducible dense open smooth piece of
dimension 4 f, by definition, so it is enough to show that the tangent space
at every point of X,es has dimension 4f.

LEMMA 7.4. — Fix ® € GL}/ (k) for some extension k/E. Then the
space of elements N € g[;f(k) such that N = pAd®(N) is a k-vector space
of dimension at most 1.
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Proof. — The space of such N is certainly a k-vector space (under the
diagonal action of k on N(k) = gly(k)*f), so if there are no such N,
we are done. Suppose there is some N = (Ni,...,Ny) such that N =
pAd®(N). Then N; = p Ad(®;)(N;11), so the N; are determined by Nj.

We may assume by conjugation that Ny = (J}). We also have N; =
pf Ad(Nm ®)(N;), so if A : G, — GLy is the cocharacter ¢ (étgl)

associated to N7, then Nm @ is of the form (”7(:/2 pfO/Q) (89)(3%). It suf-

fices to show that the space of N € gly(k) such th at N = p/ Ad(Nm ®)(N)
is 1-dimensional.

Now gl,(k) is graded by the action of A\, with weight spaces of weights
~2, 0, and 2, generated by (98), {(49), (3 %)}, and (§}), respectively
Conjugation by (} ?) acts trivially on gl,/ Fil*° gl, and Fil?° g,/ Fil>? gl,,
and conjugation by (p 75/2 pfm) acts by multiplication by p/ and 1 on
these spaces, respectively. Therefore, if Ni € gly(E) satisfies Nj =
p/ Ad(Nm ®)(NY), the image of Nj is 0 in each of these quotients. There-
fore, N{ is a multiple of (§ 3 ), as desired. 0

Away from X,eg,0, Xreg is smooth. This can be seen by considering the
morphism X, y — Xy restricted to the regular nilpotent orbit U of GLJ 7
For any point N € U, there is an étale neighborhood V' and a section
sV = GLj 7 such that the nilpotent matrix over V is of the form
Ad(s(V))(N), by Lemma 4.10. If N = (No, ..., No), this implies that

Xonlv =s(V) ((@o, ..., 00)Zcr, (No) ™) o(s(V))

where Ny = p<I>0N0<I>61. But every N € U is GLQXf—conjugate to
(No, ..., No) for some regular nilpotent Ny € gl,. Thus, we have an étale-
local description of X, n|v, showing it is smooth.

On the other hand, at a geometric point of X, corresponding to (P, 0),
the tangent space is the space of pairs (&, + e®@;,eN;) with &, + &P, €
Xreg,0 and N satisfying N; = p®,-N;. For we have seen that the equation
det(1—p Ad @) vanishes on X,eg, so det(1—p Ad(®y+e®,)) = 0, s0 Py +eP,
is an E[e]-point of Xeg o-

Since X, eg,0 is @ smooth divisor of GL;f and the space of IV, compatible
with @, is 1-dimensional, this has the correct dimension.

In short, we have shown the following;:

THEOREM 7.5. — The space X, n is the union of two smooth schemes
of dimension 4 f, whose intersection is smooth of dimension 4f — 1.
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7.2. Regular nilpotent orbits in GL,

Let G = GL,, and assume for the sake of simplicity that Ko = Q.
The regular nilpotent orbit Oyee in g is the orbit of Nyeg, i.e., the nilpo-
tent element with all ones on the superdiagonal. Let Ao : Gy — G be
the cocharacter diag(t"~1,t"=3 ... t}71); Areg 18 associated to Nyeg. The
conjugation action of A, induces a grading on g, with Vyes in weight 2;
9= 1 »92i, and the graded pieces are on the diagonals. The parabolic
Prog == Pg(/\reg) is the standard upper triangular Borel.

We wish to study the closure X,eg of X@,N|Oreg inside X, n. To do this,
we first extend scalars from E to E, and we define an auxiliary moduli
problem X’reg. The resolution G x Fres g>2 of the closure 6reg of Oyeg carries
a universal parabolic P, along with the filtered Lie algebra B D B2 D

© D Pam—1) of P. More precisely, P is a parabolic subgroup scheme
P C G X G/Preg, such that for every parabolic subgroup scheme P — S
with Ps conjugate to Pyeg, there is a unique morphism f : S — G/P,g such
that P = f*P. Then we define

Xreg<A) = {(q)vN) € (P X G/ Prog m?2)(‘4>

(1 7pAd((p))|p>2/p>4 = Oa
(1 - pAd(®))(N) = 0

In other words, ® is an A-point of a family of parabolics P and N is an
A-point of the Lie algebra p of P, and we impose certain linear algebraic
conditions on ® and N. There is a natural morphism )Z'rcg — X, N given
by forgetting the parabolic, as well as a natural morphism )?reg — N given
by forgetting both the parabolic and ®.

PROPOSITION 7.6. — Xreg is smooth, as is the fiber )?reg|N:0 over
N =0.

Proof. — We use the functorial criterion for smoothness. Let A be an
FE-algebra, let I C A be an ideal such that I? = 0, and let (®g, N, PO) be
an A/I-point of chg We wish to lift (®g, No, Py) to an A-point of Xrcg

First of all, G/P.eg is smooth, so we can lift Py to an A-point P of
(G/Pcg). We claim that the space of ® in P such that 1 — p Ad(®) kills
P>2/p>4 is smooth over Spec A. To see this, we can work locally on Spec A.
Since the quotient G — G/P,e; admits sections Zariski-locally, we may
assume that there is some gp € G(A) such that P = gpPreggfpl. There-
fore, we may assume that P = P,.;. But the space of ® such that (1 —
pAd(®))]p.,/p., = 0 is a torsor under the subgroup Zg(p>2/p>1) C Preg
which acts trivially on p>a/p>4, so it is smooth.
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Thus, we can lift &g to an A-point ® of P such that 1 — p Ad(®P) kills
P>2/Pa, 50 Xieg|N=0 is smooth. It remains to lift Ny to an A-point of the
kernel of 1 — p Ad(®). But the kernel of 1 —p Ad(®) on p>oisarankn—1

vector bundle on Spec A, so we can lift Nj. |
PROPOSITION 7.7. — The morphism )?reg — X, n Is an isomorphism
onto Xeg.

