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HOMOTOPY EXCISION AND CELLULARITY

by Wojciech CHACHOLSKI,
Jéréme SCHERER & Kay WERNDLI (*)

ABSTRACT. — Consider a push-out diagram of spaces C + A — B, construct
the homotopy push-out, and then the homotopy pull-back of the diagram one gets
by forgetting the initial object A. We compare the difference between A and this
homotopy pull-back. This difference is measured in terms of the homotopy fibers
of the original maps. Restricting our attention to the connectivity of these maps,
we recover the classical Blakers—Massey Theorem.

REsUME. —  Considérons un diagramme d’espaces C' <+ A — B, construisons
le push-out homotopique, puis le pull-back homotopique du diagramme obtenu en
oubliant ’objet initial A. Nous comparons la différence entre A et ce pull-back ho-
momotopique. Cette différence est mesurée en termes des fibres homotopiques des
applications originales. En restreignant notre attention sur la connectivité de ces
applications nous obtenons la version classique du Théoréme de Blakers—Massey.

Introduction

The way spaces are often studied in homotopy theory is by decompos-
ing and approximating them using simpler and possibly better understood
pieces. This is typically done in two ways. One way is via cellular approx-
imations, where basic building blocks are assembled together using homo-
topy push-outs. The other way is by glueing basic building blocks using
homotopy pull-backs to form Postnikov or Bousfield-Kan type completion
towers. These two approaches let us focus and extract different types of
information about a given space. It is not uncommon that one has some
knowledge about one approximation and needs to understand properties of
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the space detected by the other approximation. For example in [9], the ob-
jective is to describe cellularity properties of Postnikov sections and spaces
in Farjoun’s modified Bousfield-Kan tower, [15]. This is done via a gener-
alization of the “Bousfield Key Lemma”, [3]. In this process it is essential
to understand and quantify differences between homotopy push-outs and
pull-backs. In the classical Blakers—Massey theorem [2] and its generaliza-
tions by Brown and Loday, [4], Ellis and Steiner [13], homotopy groups and
connectivity are used to measure this. But estimating the difference just in
connectivity is not enough for these purposes. One needs to quantify it in
terms of so called cellular and acyclic relations: recall [6, 14] that a space
A kills X (which we denote by X > A) if X can be constructed out of A
by means of homotopy push-outs, telescopes, and extensions by fibrations.
Our main result here is the following “inequality” which plays an essential
role in [9].

THEOREM 9.1. — Consider a commutative square:

!

A—B
|
C D
with total fiber T and push-out fiber R (see Subsection 1.7). Then we have

T > QFib(f) * QFib(g) UQR.

—

Note that in the above theorem we make no connectivity assumptions,
neither do we mention any choice of base points. We therefore need to
explain what we mean by homotopy fibers, total fibers, and loop spaces
in situations which are not covered by standard conventions that involve
connectivity and choices of base points. This is why we use upright font for
the loop space and calligraphic letters for possible sets of fibers. That is
the content of Subsections 1.3 and 1.6. One might wonder if it is justifiable
to introduce these constructions just to make the theorem assumption free.
In our opinion it is. It is not uncommon that one performs operations
resulting in non-connected spaces and under which it is not easy to keep
track of base points, for example taking fibers, loops, and pull-backs. To
measure to what extent such an operation converts a homotopy push-out
into a homotopy pull-back, which lies at the heart of Goodwillie calculus
for example, one is then forced to study squares of non-connected spaces
without any particular choice of base points. Squares of non-connected
spaces occur also typical in inductive arguments when one studies higher
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HOMOTOPY EXCISION AND CELLULARITY 2643

dimensional cubes. In many of these cases having Blakers—Massey type of
statements without constraints and assumptions is very useful.

We also need to explain what we mean by T being killed by a union of
spaces, which we do in Subsection 1.5. To give the reader an idea of the
meaning of our main result let us state it in a situation where the terms and
symbols refer to the standard notions. In order for the homotopy fibers to be
well-defined and connected we assume that all spaces are simply connected
and so as not to have to deal with the push-out fiber we assume furthermore
that the square is a homotopy push-out.

COROLLARY 2.2. — Consider a homotopy push-out square of pointed
and simply connected spaces:

A1 B
I
C—>D

with total fiber T. Then T > QFib(f) * Q Fib(g).

—

This implies in particular that the connectivity of T" is bounded below by
the connectivity of the join QFib(f) x QFib(g), i.e. the sum of the connec-
tivities of the homotopy fibers Fib(f) and Fib(g). This gives Corollary 2.3,
the classical Triad Theorem of Blakers and Massey, [2, Theorem IJ.

Such connectivity statements, and higher, hypercubical versions, have
been reproved by Goodwillie in [16] (see also the recent treatment in [20]
by Munson and Voli¢). The ideas and methods of Goodwillie calculus have
been applied successfully in other settings, such as Weiss’s orthogonal cal-
culus, [22], structured ring spectra, [11], or in equivariant homotopy, [12].
They have also been translated in a model categorical framework, [1] and
we believe that our viewpoint will be useful to understand homotopy exci-
sion in a wider context.

Acknowledgments. — We would like to thank the referee for their com-
ments and sensible suggestions concerning the presentation of the proof.
They lead us in particular to pay careful attention to statements concern-
ing sets of fibers rather than a single one.

1. Notation and connectivity issues

In this first section we set up the notation for basic constructions and
acyclic classes. We also carefully introduce our conventions related to con-
nectivity.

TOME 66 (2016), FASCICULE 6
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1.1. Basic homotopical constructions. We work in the category of
simplicial sets, so a space means a simplicial set. As usual, all the results
presented in this paper can be translated to topological spaces by using
any Quillen equivalence between the model categories of simplicial sets
and topological spaces with weak homotopy equivalences.

Let X be a space. For any z in 7y X, the symbol X, denotes the connected
component of X corresponding to x.

The homotopy push-out of A[0] <~ A — AJ[0] is called the suspension
of A and is denoted by ¥ A. The symbol S~! denotes the empty simplicial
set. For n > 0, the space ¥"T1(S~1) is also denoted by S™ and called the
n-sphere. For example S = £S5~ is weakly equivalent to A[0] ] AI0].
More generally, for n > 0, S™ is weakly equivalent to the boundary of the
simplex Aln + 1].

Any contractible space containing A is called a cone over A and denoted
by CA.

Let X and Y be spaces. The homotopy push-out of the following diagram
is called the join of X and Y and is denoted by X x Y

XX xxy 2y

Note that S~ is a unit for the join construction since the homotopy colimit
of S71 + S~ x X — X is weakly equivalent to X. Furthermore the join
S0 % X is weakly equivalent to the suspension ©X.

A choice of base point x: A[0] — X yields an inclusion Y — X xY whose
quotient is denoted by X x Y. If we also choose a base point y: A[0] = Y
in Y, we get an inclusion X VY C X x Y of the wedge into the product
whose quotient is denoted by X A'Y and called the smash product of X
and Y. Since for connected spaces X and Y, the homotopy types of X x Y,
the wedge X VY, and the smash product X A'Y do not depend on the
choice of the base points in X and Y, we will use these constructions for
connected spaces without mentioning any base points.

If X and Y are non-empty, then for any choice of base points in X and
Y, the join X %Y is weakly equivalent to the suspension of the smash
S(XAY).

Let f: A — X be a map of spaces. We use the symbol X/A to denote
any space that fits into a homotopy push-out square

A*f>X

Voo

C—>X/A

ANNALES DE L’INSTITUT FOURIER
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where C' is contractible. More precisely we first require the above square
to be strictly commutative and second, for some (equivalently any) fac-
torization A < €' = C of the map A — C into a cofibration followed
by a weak equivalence, we require the induced comparison map from the
push-out C’' Us X to X/A to be a weak equivalence.

We call the space X/A the homotopy cofiber of f, the map X — X/A
the “homotopy cofiber map”, and the sequence of maps A — X — X/A
a cofiber sequence. Two different choices of homotopy cofibers are always
linked by a zigzag of weak equivalences under A, so that the space X/A is
well defined up to weak equivalence and the homotopy cofiber map is well
defined up to weak equivalence under A.

1.2. Sets of spaces. Two sets of spaces M and N are equivalent if, for
any space X in M, there is a space Y in N which is weakly equivalent to
X and vice-versa, for any space Y in N, there is a space X in M which is
weakly equivalent to Y.

We frequently apply constructions (e.g. the suspension, the join) to sets
of spaces and it is always understood that these constructions should be
applied to their elements. So for example, for a set of spaces M, its sus-
pension is XM = {¥X | X € M}. Similarly, the join of two sets of spaces
M and N isgiven by Mx N ={X*Y | X € M,Y € N}.

1.3. Fibers. Let f: A — B be a map and b in m9B be a component.
The symbol Fib,(f) denotes any space that fits into a homotopy pull-back
square

Fiby(f) —= A
|
P——B
where P is a contractible space and the image of the map P — B lies in
the component By,. More precisely we first require the above square to be
strictly commutative and second, for some (equivalently any) factorization
P = P' — B of the map P — B into a weak equivalence followed by
a fibration, we require the induced comparison map from Fib,(f) to the
pullback P’ x5 A to be a weak equivalence. We call the space Fiby(f) the
homotopy fiber of f over b, the map Fiby(f) — A the “homotopy fiber
map”, and the sequence

Fiby(f) = A — B

a fibration sequence. Two different choices of homotopy fibers are always
linked by a zigzag of weak equivalences over A, so that the space Fiby(f)

TOME 66 (2016), FASCICULE 6
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is well defined up to weak equivalence and the homotopy fiber map is well
defined up to weak equivalence over A.

We use the symbol Fib(f) to denote the set {Fiby(f)|b € mo(B)} and
call it the homotopy fiber set of f. Note that Fib(f) is the empty collection
if and only if f is the map idg—1: S™1 — S~1. If the set Fib(f) is equivalent
to a set containing only one space, than we use the symbol Fib(f) to denote
that space and call it the homotopy fiber of f. In particular whenever the
symbol Fib(f) is used, it is assumed that Fib(f) is equivalent to a set
containing only one space. This is the case when for example B is connected.

Consider a homotopy pull-back square:

A1
b
c-t-D
In general, the sets of spaces Fib(f) and Fib(k) may not be equivalent.