Proof. — We first show that )?reg — X, ~ is a monomorphism. So sup-
pose (¢, N) is an A-valued pair such that N = p Ad(®)(N); we need to
show that there is at most one P such that ® € P, N € p>o, and 1—p Ad(P)
kills p>o/p>a. For this, it suffices to show that ® and N determine p as a Lie
subalgebra of gl,,, together with its filtration. Further, it suffices to check
this on geometric points of A, so we may assume that A is an algebraically
closed field of characteristic 0.

So suppose there is some such P, and let Ap : G,,, — G be a cocharacter
such that P = Pg(Ap). Then we can uniquely write & = zu with z €
Za(Ap) and u € Ug(Ap). Now Ug(Ap) acts (via the adjoint action) as the
identity on each quotient g>;/g>i+1, and Ad(Ap(to)) acts on g>2/g>4 by
multiplication by 1/p if and only if to = p~%/2. Thus, 1 — p Ad(®) kills
g>2/94 if and only if z = Ap(p~1/?)2, where 2’ € Zg(Ap) acts as the
identity on g>2/g>4. Since Zg(Ap) is conjugate to the standard diagonal
torus in GL,, (since Ap is conjugate to Aeg), We see easily that 1 —p Ad(®)
kills g>2/g>4 if and only if 2’ € Zg.

But now we see that Ad(®) acts on g>2;/g>2i+2 as multiplication by p~*.
It follows that ker(1 — p~* Ad(®)) is a subspace of g>o;, linearly disjoint
from g>2;42. Thus, if we can show that go; = ker(1 — p~* Ad(®)) + g2it2,
we will be done. But this follows because 1 — p~* Ad(®) : g>2i — g>2
descends to the zero map on g>2;/g>2i+2. This implies that the image of
1 —p~ " Ad(®) lies in g>2;42, so ker(1 — p~* Ad(®)) has dimension at least
dim g>2;/9>2i+2; since it is linearly disjoint from g>_g;42, it has dimension
exactly dim g>o; — dim g>2;+2, and g2; = ker(1 — p~* Ad(®)) + g2it2-

Next, we show that the image of )N(reg is contained in X,es. Let (@, N)
correspond to a geometric point of X, y in the image of )Z'reg. Then we
may assume that ® € Pz and N € p>o, and 1 — p Ad(®) kills pa/p>a.
We have seen that 1 —p Ad(®) kills an n — 1-dimensional subspace of p>o
containing N and intersecting p>4 trivially. But any such subspace contains
a regular nilpotent element N’, and (®, N +t(N’— N)) defines an A'-point
of X, n connecting (®, N) to X, n

Oreg'
Finally, we show that X,z — X, n is proper. Let R be a discrete valu-
ation ring over E, and let f : Spec R — Xieg be a morphism such that the
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generic point 7 of Spec R maps to X, n|o,.,. This induces a family (¢, N)
of (¢, N)-modules over R. Forgetting ® yields a morphism 7 — Oyeq, and
therefore an R-point P of G/ P,cg, since G/ Pyeg is proper. Since N, € (py;)>2
and this is a closed condition, we have N € p>o. Further, since 1 —p Ad(®,,)
kills (py)>2/(pn)>4, 1 —p Ad(®) kills p>2/p>4. Thus, the image of )Z'reg in-
cludes all of X, and the morphism )Zreg — X, N is proper.

We now know that )?reg — X, v is a proper monomorphism, so it is
a closed immersion. Furthermore, the geometric points of its image are
exactly those of X,e; since both )?reg and X,z are reduced, this shows
that X’reg — X, n is an isomorphism onto X,qg. O

Combining these two results, we see that X, is smooth, and has a nice
moduli description.

7.3. The subregular nilpotent orbit of GLj

Let G = GL3, and assume again that Ko = Q,. There are three geo-
metric conjugacy classes in Nz, namely the orbits Oreg, Ogup, and {0} of
Nieg = (%ég), Noub = (§é§), and Ny := (§§§), respectively. We
have seen that the closure X,o; of X, n|o,., 18 smooth; it is connected,
so it is irreducible. At the other extreme, Xy = X, n|n=o is evidently
smooth and irreducible. We now treat the structure of the closure (Xsub)E
of (X, N)E|0w inside (X, n )z and show that it is singular. Going forward,
we extend scalars on X, y from E to E and suppress the subscript.

The cocharacter Agyp : G — GL3 defined by Agup(t) = (é t(_(;l %) is
associated to Ngup. The Lie algebra gl; is graded by the action of Agup, and
the part which has weight at least 2 is the 1-dimensional subspace

—e={(138)}
g>2 =92 = boo

which has weight exactly 2. We also have

50={(}:)}
o= {(§10)}

Then setting Psup, := Pg(Asub), the resolution G x =u> g, of the closure Ogyy,
of Ogyp, carries a universal parabolic P and a line bundle corresponding
to ga.

and
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We consider an auxiliary moduli problem )?sub:
Xoub(A) :={(®, N) € (P xg/p,,, p2)(A)[(1 - pAd(®))|,, =0}
As before, there are natural morphisms )?sub — X, v and )?sub — N.

PROPOSITION 7.8. — )N(sub is smooth, as is the fiber )N(sub|N=0 over
N =0.

Proof. — We use the functorial criterion for smoothness. Let A be an
E-algebra, let I C A be an ideal such that [? = 0, and let (®o, No, Py) be
an A/I-point of Xeaub. We wish to lift (®g, No, Py) to an A-point of Xeub.-

First of all, G/Psy1, is smooth, so we can lift Py to an A-point P of
G/ Psyp- We claim that the space of ® in P such that 1 —p Ad(®) kills ps is
smooth over Spec A. To see this, we can work locally on Spec A. Since the
quotient G — G/ Pys,p admits sections Zariski-locally, we may assume that
there is some gp € G(A) such that P = gpPbgp'. Therefore, we may
assume that P = Py,,. But the space of ® such that (1 — p Ad(®))|p, =0
is a torsor under the subgroup Zp,_, (p2) C Psyp which acts trivially on po,
so it is smooth.

Thus, we can lift & to an A-point ® of P such that 1 —p Ad(®) kills po,
SO Xsub| N—o is smooth. It remains to lift Ny to an A-point of the kernel of
1—pAd(®). But the kernel of 1 —p Ad(®) on ps is a line bundle on Spec A,
so we can lift Ny. O

LEMMA 7.9. — Let A be a local ring. If P, P' € (G/Ps1)(A) are para-
bolic subgroups of G 4 such that po = p), as submodules of g4, then P = P’.

Proof. — After conjugating, we may assume that P = Pyup, so that po is
generated by Ngup,. Further, there is some g € G(A) such that P/ = gPg~!,
and conjugation by g defines an isomorphism of ps and p’2 Since po = pj
by assumption, Ad(g)(Nsub) = @ - Ngyp, for some o € A%

g € {g € G(A)| Ad(g)(Nsup) = aNgyp for some a € A*} C Py,
so P’ = P. O

ProPOSITION 7.10. — The natural morphism Xg,, — X, n is proper,
and its image is Xg,p. Moreover, it is an isomorphism above Xqub|o

sub *

Proof. — Suppose that an E-point (®, N) € X, y(E) is in the image of
)Z'sub. We need to show that (®, N) is in Xy (F). By assumption, there
is some parabolic P conjugate to Py, such that ® € P and N € po.
If N # 0, then (®,N) is in X, n|o,,,- If N = 0, then we observe that
1—p Ad(®) acts trivially on ps, so there is some non-zero N’ € py such that
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N’ =pAd(®)(N'). Then (P,tN’) defines an A'-point of X, y connecting
((I), 0) to X%N Ocuts -

Now we need to show that Xsub — X, v is proper and surjects onto
Xsub- Let R be a discrete valuation ring, and let Spec R — Xgu, be a

morphism such that the generic point 1 lands in X, x|o,,,. This induces
a family (®, N) of (¢, N)-modules over R. Forgetting ® yields a morphism
17 = Ogub, and therefore an R-point P of G/Pyyp, since G/ Py, is proper.
Since N, € (p,)2 and this is a closed condition, we have N € p,. Further,
since 1 —p Ad(®,,) kills (p,)2, 1 —p Ad(®) kills po. Thus, the image of Xaub
includes all of Xg.p, and the morphism Xsub — X, N is proper.

Finally, we need to show that Xsub — X, v is an isomorphism when
restricted to the preimage of Xgublo,,,. It suffices to show that it is a
monomorphism, and since Xsub — X, N is proper, this can be checked on
geometric points of Xgup|0,,,. Suppose the fiber over (&, N) € Xauwplo
has more than one k(7)-point, i.e., there are two parabolics P, P’ € G/Psp
such that ® € PN P’ and N € p Np),. Then N generates both ps and pj,

so by Lemma 7.9, P = P’. O

We see that X1, is the image of a smooth connected variety, so Xgyup is
itself irreducible.
In contrast to the case of the regular nilpotent orbit, the morphism

~ 100
Xsub — Xgup is not an isomorphism: if & = (OP 02>, then (®,0) is a
P

sub

00

point of X,,. However, the fiber of X, — X~ over (®,0) contains

* * 0 *
0) and (***)
* 00 *

THEOREM 7.11. — Xy, Is singular at every point (®,0) with more than
one pre-image in Xqp,.

* ¥ %

distinct points corresponding to the parabolics (é

We claim more:

Proof. — For such a @, there exist distinct parabolics P, P’ C G with
® e PNP and (1 -pAd(®))[p, = (1 —pAd(®))[,, = 0. There are natural

maps of tangent spaces T(@)mp)j}sub — T(@,0)Xsup and T(¢707P/))?5ub —
T(2,0)Xsub; we will study their kernels and images.

After conjugating, we may assume that P = Py,},. The tangent space of
Xsub at (®,0, Pyyp,) consists of deformations (&),J\N/',ﬁ) such that ® € 13,
N € ps, and 1 — p Ad(®) kills pa, where p is the Lie algebra of P and Py is
its weight 2 part. The kernel of the morphism T(q;.,07p)jzsub — T(®,0)Xsub
consists of deformations P of P, such that (@,0,15) is an element of

T(,0,p)Xsub- If there are two such deformations P, P, the weight 2 parts
of their Lie algebras are generated by Ad(14£g;)(Nsub), respectively, where
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i=12and g; € g. But Ad(l + 5gi)(Nsub) = Nsup + s[giaNsub] and 1 —
pAd((f) must kill both Ngup + €[g1, Nsub] and Ngup + €[g2, Nsup], so we
must have (1 — p Ad(®))([g1 — g2, Neup]) = 0 (since ¢ Ad(®) = & Ad(®) by
assumption).

We claim there is at most a 2-dimensional space of elements of ker(1 —
pAd(®)) : g — g of the form [g, Ngyp]; combined with Lemma 7.9, this im-
plies that the kernel of T(¢,07P)Xsub — T(®,0)Xsupb 18 at most 1-dimensional.
The image of [Nyyp, —] : g — ¢ lands in p, and ker(1 — p Ad(®)) generates
a nilpotent subalgebra. But p>; is 3-dimensional and [p>1,p>1] = po, so if
1 — p Ad(®) kills a 2-dimensional subspace of p>1/p2, it cannot kill ps.

If ker(1 — pAd(®))|, is 1-dimensional, as in the example above with
b = (é%p%), this shows that the map T(¢,07R§‘]b))~(sub — T(®,0)Xsub 18
injective. But the images of T(.:p’(),p)j(vvsub and T(@,(),P’))?sub in T(@,())Xsub
are distinct (as (P, eNgyp) # (P,eN’), where N’ is the subregular nilpotent
element generating p5), so together they generate a subspace of T(4,0)Xsub
of dimension strictly greater than 9, and (®,0) is a singular point of Xg,p.

On the other hand, suppose that ker(1 — p Ad(®)) N im([Ngup, —]) is

2-dimensional. This happens, for example, if & = (8 P 0). Then the im-
P

age of T(a,0,p,.,)Xsub 0 T(a,0)Xsup is 8-dimensional; to show that (®,0)
corresponds to a singular point of Xg,1,, we need to show that not all de-
formations (&),O) coming from T 0, Psub))?sub (which is a 7-dimensional
subspace) also come from T{g o, P/)Xsub. Indeed, if two 8-dimensional sub-
spaces of T(g o) Xsub intersect in a subspace of dimension at most 6, they
generate a subspace of dimension at least 10.

We first note that ker(1—p Ad(®)) generates a nilpotent subalgebra of g,
and by [16, Theorem 2.2], any nilpotent subalgebra is contained in a Borel.
But 1 —p Ad(®) cannot kill the entire nilpotent part of a Borel subalgebra,
which is 3-dimensional, so ker(1—p Ad(®)) is at most 2-dimensional, which
implies that ker(1 — p Ad(®)) = ker(1 — p Ad(®)) N im([Ngyp, —]) C p.