For them to be equivalent the assumption that moh: moB — mD be an
epimorphism is needed.

DEFINITION 1.1. — A collection of spaces C is called closed under ex-
tensions by fibrations if, for any map f: X — Y such that Y is in C and
Fib(f) C C, the space X is also a member of C.

1.4. Acyclic classes. Every space A determines a nullification or peri-
odization functor P4, [3], [14]. The class C(A) consists of those spaces X for
which P4 X is contractible (P4 “kills” X'). That is to say, C(A) is the class
of spaces that become contractible after localizing the category of spaces at
{A — A[0]}. The relation X € C(A) is also denoted by X > A and called
an acyclic inequality. If X > A, then we say that X is killed by A.

Note that a retract of a space in C(A) belongs to C(A). Furthermore,
C(A) is closed under extensions by fibrations (see Definition 1.1).

If A is a non-empty space, then m is in fact the smallest class con-
taining A and closed under weak equivalences, pointed homotopy colimits,

and extensions by fibrations, [6, Theorem 17.3].

Examples 1.2.

(1) €(S—1) is the class of all spaces.

(2) C(S9) is the class of all non-empty spaces. More generally, if A has
more than one component, i.e. |mpA| > 1, then C(A) is the class of
all non-empty spaces;

(3) For n > 0, C(S™*1) is the class of all spaces X for which |mpX| =1
(it has exactly one component and in particular is not empty) and
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m;(X) = 0 for 0 < i < n. Such spaces are called n-connected. Spaces
which are O-connected are called connected.

The above examples justify to call a space (—1)-connected if it is not
empty, whereas every space is (—2)-connected, which is exactly the con-
vention used in [16]. Note that this is consistent with the connectivity of
X *Y being the sum of the connectivities of X and Y plus 2 (cf. [8, Corol-

lary 4.8(2)]).

1.5. Acyclic classes for sets of spaces. Given a set M of spaces, the
symbol C(M) denotes the class of spaces that become contractible after
localizing at {X — A[0] | X in M}. If M is the empty set, then C(M)
consists of all contractible spaces. If M contains the empty space, then
C(M) is the collection of all spaces C(S—1). If M consists of non-empty
spaces, choose one base point in each space X in M, and take the wedge
A=\ xcpr X; then C(M) = C(A). In particular, C(A) does not depend
on the choices of base points.

Given two sets of spaces M and N, we write M > N and say that N
kills M if C(M) C C(N) (i.e. M C C(N)). In particular any set of spaces
kills the empty collection. For a space X, the relation M > {X} is also
denoted by M > X. For example if M > S™ (for n > —1), then we say
that M is (n — 1)-connected.

The extension by fibration property of the acyclic inequality can be ex-

pressed as:

LEMMA 1.3.
(1) E > Fib(p) U{B} for any map p: E — B.
(2) Fib(gf) > Fib(f) U Fib(g) for any composable maps f: X — Y
and g: Y — Z.

1.6. Loops. Let X be a space. We are going to use the following nota-
tion:

Fib(A[0] - X) if X is connected
QX =

S-1 if X is not connected

For a connected and pointed space X, the space QX is weakly equivalent
to the standard loop space QX. We should remark however, that with
this convention, some caution is required when dealing with maps and the
suspension loop adjunction. For example, we cannot apply this construction
Q to an arbitrary map. We can do that, however, if the range of the map
is either connected or empty.

TOME 66 (2016), FASCICULE 6
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The reason for this definition, other than making our main theorem work,
is that looping should lower the connectivity.

Let M be a set of spaces. The symbol QM denotes the set of spaces of
the form QX for any X in M. Note that with our convention it is still true
that M > N implies QM > QN [7, Theorem 3.4(4)].

Let X be a space and C'X its cone. Consider the homotopy push-out
square

X—0CX

Voo

CX —3¥X

By removing the initial space in the above square and taking the homotopy
pull-back of the remaining diagram we obtain a space weakly equivalent
to Q¥XX. The map n: X — QXX induced by commutativity of the above
diagram is called the canonical comparison or James map. This map has the
following property. If Y is connected and pointed, then for any morphism
f: X — QY in Ho(Spaces, ), there is a unique morphism f*: ¥X — Y in
Ho(Spaces,) for which f = (£2f*)n. This is the standard suspension loop
adjunction and can be proved either by an elementary direct calculation —
using explicit models for cones, cylinders, and homotopies — or by universal
properties in a derivatoresque framework, see [17, Proposition 3.17] for
inspiration. The map f* is called the adjunct of f.

LEMMA 1.4. — For any X, Fib(n: X — Q¥X) > QX % QX.

Proof. — The case X is connected has been proved in [7, Theorem 7.2].
With our convention that QX = S~! if X is not connected, the lemma is
vacuously true in that case as well. |

1.7. Total fibers and push-out fibers. Given a commutative square

A—2B

Lo

C—D,

there is a natural map from A to the homotopy pull-back P of B — D «+ C
(the diagram obtained from the square after removing the initial object A).
The homotopy fiber set Fib(A — P) is called the total fiber set of the
square above and is often denoted by T. If T is equivalent to a set with
only one space (for example if P is connected), then this space is called the
total fiber of the square and is often denoted by the symbol T

ANNALES DE L’INSTITUT FOURIER
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If B and D are connected, then, alternatively, the total fiber can be
obtained as a homotopy fiber between homotopy fibers. We extend Good-
willie’s result, see [16, Section 1], to the case of a set of total fibers.

LEMMA 1.5. — If B and D are connected spaces, then the total fiber
set is weakly equivalent to the homotopy fiber set of the induced map
Fib(A — B) — Fib(C — D).

Proof. — Under these assumptions the homotopy fiber sets Fib(A — B)
and Fib(C — D) are equivalent to sets with only one space, which are
denoted respectively by Fib(A — B) and Fib(C — D). However, as neither
Fib(C' — D) nor the homotopy pull-back P are necessarily connected, we
need to deal with homotopy fiber sets.

Observe that Fib(P — B) and Fib(C' — D) are weakly equivalent and
the induced square:

Fib(A — B) — A

b

Fib(C = D) —= P

is a homotopy pull-back. The map Fib(C' — D) — P induces a surjection
on the sets of components and every choice of a base point in Fib(C — D)
determines a base point in P. In the above homotopy pull-back square,
the vertical homotopy fibers over these base points are weakly equivalent,
which proves the lemma. O

There is also a natural map from the homotopy push-out @ of the dia-
gram C < A — B (the diagram obtained from the square after removing
the vertex D) into D. The homotopy fiber set Fib(Q — D) is called the
push-out fiber set of the square, often denoted by R. If R is equivalent
to a set with only one space (for example if D is connected), then this
space is called the push-out fiber of the square and is often denoted by the
symbol R.

The total fiber set measures how far a square is from being a homotopy
pull-back, while the push-out fiber set measures how far the square is from
being a homotopy push-out.

TOME 66 (2016), FASCICULE 6
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2. The main theorem and examples.

The most important case we will deal with is that of a homotopy push-
out square

At

B
(2.1) gi ih

-t D.

We will refer to this diagram and use the same names for the spaces and
maps of such a push-out square throughout the whole article.

THEOREM 2.1. — Let T be the total fiber set of a homotopy push-out
square (2.1). Then T > Q Fib(f) = Q Fib(g).

The proof is given in Section 8. In order to relate this statement to a more
conventional situation, let us state the same result for simply connected and
pointed spaces, just like we did in the introduction.

COROLLARY 2.2. — Consider a homotopy push-out square of pointed
and simply connected spaces:

f

A— B

S
C—D

with total fiber T. Then T > QFib(f) * Q Fib(g).

When we only pay attention to the connectivity of the fibers, we ob-
tain, as a straightforward corollary, the classical triad theorem of Blakers—
Massey, [2, Theorem I], or rather its reformulation by Goodwillie in [16,
Theorem 2.3].

COROLLARY 2.3. — If, in the homotopy push-out square (2.1) above,
Fib(f) is n-connected and Fib(g) is m-connected for some m, n > —1,
then the total fiber set T of the square is (m + n)-connected.

Proof. — The connectivity assumptions can be reformulated as inequal-
ities Fib(f) > S™*1 and Fib(g) > S™T!. The claim now follows from
QS 4 QSm+L > gntmtl and the fact that the join construction pre-
serves inequalities. 0

In the rest of this section, we give examples illustrating various particular
cases of Theorem 2.1.
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Example 2.4. — Let A and B be connected spaces. Choose base points
a: A[0] - A and b: A[0] - B and consider the induced collapse maps
A < AV B — B. These maps fit into the following homotopy push-out
square:

AVB——B

.

A —— A[0]
This is a typical homotopy push-out with the terminal space being con-
tractible. The total fiber T' of this square is the homotopy fiber of the inclu-
sion AV B < Ax B and by Puppe’s Theorem [21, Lemma 2], this is the join
QA*QB. The same theorem allows us to identify Fib(AVB — A) ~ BxQA
and Fib(AV B — B) ~ A x QB. Thus in this case, the total fiber of the
square QA x QB is a retract of the join

Q(B x QA) * QA x QB) ~ QFib(AV B — A) « QFib(AV B — B).

The inequality T > QFib(AV B — A) « QFib(AV B — B) guaranteed by
Theorem 2.1 is much weaker.

Example 2.5. — In the previous example, the total fiber of a homo-
topy push-out square was first expressed using the homotopy fibers of the
horizontal and vertical maps to D. This is not to be expected in general
as shown by the following example. Let us choose an integral homology
equivalence X — Y, for example the one described by Whitehead in [23,
Example IV.7.3], where Y = S* and X is obtained from S'V S? by attach-
ing a single 3-cell via the attaching map

)
§ Bl g2y 2 \[ 82~ STV s2 o 5ty S2.
— 00
Here the first map has degree 2 on the first sphere and degree —1 on the
second one, while the second map is the inclusion on the zeroth and first
factors of the infinite wedge. Finally the last map is the universal cover.
We then consider the homotopy push-out square

X*f>51

(O

A[O] — A[O} .

where f is the first Postnikov section. The join of the loops of the homotopy
fibers of A[0] — A[0] and S' — AJ0] is contractible, but the total fiber 7'
is the universal cover X of X, which is not contractible.