Now we can compute explicitly. If (1 — p Ad(®))(Nsupb) = 0, then @ is
of the form (gpza é) We may assume that P = P..p; then ® has the
same form. If 1 — p Ad(®) kills an additional element N’ € p, then either

, 00 % . g x X , 000 .
N :(000) and ® is of the form (Opa 0>,orN :(ooo) and @ is of
000 0 0 pa 00

the form 8 p*a 0 ).
0 * a 001
Assume that N’ = (8 0 8); the argument in the second case will be

similar. Then if ® comes from T(¢,07p/)Xsub, 1- pAd(é) kills an element
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of the form N’ 4+ eN" | where N” = [g, N'] for some g € g. We have
N’ +eN" = pAd(®)(N' + eN") = p Ad(®)(N') + p Ad(®)(N")

= Ad(®P 1) (N') + pe Ad(®)(N")

= N' +¢[®® ! — 1, N'] + pe Ad(®)(N")
In other words, N” is such that (1 —p Ad(®))(N") € [N’, p]. By computa-
tion, [N’, p] is the space

0 * *
(8 0 8) =ker(1 — pAd(®)) C p>;

On the other hand, Ad(®) acts on g>_2/g>_1 by multiplication by p, so if
N exists, it lies in g»_;. Further, the action of Ad(®) on g>_1/g>0 has
two eigenspaces, one with eigenvalue 1 and one with eigenvalue p, so we
are looking for N” in g5 = p. Since Ad(®) acts trivially on p/p>q, N”
must lie in p>1. But Ad(®) acts diagonalizably on p>1/ps with eigenvalues
Land p~!, so if (1 — pAd(®))(N") € [N',p] C ker(1 — pAd(®)), then N”
is already in the kernel of 1 — p Ad(®).

To summarize, if ® comes from both T(3,0,P,.,) and T(q>’07p/))zsub, then
1 — p Ad(®) kills both Ny, and N’ +eN", where (1 — p Ad(®))(N”) = 0.
But then 1 —pAd(CT)) kills both Ng,1, and N’, so ® is of the form (§ P;a 0

pa/’
Since there are plainly choices of ® which do not lie in this space, (®,0) is
a singular point of Xgp,. O

We conclude by remarking on the singular points of X1, we have con-

structed. Part of the singular locus of X1, is Xsub N Xyeg N Xo. More pre-
cisely, suppose we have a pair (®, N) such that (1—p Ad(®))(N) = 0 and N

is regular nilpotent. After conjugating, we may assume that N = 001
ab ¢

Then (®,0) is a singular point of X, since if & = (0 pa pb ), then
0 0 p°a

—1q_ . \—1
1 — p Ad(®) kills the subregular nilpotent elements (8 (1) ba (10 ?) ) and
00

0
ba~ ' (p—1)~" . . .
(8 8 “ (Ii 2 >, which have distinct parabolics attached to them.
00 0

However, there are other singular points in Xg,,. For example, let & =

100
(8 p 0). The kernel of 1 — p Ad(®) : gl — gl is the 2-dimensional vector
P

space { (§ 0 é)}, which consists entirely of subregular nilpotent elements.
¢ p
001\ . ok . . .
(8 0 8) is {(8 x I)}’ so (®,0) is a singular point of Xgp. If (®,0) were a

ANNALES DE L’INSTITUT FOURIER



GENERIC SMOOTHNESS FOR DEFORMATION RINGS 2607

point of X,eg, then ker(l — p Ad(®)) would generate the nilpotent part of
the Lie algebra of a Borel of GG, which is 3-dimensional. But the Lie bracket
of any two elements of ker(1 — p Ad(®)) is trivial, so (®,0) does not lie in
Kreg-

This dichotomy corresponds to the dichotomy in the proof of Theo-
rem 7.11. The subregular elements we wrote down for ® such that (®,0) €
Xeub N Xreg N Xo have the property that [V, g] N ker(1 — pAd(®)) is
1-dimensional. However, if ker(1 — p Ad(®)) is 2-dimensional but consists
entirely of subregular elements (so that (®,0) is a singular point of Xg,p
which does not lie in X,eg), then the fiber of Xsub — Xgub 18 isomorphic to
P! and so we can deform the parabolics attached to ®.

Appendix A. Tannakian formalism

The theory of Tannakian categories enables us to study algebraic groups
over fields in terms of their faithful representations. The theory is developed
in detail in [6] and [20]; we recall some of the basics here, and work out a
number of useful examples.

A.1. Fiber functors

Let k be a field, and let A be a k-algebra. Let G be an affine k-group
scheme.

DEFINITION A.1. — A fiber functor w : Rep,(G) — Proj, Is a functor
from the category of k-linear finite-dimensional representations of G to the
category of finite projective A-modules such that

(1) w is k-linear, exact, and faithful

(2) w is a tensor functor, that is, w(Vh @ Vo) = w(V1) ®4 w(V2)

(3) If 1 denotes the trivial representation of G, then n(1) is the trivial
A-module of rank 1.

We have suppressed some compatibilities in our definitions, in particular
on the isomorphism in part 2. We refer the reader to [6, §1] for a full
discussion of tensor categories and tensor functors.

Given a fiber functor w : Rep,(G) — Proj, and an A-algebra A’, there
is a natural fiber functor w’ : Rep,(G) — Proj, given by composing w
with the natural base extension functor ¢4+ : Proj, — Proj,, sending M
to M @4 A'.
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DEFINITION A.2. — Let w,n : Rep,(G) = Proj, be fiber functors.
Then Hom®(w, n) is the functor on A-algebras given by

Hoirn@(w, n)(A") := Hom®(gpA/ ow,paron)

Here Hom® refers to natural transformations of functors which preserve
tensor products.

THEOREM A.3 ([6, Prop. 2.8]). — Let w : Rep,(G) — Vecy be the
natural forgetful functor from the category of k-linear finite-dimensional
representations of G to the category of finite-dimensional k-vector spaces.
Then the natural morphism of functors on k-algebras G — Aut®(w) is an
isomorphism.

Remark A.4. — Deligne and Milne actually prove more than this; they
show that given an abstract neutral k-linear Tannakian category C' with
fiber functor w : C' — Vecy, the functor Aut®(w) is representable by an
affine k-group scheme G. However, we will not need this level of generality.

DEFINITION A.5. — A (right) G-torsor over an affine k-scheme Spec A
is an affine morphism X — Spec A which is faithfully flat over A, together
with an action X X G4 — X so that the morphism X x G4 — X x X
defined by (z,g) ~ (x,x - g) is an isomorphism.

Remark A.6. — 1In fact, the assumption that X is affine follows by fpqc
descent from the other properties, plus the seemingly milder hypothesis
that the morphism X — Spec A is fpqc.

Remark A.7. — Suppose that G is smooth. Then if Spec A’ — Spec A
is an fpqc base change which trivializes X, we see that X4 — Spec A’ is
smooth. Smoothness descends along fpqc morphisms, so X — Spec A is
smooth as well. It follows that X can actually be trivialized by an étale
surjective base change on A.

Remark A.8. — Suppose that G is an affine algebraic group. Then if
Spec A’ — Spec A is an fpqc base change which trivializes X, we see that
X — Spec A’ is fppf. Being fppf descends along fpqc morphisms, so X —
Spec A is fppf as well. It follows that X can actually be trivialized by an
fppf base change on A.

THEOREM A.9 ([6, Thm. 3.2]). — Let w : Rep,(G) — Vecy be the
natural forgetful functor.

(1) For any fiber functor 1 : Repy(G) — Proj,, Hom®(p4 o w,n) is

representable by an affine scheme faithfully flat over Spec A; it is

therefore a G-torsor.
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(2) The functor n ~ Hom® (pa o w,n) is an equivalence between the
category of fiber functors 1 : Rep, (G) — Proj 4 and the category of
G-torsors over Spec A. The quasi-inverse assigns to any G-torsor X
over A the functor n sending any p : G — GL(V') to the M € Proj,4
associated to the push-out of X over A.

COROLLARY A.10. — Let n : Rep,(G) — Proj, be a fiber functor,
corresponding to a G-torsor X — Spec A. Then the functor Aut®(n) is
representable by the A-group scheme Autg(X). This is a form of G 4.

Let G’ be another affine k-group scheme, and let f : G — G’ be a
homomorphism of k-group schemes. Then there is a push-out construction
in the style of “associated bundles”. Namely, the space X Xgpec 4 G4 carries
a right action of G4, via

(z,9) -9 =(x-g.fg7)g)
where z, ¢, g are A’-points of X, G’, G, respectively. Then we define
X' = (X Xspeca Gy)/G

The existence of this quotient must be justified. We claim it is sufficient
to construct X'y, where A — A’ is an fpqc morphism. There is a descent
datum on (X Xgpec a4 G'4) 4 because it is the base change of an A-scheme,
and the action of G respects this descent datum. Therefore, if X 4/ exists, it
is equipped with a descent datum. But X’;, — Spec A’ is affine and descent
is effective in the affine case, so the existence of X/, implies the existence
of X'.
Now take A — A’ to be an fpgc morphism which splits X. Then

’ ’
XA’ X Spec A’ GA/ = GA’ X Spec A’ GA/

and the quotient by G- is visibly G/4,.

We can also see this on the level of fiber functors as follows. Suppose
that X corresponds to the fiber functor n : Rep,(G) — Proj,. We may
define a fiber functor 7 : Rep,(G’) — Proj, by taking

' (p) =mn(po f)
for every representation p : G' — GL(V).

These constructions can readily be checked to be equivalent. In partic-
ular, given a representation p : G — GL,, the push-out bundle is the
GL,-torsor associated to the vector bundle w(p).

We will be interested in the these constructions in the case when G is
a linear algebraic k-group. By [6, Prop. 2.20], this is the case if and only
if Rep,(G) has a tensor generator V. That is, every object of Rep,(G) is
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isomorphic to a subquotient of some direct sum of tensor powers of V' and
V*. In fact, if G is algebraic, then any faithful representation of G is a
tensor generator of Repy(G).

A.2. Examples

We give a number of examples which are relevant to p-adic Hodge theory.
As in the previous section, we let k be a field, G be an affine k-group, and
A be a k-algebra. As our primary interest will be in the case where A is
a k-affionid algebra, we do not assume A is finite type. Several of these
example rely on results proved in [2].

A21. Gy

Let G = Gy, and let p : G — GL(V) be a representation of Gy,. Then
V decomposes as V = ®pczV,, where Gy, acts on V,, via multiplication
by t — t™. These decompositions are exact and tensor-compatible, in the

sense that if
0=V 2V -V"=0

is an exact sequence of representations of G,,, then
0=V, =V,—=V/ =0

is exact for all n, and

(V @, V')n = EB V, @k V,

ptq=n

Thus, Rep, (G) is isomorphic (as a rigid tensor category) to the category of
graded vector spaces. It is generated by the 1-dimensional representation
on which Gy, acts by scaling.

A.2.2. Gradings

Let X — Spec A be a G-torsor, corresponding to a fiber functor 7 :
Rep,(G) — Proj 4. A ®-grading of ) is the specification of a grading n(V') =
@nezn(V)y of vector bundles on each (V') such that

(1) the specified gradings are functorial in V'
(2) the specified grading are tensor-compatible, in the sense that

NV & V')n = @ ((V)p @n(V')q)
pt+g=n
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(3) n(1)o =n(1)
Equivalently, a ®-grading of 7 is a factorization of i through the category
of graded vector bundles on Spec A.
Then for any A-algebra A’ and any point t € G,(A’), we define a natural
transformation from ¢4/ o 5 to itself, via the family of homomorphisms

@tn . @nez ((,DA’ O?’](V))n — @ (SDA' o n(v))n
neZ neZz

This is clearly functorial in V, and it is exact and tensor-compatible.
Thus, we have defined a homomorphism G, (A") — Aut®(pa o) =
Autg(X)(A”). But it is clearly functorial in A’, so we get a homomorphism
of A-group schemes G, — Autg(X).

Example A.11. — Let G be a linear algebraic group over Q,,, and let p :
Galg — G(Qp) be a continuous representation such that the composition
oop: Galg — GL(V) is Hodge-Tate for every representation o : G —
GL(V). Then n : V +— D& (0 0 p) is a fiber functor 7 : Repq, — Veck
equipped with a ®-grading. Thus, we get a G x-torsor D&.(p) over Spec K,
together with a cocharacter Gy, — Autg(DE4(p)).