TOME 66 (2016), FASCICULE 6
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The inequality of our main theorem holds, however, since Fib(f) = X
and Fib(g) = X. As QFib(g) is not connected, C(QFib(f) x QFib(g))

C(X0QX), and so T = X is killed by QFib(f) * QFib(g) (see [7, Corol-
lary 3.5(2)]).

Our last example illustrates both the necessity to deal with spaces that

are not connected and the importance to consider all homotopy fibers at
once. It also confirms the usefulness of our convention about QS° = §~!
to be able to deal with the borderline cases.

Example 2.6. — Let f: S*]]S' — A[0][[S* be the disjoint union of
the collapse map and the identity map. Let g: S*J[ S' — S be the fold
map (the identity on both copies of S!). Consider the homotopy push-out
diagram

STIS' —= A0 I] S

g i

Sl ——= A0

The homotopy pull-back P is the disjoint union (S x A[2]) [[(S* x S1)
and the total fiber set 7 consists of a contractible space and €25?.

The homotopy fiber set Fib(f) in this example is equivalent to {S*, A[0]},
whereas Fib(g) is equivalent to {S°}. Thus the join Q Fib(f) * Q Fib(g)
is equivalent to the set {QS1, A[0]}. Since {Q2S1, A[0]} > S, our Blakers—
Massey Theorem tells us here that the total fiber set is killed by S, i.e. ev-
ery space in the total fiber set is non-empty.

3. Reduction to connected D and horizontal fibers.

The aim of this section is to prove the following acyclic inequality between
horizontal fibers in a homotopy push-out square. It is a generalization of [7,
Theorem 3.4(1)] to non-connected spaces. The same argument used in the
proof of this proposition will be used in the proof of Theorem 2.1 to reduce
it to the case where D is a connected space. Thus, we see this section as an
important step along the way to our main result, but the reader is invited
to skip it on first reading if desired.

PROPOSITION 3.1. — For a homotopy push-out square (2.1), we have
Fib(k: C — D) > Fib(f: A — B). In particular QXX > X for any
space X.

ANNALES DE L’INSTITUT FOURIER
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Proof. — If D is empty, then the whole square (2.1) consists of empty
spaces and there is nothing to check. Assume that D is non-empty. For d
in myD define By C B, Cy C C and Ay C A to be the preimages of the
connected component Dy corresponding to d along h, k and h f respectively.
In this way we obtain a homotopy push-out square:

Ay - B,

(3.1) gol \Lho
Co L4 D,

where the maps are the restrictions of the corresponding maps from (2.1).
The fibers of the maps in (2.1) are the sums over oD of the corresponding
fibers of the square (3.1) and the same is true for total fibers. Therefore,
the inequality we are looking for holds for the square (2.1) if and only if,
for every connected component d in myD), the same inequality holds for the
square (3.1). We can thus assume that D is not only non-empty but also
connected.

Connectedness of D implies mqf: mgA — moB is an epimorphism. If g f
is not a bijection, then one of the fibers in Fib(f) has more that one com-
ponent. In this case the desired inequality holds as any non-empty space is
killed by a space with more than one component (see Example 1.2.(2)). We
can thus assume that 7w f: mgA — 7B is a bijection. Next, think about the
maps 7o f: mgA — moB and mpg: mgA — meC' as functors between discrete
categories and form the Grothendieck construction ([10, Section 38]):

I := Gr(mC PULLA Y| Tof, moB)

Define two functors F,G: I — Spaces as follows. On objects:

C, ifi=cemnC C., ifi=cemnC
Fi):=¢A, ifi=acmA Gi)=qA, ifi=a€cmA
A, if 4 :7r0f(a) € mB By ifi=b¢mnyB

On morphisms, the maps F'(a — mog(a)), G(a — mog(a)): Aa — Crig(a)
are equal and given by the restriction of g to the component A,, the map
F(a — mof(a)): Ax — A, is set to be the identity, and finally the map
G(a — mof(a)): Aa — Br,f(a) to be the restriction of f. Note that the
identity maps and the restrictions of f define a natural transformation
¢: ' — G. In this way we obtain two functors I’ and G whose values are
connected, and a natural transformation ¢: F — G for which Fib(¢;) is
either contractible or is a retract of a space in Fib(f). These fibers belong
therefore to C(Fib(f)) and we can then use [5, Theorem 9.1] to conclude
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that Fib(hocolimy¢) > Fib(f). Since the map hocolim;¢ is weakly equiv-
alent to k: C'— D, we get the inequality we aimed to prove. O

4. Reduction to contractible D

Homotopy push-out diagrams in which the terminal object is contractible
are easier to handle because the homotopy pull-back one needs to form in
order to compute the total fiber is simply a product. The aim of this section
is to reduce the Blakers—Massey theorem to this situation, which Klein and
Peter call a fake wedge in [18].

PROPOSITION 4.1. — If in the homotopy push-out square (2.1) the
space D is connected, then the spaces Fib(hf), Fib(h), and Fib(k) fit into
a homotopy push-out square:

Fib(hf) <> Fib(h)

(4.1) g/l l

Fib(k) — A[0]

with the following properties:
o Fib(f’) is equivalent to Fib(f);
o Fib(g') is equivalent to Fib(g);
e the total fiber set T' of (4.1) is equivalent to the total fiber set T
of (2.1).

Proof. — Choose a fibration P — D with contractible P and pull-back
the square (2.1) along this map to form the following commutative cube:

/ Fib(h) B
4
Fib(hf) —i» A h
q P g — D
7 e
Fib(k) C

According to Mather’s second Cube Theorem [19, Theorem 25], the face in
this cube containing f’ and ¢’ is a homotopy push-out square. Since P is
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contractible, the square:

Fib(hf) ——> Fib(h)

v} l

Fib(k) — A[0]

is a homotopy push-out. As the map P — D induces an epimorphism on
7o, 80 do the maps Fib(h) —» C and Fib(k) — B. This implies that the set
Fib(f) is equivalent to Fib(f’) and Fib(g) is equivalent to Fib(g’). Exactly
the same argument gives an equivalence between the total fiber set of the
former square with the total fiber set 7 of the square (2.1). O

5. Cofibrations

Consider a map A — X to a connected space X and its homotopy fiber F'.
In this section, we give an estimate for the total fiber set T of the following
homotopy push-out square:

A——X
- |
CA— X/A
ProroSITION 5.1. — If X is a connected space, then the total fiber set

T > {QF « QF, Q(F + QX)}.

Proof. — If F is not connected then QF x QF is the empty space by
our convention (see Subsection 1.6) and the claim is trivial. So we assume
that F' is connected. This implies that A is also connected, and then so is
X/A. Hence a choice of a base point in F' turns this situation into a pointed
one. The total fiber set T is then the homotopy fiber of the induced map
a: F — Q(X/A), which factors through n: F — QXF as a = (Qaf) o,
where af: F — X/A is the adjunct of  (see 1.6). Using Lemma 1.3.(2),
we then obtain 7 = Fib(a) = Fib((Qaf) o n) > Fib(Qat) U Fib(n).

According to 1.4, Fib(n) > QF x QF. The adjunct map of fits into the
following commutative diagram, where all the squares are homotopy push-
outs:

A A/F X

R

CA—)EFLX/A.
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By Proposition 3.1, Fib(af) > Fib(A/F — X) ~ F % QX which yields
Fib(Qaf) > Q(F*QX). These two relations give the desired inequality. [J

6. A rough estimate

In this section, we obtain a first, rather rough estimate for the total fiber.
By combining this seemingly weak estimate with our results for cofibration
sequences, we will be able to prove Theorem 2.1 in Section 8.

Throughout this section let us fix a homotopy push-out square of the

form:
f

A——B

C — AJ0]
In the case B is connected we use the symbol F' — A to denote the homo-
topy fiber map of f over the unique component of B (see 1.3). Similarily, if
C is connected we use the symbol G — A to denote the homotopy fiber map
of g over the unique component of C'. The total fiber set T of the square
above is by definition the homotopy fiber set of the map (f,g): A — BxC.
By Lemma 1.5, when B is connected, this total fiber set can be alterna-
tively described as the homotopy fiber set of the map a: F — C which is
the composite of the homotopy fiber map F' — A and g.

LEMMA 6.1. — If B and C' are connected, then the homotopy cofiber
C/F of the map a: F — C is killed by F % QB. In particular, C/F is
2-connected if F' is 1-connected.

Proof. — We have a homotopy push-out square

A/F——B

Lo

Therefore, we infer from Proposition 3.1 that C'/F is killed by the homotopy
fiber Fib(A/F — B) ~ F « QB. If F' is 1-connected and B is connected,
this join is 2-connected. 0

Here is our “rough estimate”. The roughness of this cellular inequality
comes from the fact that it only involves one of the fibers. As we know from
the classical version of the Blakers—Massey Theorem, the connectivity of
the total fiber should be related to the sum of the connectivities of both
fibers.
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PROPOSITION 6.2. — If B and T are connected, then T > YQF.

Proof. — If QF is not connected, then it is either empty or contains S°
as a retract. In the first case, YQF = S% and T > YQF is clear, as any
space in T is connected and hence non-empty. If S is a retract of QLF, then
S1 is a retract of XQF and hence T > XLQF follows from the assumption
that all the spaces in 7 are connected (see Example 1.2.(3)).

Let us assume that QF is connected and that, therefore, F' is 1-connected.
This implies that A is connected. Moreover, according to Proposition 3.1,
C > F and so C is 1-connected. By Lemma 6.1, we also know C/F > S3.
The total fiber set 7 here consists of a single space T', which is equivalent
to the homotopy fiber of the map a: F' — C' by Lemma 1.5. This map fits
into the following commutative diagram:

CF \ YF
CF )
where:
F—2>C F—— AJ0]
e the faces i l and l i are homotopy push-
CF —C/F CF—%YF
outs;
H——C OXF — A[0]
e the faces i J{ and i i are homotopy pull-
CF—C/F CF ——=%XYF
backs.
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In this way, we expressed a: F' — C as a composition of §: F — H and
H — C, which gives (see 1.3):

T = Fib(a: F — C) > Fib(8: F — H) UFib(H — O).

To prove the proposition, it is then enough to show that both fiber sets
Fib(H — C) and Fib(5: F — H) are killed by £QF. That is what we are
going to do.