A.2.3. Filtered vector bundles

Let X — Spec A be a G-torsor, corresponding to a fiber functor 7 :
Rep,(G) — Proj,. A ®-filtration of 7 is the specification of a decreasing
filtration F*(n(V)) of vector sub-bundles on each (V') such that

(1) the specified filtrations are functorial in V'
(2) the specified filtrations are tensor-compatible, in the sense that

FrpVerV)= > Fal)eFinV')cVveV
ptg=n
(3) Fr(n(1)) =n(1)if n <0and F*(n(1))=0ifn>1
(4) the associated functor from Rep,(G) to the category of graded pro-
jective A-modules is exact.

Equivalently, a ®-filtration of 7 is the same as a factorization of 1 through
the category of filtered vector bundles over Spec A.
We define two auxiliary subfunctors of Aut®(n).

o Pr = Aut%(n) is the functor on A-algebras such that
Aut () (') = {A € Auta ()(A)AF (V) € Frn(V) for all
V € Rep,(G) and n € Z}
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o Ur = M?ﬁf (n) is the functor on A-algebras such that

Aub2(n) (A) = {A € Autg(n) (A (A — id) (Fn(V)) © F*Hy(V) for all
V € Rep,(G) and n € Z}

By [20, Chapter IV, 2.1.4.1], these functors are both representable by closed
subgroup schemes of Autg(X), and they are smooth if G is.
Given a ®-grading of 7, we may construct a ®-filtration of 7, by setting

Frn(V) = @n?nn(v)n/

We say that a ®-filtration is splittable if it arises in this way, and we say
that ®-filtration is locally splittable if it arises in this way, fpqc-locally on
Spec A.

In fact, if k£ is a characteristic 0 field or G is a reductive group, then
every ®-filtration is Zariski-locally splittable. This is a theorem of Deligne,
proved in [20, Chapter IV, 2.4].

Now assume that G is connected reductive. Then we have the following
results.

THEOREM A.12 (20, Chapter IV, 2.2.5]).

(1) Pr is represented by a parabolic subgroup of Autg(X) and Ur
is represented by the unipotent radical of Pr. The Lie algebra
Lie Autg(X) itself has a filtration (via the filtration on n applied
to the adjoint representation of G), and Lie Pr = F° Lie Autg(X)
and LieUr = F! Lie Autg(X).

(2) Let p: Gy, — Autg(X) be a cocharacter corresponding to a split-
ting of the filtration. Then Pr = Paytq(x) (1) and Zaues(x) (1) is
a Levi subgroup of Pr.

(3) If p, i’ : Gy — Autg(X) are two cocharacters splitting the filtra-
tion, they are conjugate by a unique A-point of Uz. More precisely,
the functor of splittings of F is a Ux-torsor, and as Spec A is affine
and Ur is unipotent, it is a trivial Uz-torsor.

The following lemma on conjugacy of cocharacters is well-known, but we
provide a proof for the convenience of the reader.

LEMMA A.13. — Let F be a separably closed field, let G be a con-
nected reductive group over F, and let A : G, — G be a cocharacter
defined over an separably closed extension K/F. Then the G(K)-orbit of
A (under conjugation) contains a cocharacter of G defined over F, and all
such cocharacters are G(F')-conjugate.
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Proof. — For any separably closed field F, the set of G(F)-orbits
of cocharacters is naturally identified with G(F)\Homp(Gn,G).
Moreover, for any maximal F-torus T' C G, there is a natural map X, (T) —
G(F)\Homp(Gn, G), where X,.(T') is the set of cocharacters of T. Since
F is separably closed, all maximal F-tori are split and G(F')-conjugate;
since the image of any homomorphism X : G, — G is contained in some
maximal torus, this map is surjective.

On the other hand, if A\, N : G, — T are two G(F)-conjugate cocharac-
ters, then the image of )\ is also contained in the maximal torus gTg~" for
some g € G(F). Thus, T and gT'g~! are maximal tori in Zg(\'), so they
are Zg(N')(F)-conjugate, and A and X are Ng(T)(F)-conjugate. It fol-
lows that we have a bijection Ng(T)(F)\X.(T) = G(F)\ Homp(Gn, G).
Since the quotient map Ng(T') = Wa(T') = Na(T)/Za(T) is smooth and
F is separably closed, Wg(T)(F) = Ng(T)(F)/Za(T)(F) and we have a
bijection We(T)(F)\X.(T) = G(F)\Homp (G, G).

The left side is insensitive to change in F', because W¢(T) is finite étale
and the category of F-tori is anti-equivalent to the category of finite free
Z-modules (as Galp is trivial). We therefore see that

G(F)\Homp(Gm, G) < We(T)(F)\X(T)
>~ We (T)(KN\X.(T) = G(K)\ Homg (G, G)

as desired. 0

A type is a conjugacy class of cocharacters v : Gy, — Gpser. If X —
Spec A is a G-torsor corresponding to a fiber functor 7, then Lemma A.13
shows that a ®-filtration on 7 induces a well-defined type at every point
x € Spec A. We claim that the type is Zariski-locally constant on Spec A.

To see this, we first prove the following lemma:

LEMMA A.14. — Suppose A’ is a strictly henselian local F-algebra,
where F' is separably closed. If X\ : Gy, — G(A’) is a cocharacter, then
the G(A’)-conjugacy class of A contains a cocharacter defined over F', and
all such cocharacters are G(F')-conjugate.

Proof. — As in the proof of Lemma A.13, we fix a maximal F-torus
T C G and consider the natural map X.(7T) — G(A")\ Homa/ (G, Gar).
For any cocharacter A : Gy, — G/, there is a (fiberwise) maximal torus of
G/ containing the image of X since A’ is strictly henselian. Indeed, the cen-
tralizer Zg ,, (\) is a reductive A’-group scheme whose maximal A’-tori are
maximal A’-tori of G4/, and the existence of maximal A’-tori in Zg ,, (\)
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follows from [5, Cor. 3.2.7] (again using that A’ is strictly henselian). More-
over, maximal tori of G4 are G(A’) conjugate by [5, Thm. 3.2.6], so we
may assume that the image of X is contained in Ty4-.