We start with Fib(H — C). Note that we have the following sequence of
relations:

. (a) ®) © @ ()

Fib(H — C) ~ Q(C/F) > Q(F «QB) > QXF > F > XQF,
where the weak equivalence (a) is a consequence of the fact that the relevant
square is a homotopy pull-back; the inequality (b) follows from Lemma 6.1;
connectedness of B gives (c¢); Proposition 3.1 gives (d); and finally (e) is
a consequence of the fact that F is connected (see for example [7, Corol-
lary 3.5]).

It remains to show that Fib(8: F — H) > ¥QF. The space H is the ho-
motopy fiber of the cofiber map C' — C/F and hence H > F (see Proposi-
tion 3.1). Thus H is also 1-connected and consequently, Fib(y: H — QX F)
is a connected space. According to the diagram above, the composition of
B: F — H and v: H — QX F is the James map n: F — QXF. The fibers
of these three maps therefore fit into a fibration sequence

Fib(8: F — H) — Fib(n: F — QXF) — Fib(y: H — QXF).

We just have argued that the base in this fibration is connected. As F is
1-connected, so is the total space in this fibration. We can therefore form
a new fibration sequence

QFib(y: H — QF) — Fib(8: F — H) — Fib(y: F — QXF).

By Lemma 1.4, Fib(n: F — QXF) > QF «QF ~ 3(QF AQF). Since QF is
connected, X(QF AQF) > XQF. These two inequalities give an estimation
for the base of the above fibration sequence: Fib(n: F — QX F) > YQF.
Once we show QFib(y: H — QXF) > £QF, the desired inequality will
follow.

Note that Fib(y: H — QX F) is the total fiber of the homotopy push-out
square

C —— A[0]

Lo

C/F—>ZF.
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By Proposition 5.1, this fiber is killed by { QH+QH, Q(H*Q(C/F))}. Recall
that H > F > S? and C/F > S3 (see Lemma 6.1). These inequalities imply

Fib(y: H — QXF) > {QF * QF, Q(F x S?)} > {22QF, Q¥*F}.

Since QX3 F > Y2QF, we obtain Fib(y: H — QX F) > X2QF. By looping
this inequality, we finally get QFib(y: H — QX F) > Q¥2QF > XQF. O

Compared to the classical Blakers—Massey Theorem, the previous result
might seem too strong. This is because our claim at the beginning of this
section — that we would use only one fiber — was not entirely honest. We
have used the fiber G implicitly in assuming that B is connected (implying
that so is G), which allowed us to pick up a suspension for the inequality
T > XQF. For a non-connected B, one can only establish T > Q Fib(f),
as the following example shows.

Example 6.3. — Let n > 0 and z: A[0] — S™ be a base point. Consider
the following homotopy push-out square

ST A[0] — A[0] [T A[0]

| i

S Ao,

where the left vertical map is given by the identity on S™ and x on A[0]
and the top horizontal map is the coproduct of the unique maps into A[0].
Thus the homotopy fiber set F of the top horizontal map is equivalent to
{8™, A[0]}. The total fiber set T of this square is however equivalent to
{QS5™ A[0]}. Thus in this case it is not true that 7 > XQF, even though,
for n > 2, every total fiber in 7T is connected.

7. Connectivity of the total fiber

Before we proceed to the proof of the “acyclic Blakers—-Massey Theorem”,
we first need to establish a relationship between the connectivity of the
fibers of the maps in a homotopy push-out square and the connectivity of
its total fiber in order to be able to use Proposition 6.2.

PROPOSITION 7.1. — Let us assume that in the homotopy push-out
square (2.1) the spaces B, C, D, F = Fib(f) and G = Fib(g) are connected.
Then the total fiber set T of this square consists of a single space which is
connected.
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Proof. — The connectivity assumptions imply that the homotopy pull-
back of the diagram C' — D < B is connected and hence the total fiber set
T consists of one space T'. Using Proposition 4.1, we assume, without loss of
generality, that D is contractible. Now, the maps fi: m1(A) — m1(B) and
gs: m1(A) = 71 (C) are surjective by connectedness of F' and G. Using the
long exact homotopy sequence for T'— A — B x C, we need to show that
(fe,9+): T (A) = 7 (B) x 71(C) is surjective. But m1(B) #5,(a) m1(C) is
the trivial group by the Seifert-van Kampen Theorem and the claim follows
from the following lemma. O

We include the proof of the following group theoretical result, which is
probably well-known.

LEMMA 7.2. — Given a push-out diagram in the category of groups

G H

o4

K——1

with ¢ and v surjective, the homomorphism (¢,v): G — H x K is surjec-
tive, too.

Proof. — Writing M = Ker¢, N = Kert and identifying H = G/M,
K =2 G/N, we can reformulate the hypothesis H x¢ K 2 G/(M V N) =1
as MV N = G, where M V¥V N is the normal closure of M U N in G.
But M and N are normal subgroups and so G = M V N = MN. By
the second isomorphism theorem then G/M = (MN)/M = N/(M N N)
and likewise G/N = M /(M N N), so that both ¢: N — G/M = H and
Y: M — G/N = K are surjective. Finally, this implies the surjectivity of
(¢,9): G — H x K because if (h, k) € Hx K, we find n € N, m € M such
that ¢(n) = h, ¥(m) = k and thus (¢, ¥)(nm) = (h, 1)(1,k) = (h, k). O

8. The proof of Theorem 2.1

This section is devoted to the proof of Theorem 2.1. Recall that we are
investigating the total fiber of a homotopy push-out square:

At B
(8.1) gl ih
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The first part consists in reducing the proof to the easier situation when
the homotopy fibers of f and g are connected. Just as in Section 3 we invite
the reader to skip this point on first reading.