Again as in the proof of Lemma A.13, we see that we have a bijection

WG (TA/)(AI)\X* (TAI) l) G(AI)\ HOInA/(Gm, GA/)

We further have a natural surjection X.(T) — Wea(Ta )(A)N\X.(Ta);
we claim that if A\, N : Gy, = T are Wg(Ta/)(A')-conjugate, they are
Wea (T)(F)-conjugate. Suppose A = g\ g~!, where g € Wg(Tas), and let
g denote the reduction of g modulo the maximal ideal of A’. Then 7 is
defined over F, so gg—! € Wg(Ta) is residually trivial. But W (Ta/) is
finite étale over A’, so ¢ =g and we are done. O

Choose a cocharacter A : Gy, — Autg(X) splitting n. We may apply
Lemma A.14 to find an affine étale cover {U;}?_, of Spec A (with each U is
connected) so that A|y, is defined over k%P (or more precisely, the structure
morphism U; — Speck factors through a finite separable extension k’/k,
and A|y, is defined over k’). As étale morphisms are open, we are reduced
to checking that for any point s € Spec A in the image of U;, the type of A
at k(s) can be computed at U; X, k(s). In other words, we need to know
that types are insensitive to extensions F/k(s), where F is a finite étale
k(s)-algebra (not necessarily a field). But this is clear, since the type is
constant on each component of U; X (s) and we can compute the type at
k(s) itself on any geometric point over it.

A.2.4. Endomorphisms and nilpotent elements

Let X — Spec A be a G-torsor, corresponding to a fiber functor 7 :
Rep;,(G) — Proj 4. Suppose that for each V' € Rep,(G), n(V) is equipped
with an endomorphism Ny, and suppose further that these endomorphisms
are exact and tensor-compatible, in the sense that Ny gy = 1y ® Ny +
Ny ® 1lys. Then (1 4+ eNy)y is a family of exact and tensor-compatible
automorphisms of 7(V) ajsj/c2. In other words, we have an A[e]/e2-point of
Aut®(n), and therefore an element N € Autg(X)(Afe]/e?) = Lie Autg(X).

We can say more when the {Ny } are all nilpotent endomorphisms and
k has characteristic 0. Then for each A-algebra A’ and each representation
V, there is an action of G,(A’) on n(V)ar, where ¢t € G,(A4’) acts via
exp(t - Ny ) (note that because Ny is nilpotent, there are no issues of con-
vergence). We therefore have homomorphisms

G.(A) = Aut®(pa on) = Autg(X)(A)
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These homomorphisms are functorial in A’, so we have a homomorphism of
A-group schemes G, — Autg(X). This in turn induces a homomorphism
of Lie algebras over Lie G, — Lie Autg(X). In particular, the image of
the distinguished element d/dt € Lie G, yields a distinguished element
N € Lie Autg(X).

A.2.5. Semi-linear automorphisms

Let X — Speck’ ®, A be a G-torsor, corresponding to a fiber functor
n : Rep,(G) — Projg, 4, where k'/k is a finite cyclic extension, with
Gal(k'/k) generated by . Suppose that for each V' € Rep,(G), k' ®p
n(V) is equipped with a bijection ®y : k¥ ®; n(V) — k' ® n(V) which
is A-linear but k¥’ ®j, A-semi-linear over ¢. That is, ®(av) = ¢(a)®(v) for
a €k @A vek ®n(V). Suppose further that the ®y are exact and
tensor compatible, in the sense that @y gy = Py ® Pyv. This is the same
thing as a tensor-compatible family of isomorphisms (of k' ®; A-modules)
@ (V) = (V).

Thus, we get an isomorphism ®' : p*n = 1, of fiber functors Rep, (G) =
Projyq, 4, and therefore an isomorphism of G-bundles @' : p* X = X.

We can give another interpretation of ®. We may consider the Weil
restriction Res/p X, which is a Resy /(G )-torsor over A, and we may
use {®y } to define a homomorphism

AutResk,/k Gk’ (Resk//k X) — AU-tReSk//k Gk’ (Resk//k X)

Concretely, if V € Rep,(G) and gy € Resys ), Aut (V) (A) = Aut(n(V) @
A’), then this homomorphism sends gy to ®y ogy o @;1. Since @y, is semi-
linear, this is a kind of “twisted conjugation” on GL(V).

A.2.6. Continuous Galois representations

Let E and K be finite extensions of Q,, and let G be an affine algebraic
group over E. Let w : Repgp(G) — Vecy be the forgetful fiber functor.
Suppose that for every V € Repg(G) we have a continuous representation
pv : Galg — GL(V), and suppose that this family of representations is
®-compatible and exact, in the sense that pyg v = py ® pys and that if
0=V =V = V" =0 is exact, then so is 0 — py» — py — pyr» — 0.
Then each g € Galg defines a tensor automorphism of w, and therefore an
element of G(E).

Thus, we get a homomorphism p : Galg — G(E). We wish to show that
it is continuous. But if o : G — GL(V) is a faithful representation, then
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considering o op embeds the image of p in the F-points of a closed subgroup
of GL(V). Since py = o o p is continuous by assumption, so is p.

A.2.7. Families of de Rham representations

Let E and K be finite extensions of Q,, let A be an E-affinoid algebra,
and let G be an affine algebraic group over E. Let p : Galx — G(A) be a
continuous homomorphism. We say that p is de Rham if 0 o p : Galg —
GL(V) is de Rham for every representation o € Repg(G). By [2, Theo-
rem 5.1.2], this is the case if and only if (o o p), : Galg — GL(V,) is
de Rham for every FE-finite artin local point x : A — B. In that case,
DX, (o o p) is an A-locally free A ®q, K-module such that DX} (0 o p)
is filtered by sub-bundles Fil®* DX; (0 0 p). These sub-bundles are A-locally
direct summands of D (V) as A-modules, but not necessarily as A®q, K-
modules. The formation of foR is exact and tensor compatible, so we get
a ResE@,QpL/E G-torsor foR(p) over Spec A. Furthermore, the filtrations
Fil* DX, (0 0 p) define a ®-filtration on DX; (p).

We define the p-adic Hodge type of p to be the type of this ®-filtration.
Recall that the type is a geometric conjugacy class of cocharacters Gy, —
(Res E®q,L/E () which split the ®@-filtration. We showed that the type of
a ®-filtration is locally constant on Spec A, so the p-adic Hodge type of a
family of de Rham representations is locally constant on Spec A, as well.

A.2.8. Potentially semi-stable Galois representations

Let E and K be finite extensions of Q,, and let G be an affine algebraic
group defined over E. Let p : Galg — G(FE) be a continuous homomor-
phism. We say that p is potentially semi-stable if 0 o p : Galx — GL(V) is
potentially semi-stable for every representation o € Repy(G).

Let oy be a faithful representation of G. Then p is potentially semi-
stable if and only if g o p is. This follows because oy is a tensor generator
of Repy(G). More precisely, suppose that o o p becomes semi-stable when
restricted to Galy, for some finite extension L/K. Then the formalism of
admissible representations implies that og 0 plgal,, is semi-stable, as is o o
plcal,, for any subrepresentation or quotient representation of oo. Moreover,
if 00 p|gal;, and o’ o p|gal, are both semi-stable, then so is (¢ ® o’) o p|gal, -
But since oy is a tensor generator for Repg(G), this implies that o o p|gai,,
is semi-stable for any o € Repg(G).
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Remark A.15. — A similar argument shows that that for any period ring
B., o0opis B,-admissible for every o € Repy(G) if and only if ogo p is B,-
admissible for an arbitrary faithful representation oy : G — GL,,. Namely,
the formalism of admissible representations implies that B,-admissibility is
preserved under tensor products and duals, as well as passage to subrepre-
sentations and quotient representations. Since any faithful representation
oo is a tensor generator for Repy(G), B.-admissibility of g o p implies
B..-admissibility of o o p for all o € Repg(G).

A.2.9. Filtered (¢, N, Galy/k)-modules

Let E and K be finite extensions of Q,, let L/K be a finite Galois
extension, let A be an E-algebra, and let G be an affine algebraic group
over E. Let

1n:Repp G — Pr0jA®QpLO

be a fiber functor to the category of vector bundles over A®q, Lo which are
A-locally free (i.e., the fiber at a point of Spec A is required to have constant
rank), and suppose that 1(V) is equipped in an exact and tensor-compatible
way with a semi-linear bijection @y : n(V) — n(V), a semi-linear action
Ty of Galy ik on 7(V), and an endomorphism Ny, and that {n(V)r} is
equipped with a ®-filtration /7, such that

o Ny =p®y o Nyody!

e Ny =1y(g9) o Ny ory(g)~! forall g € Galp

e Ty (g) o Py = Py o7y (g) for all g € Galy/k

e J7, is stable by the action of Galyx

The fiber functor 1 : Repgy G — Proj 44 a, Lo induces a G-torsor X over
A ®q, Lo, and therefore a Respgr,/r G-torsor Resagr, a4 X over A.

By Galois descent, the category of A ®q, L-vector bundles with a semi-
linear Galy,,g-action is equivalent to the category of A ®q, K-vector bun-
dles. Therefore, the specification of a Galy,,j-stable filtration on n(V), is
the same as the specification of a filtration on n(V)galL/ * (which is a finite
projective A ®q, K-module). Moreover, taking Galy, x-invariants is exact
and tensor-compatible, so {(F*)%8lr/x} is a @-filtration of {n(V)SalL/K}.

The family {Ny} induces a point of AutResE®LO/Eg(ReSA®LO/A X) -
(Ale]/€?), as in Section A.2.4. Since the equations Ny = p®y o Ny o &'
force Ny to be nilpotent, N is nilpotent as well.

The family {®y } induces an isomorphism of G-torsors &' : p*X — X,
as well as a homomorphism

AutResE@LO/E G(ReSA@)LO/A X) — AUtResE®LO/EG(ReSA®LO/A X)
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sending g € Autres,y,,,» ¢(Resagr,a X)(A') to @ o p*(g) o &1 asin
Section A.2.5. We let Ad(®) be the induced map

LieAutReSE@LO/E G(ReSA®LO/A X) — Lie AutResE®L0/E G(RGSA@)LD/A X)

Similarly, the families {7(g)} for ¢ € Galy,x induce isomorphisms of
G-torsors 7(g)" : g*X — X, homomorphisms

AutReSE®LO/E G(ResA®L0/A X) — AUtResE®LO/EG(ReSA®LO/A X)

and maps

Ad(7(g)) : Lie AubRespgr,/m c(Resagry/a X)
— Lie Autresg ., p G (ReSagre/a X)

Then for any g1, g2 € Galy/k, the isomorphism 7(g192)" : (9192)* X — X
is equal to the isomorphism 7(g1) o gi7(g2) : g597 X — X, because this
holds after pushing out by every representation V € Repy G. Similarly,
7(9)' 0 g*® = @ 0 p*7(g)".

Finally, we observe that Ad(7(g))(N) = N for all g € Galy,x and
N = pAd(®)(N), since these equalities hold after pushing out by every
representation V' € Repy G.

To summarize, we have constructed

e a Respgr,/p G-torsor Resagr,/a X,

Gal
e a Respgx /g G-torsor X /%,

1
e a parabolic subgroup scheme P C Autresgg ) G(XSa Ly

e an isomorphism of G-torsors ®' : o*X — X, a nilpotent element
N € Lie AUtResE@)LO/E cResagry/a X

and a family of isomorphisms of G-torsors 7(g)’ : g* X — X,

satisfying various compatibilities.

A.2.10. Families of potentially semi-stable Galois representations

Let E and K be finite extensions of Q,, let A be an FE-affinoid algebra,
and let G be an affine algebraic group over E. Let p : Galg — Autg(X)(A)
be a continuous homomorphism, where X is a trivial G-torsor over A. We
say that p is potentially semi-stable if o 0 p : Galg — GL(V) is potentially
semi-stable for every representation o € Repg(G). By [2, Theorem 5.1.2],
this is the case if and only if (o o p), : Galg — GL(V) is potentially
semi-stable for every FE-finite artin local point x : A — B. In that case,
D% (0 0 p) is an A-locally free A ®q, Lo-module such that D (o 0 p)y, is
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filtered by sub-bundles Fil®* D% (0 0 p)1, and DL (0 0 p) is equipped with a
bijection ®, : DL (0 0 p) — DL (0 0 p) which is semi-linear o ver 1 ® ¢, an
endomorphism N, such that N o ® = p® o N, and a semi-linear action of
Galy, /i which commutes with ® and N and stabilizes Fil®* D% (0 0 p) .

These structures are exact and ®-compatible in the senses discussed
above, and so we get a G-torsor D% (p) over Spec A ® Ly together with
a isomorphism of G-torsors ® : ¢*D%(p) — DL(p), an element N €
LieAutRCSEMO/Eg(Dé(p)) satisfying N = %M((I))(N), a family of iso-
morphisms 7(g)" : ¢*D%(p) — DL(p) commuting with ® and N, and a
geometric conjugacy class of cocharacters Gn, — Respgk/r G-
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