8.1. Reduction to connected fibers. If D is empty, then so are A,
B, C and the statement of the theorem is trivially true. Assume then that
D is non-empty. By using the same argument as in the first part of the
proof of Proposition 3.1, we can reduce the proof of the theorem to the
case where D is connected. A further reduction can be then obtained by
using Proposition 4.1, which states that the general case for a connected
D follows from the case D = A[0]. Let us then make this assumption
D = AJ0]. This implies that both of the functions 7o f: mpA — 7B and
mog: moA — mC are surjective.

If both sets Fib(f) and Fib(g) contain a non-connected space, then ac-
cording to our convention, the acyclic classes C(Q Fib(f)) and C(Q Fib(g))
consist of all spaces and hence so does C(Q Fib(f) « Q Fib(g)). It is then
clear that the total fiber set belongs to this acyclic class, which means that
T > QFib(f) x QFib(g).

We can then assume that the set Fib(f) consists of connected spaces.
Assume further that Fib(g) contains at least one non-connected space. This
implies that M > M xQ Fib(g) for any set of spaces M. Since all the spaces
in Fib(f) are connected, the function g f is a bijection. Consequently, as
an easy Ho(—,Z) calculation shows, the space C' has to be connected for
D to be connected. Thus, for any space Ty in 7, there is a space Fj in
Fib(f) that fits into a fibration sequence Ty — Fy — C. This implies
that Fib(Ty — Fj) is equivalent to QC'. Recall that by Proposition 3.1,
C > Fib(f), which implies QC > QFib(f). From Lemma 1.3, we then
obtain:

To > {QC, Fy} > QFib(f) U{Fo} > QFib(f) > QFib(f) * Q Fib(g)

Beacuse this happens for any space Ty in T, we get the desired inequality

T > QFib(f) * Q Fib(g).

8.2. Connected fibers. The remaining case is when both Fib(f) and
Fib(g) consist of connected spaces. This implies that both B and C' are
connected, which has several consequences. One is that both Fib(f) and
Fib(g) are equivalent to sets containing only one space and, as before,
we use the symbol ' — A to denote the homotopy fiber map of f and
G — A to denote the homotopy fiber map of g. A second consequence
is that by Proposition 7.1 the total fiber set T consists also of a single
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connected space T'. Lastly A has to be connected too. To get an estimate
for T, which is the homotopy fiber of the map a: F — C by Lemma 1.5,
we consider the following commutative diagram (compare with the proof
of Proposition 6.2),

F = C

o~

/

CF C/F
where the outside square is a homotopy push-out square and the inside
square is a homotopy pull-back square. We analyze T as the homotopy
fiber of the composite F’ LNy N C, which gives:

T > Fib(B: F — H) U Fib(H — C).

The homotopy fiber set Fib(3) is the total fiber set of the outside homo-
topy push-out square. Since C'is connected, Fib(3) > {QT+QT, Q(T*QC)}
(see Proposition 5.1). We can then use the rough estimates from Propo-
sition 6.2 (with respect to both F' and G) and the fact that C > F to
obtain

Fib(8) > {QOF  Q%0G, Q(20G * QF)} > QF % QG,

where we used that QXX > X for any space X (see Lemma 3.1). Since
Fib(H — C) = Q(C/F) and C/F > F+QB by Lemma 6.1, we can conclude
that

Fib(H — C) > Q(F *«QB) > Q(F « QG) > QF « QG .

9. The main theorem
From the case of a homotopy push-out square, we easily deduce the
statement for an arbitrary square.

THEOREM 9.1. — Consider a commutative square:

A-lo B

|

C—=D

with total fiber T and push-out fiber R (see Subsection 1.7). Then we have
T > QFib(f) * QFib(g) UQR.
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Proof. — Recall that u: @ — D denotes the comparison map between
the homotopy push-out and the terminal object of the commutative square.
If necessary by modifying relevant maps into cofibrations and fibrations,
the square from Theorem 9.1 can be fitted into the following commutative
diagram

B

A
y/

— p,

— 171

Q —_
/ — M\
C D
C ;
where
a1l
e the face gl l is a homotopy push-out square, while
C—Q
P,—=B P,—= B
e the squares i J{ and i i are homotopy pull-back
C—D C—Q

squares.

The total fiber set 7 of the square we are interested in is given by the fiber
set Fib(a: A — Pp). The map a: A — P is expressed as a composition of
B: A— P, and v: P, — P;. We therefore get the inequality

According to Theorem 2.1, Fib(8: A — Py) > QFib(f) » Q Fib(g). The
spaces in the second fiber set Fib(y: P, — Pj) are among the spaces in
Q Fib(u: Q@ — D) and since Fib(u: Q@ — D) is the push-out fiber set R
of the square in the theorem, we get Fib(y: P, — P;) > QR. These two
inequalities give the inequality stated in the theorem. (|
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