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CONVERGENCE AND COUNTING IN INFINITE
MEASURE

by Francoise DAL’BO, Marc PEIGNE,
Jean-Claude PICAUD & Andrea SAMBUSETTI (*)

ABSTRACT. —  We construct non-uniform convergent lattices I' of pinched,
negatively curved Hadamard spaces, in any dimension N > 2. These lattices are
exotic, by which we mean that they have a maximal parabolic subgroup P < I" such
that §(P) = §(I"). We also give examples of divergent, non-uniform exotic lattices in
dimension N = 2. Finally, we consider a particular class of such exotic lattices, with
infinite Bowen—Margulis measure and whose cusps have a particular asymptotic
profile (satisfying a “heavy tail condition”), and we give precise estimates of their
orbital function; namely, we show that their orbital function is lower exponential

SPR
with asymptotic behaviour = Rl%L(R)’ for a slowly varying function L.
RiESUME. —  Nous construisons des réseaux non uniformes et convergents I'

d’isométries d’une variété d’Hadamard a courbure strictement négative et pincée
de dimension N > 2 quelconque. Ces réseaux sont dits exotiques, au sens ou ils
posseédent des sous-groupes paraboliques maximaux P < I' d’exposant critique
0(P) = 4(T"). Nous donnons aussi des examples explicites de réseaux exotiques
non uniformes et divergents en dimension N = 2. Enfin, nous étudions une classe
particuliéres de tels réseaux exotiques non uniformes et divergents dont la mesure
de Bowen—Margulis est infinie et dont les « cusps » présentent un profile asymp-
totique particulier, satisfaisant une propriété de « queue lourde », et proposons
une estimation précise du comportement asymptotique de leur fonction orbitale;
plus précisément, nous montrons que leur fonction orbitale croit de fagon sous-
oS R

R L) ou L est

exponentielle avec un comportement & 'infini de la forme <

une fonction a variations lentes.

Keywords: Poincaré exponent, convergent/divergent groups, Bowen—Margulis measure,
orbital function.

Math. classification: 58F17, 58F20, 20H10.
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1. Introduction

Let I" be a Kleinian group, i.e. a discrete, torsionless group of isometries of
a Hadamard space X of negative, pinched curvature —B? < Kx < —A42 <0,
with quotient X = '\ X. This paper is concerned with two mutually related
problems:

Problem 1. — The description of the distribution of the orbits of T’
on X, namely of fine asymptotic properties of the orbital function:

or(x,y; R) == t{y € I'/d(x,vy) < R}

for x,y € X. This has been the subject of many investigations since Mar-
gulis’ [24] (see Roblin’s book [28] and Babillot’s report on [1] for a clear
overview). The motivations to understand the behaviour of the orbital func-
tion are numerous: for instance, a simple but important invariant is its
exponential growth rate

1
dr = lim sup = In(vr(x,y; R))

R—o00
which has a major dynamical significance, since it coincides with the topo-
logical entropy of the geodesic flow when X is compact, and is related to
many interesting rigidity results and characterization of locally symmetric
spaces, cf. [6, 8, 22].

Problem 2. — The pointwise behaviour of Poincaré series associated

with I':
Pr(x,y,s) = Z e~ 347 y) x,yeX
yel’

at a neighborhood of s = dr, which coincides with its exponent of con-
vergence. The group T is said to be convergent if Pr(x,y,dr) < oo, and
divergent otherwise. Divergence can also be understood in terms of dy-
namics as, by Hopf~Tsuju—Sullivan theorem, it is equivalent to ergodicity
and total conservativity of the geodesic flow with respect to the Bowen—
Margulis measure mp on the unit tangent bundle UX (see again [28] for a
complete account and a definition of mr).

The regularity of the asymptotic behaviour of vp, in full generality, is
well expressed in Roblin’s results, which trace back to Margulis’ work in
the compact case:

THEOREM 1.1 (Margulis [24] - Roblin [27, 28]). — Let X be a Hadamard
manifold with pinched negative curvature and I' a non elementary, discrete
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subgroup of isometries of X with non-arithmetic length spectrum( | then
the exponential growth rate or is a true limit and one gets:

(1) if [jmr| = oo then vp(x,y; R) = o(e’r

(2) if ||mr|| < co then vr(x,y; R) ~ WM@FR,

rllmerll
where (ux)xcx denotes the family of Patterson dr-conformal densities of
I', and mr the Bowen—Margulis measure on UX.

Here, f ~ g means that f(t)/g(t) — 1 when t — oo; we will write f = g
when 1 < f(t)/g(t) < cfor ¢ > 1 and ¢t > 0 (or just f < g when the
constant ¢ is not specified). The best asymptotic regularity to be expected
is the existence of an equivalent, as in (2); an explicit computation of the
second term in the asymptotic development of vp is a difficult question for
locally symmetric spaces (and almost a hopeless question in the general
Riemannian setting).

Theorem 1.1 shows that the key assumption for a regular behaviour of vr
is that the Bowen—Margulis measure mr is finite. This condition is clearly
satisfied for uniform lattices I' (i.e. when X = X/T" is compact), and more
generally for groups I' such that mp has compact support (e.g., convex
cocompact groups), but it may fail for nonuniform lattices, that is when
X = X/T has finite volume but is not compact.

The finiteness of mr has a nice geometrical description in the case of
geometrically finite groups. Recall that any orbit I" - x accumulates on a
closed subset Ar of the geometric boundary 0X of X, called the limit set
of I'; the group I' (or the quotient manifold X ) is said to be geometrically
finite if Ar decomposes in the set of radial limit points (the limit points £
which are approached by orbit points in the M-neighborhood of any given
ray issued from &, for some M < oo) and the set of bounded parabolic
points (those ¢ fixed by some parabolic subgroup P acting cocompactly on
0X\{¢}); for a complete study of geometrical finiteness in variable negative
curvature see [10] and [28, Proposition 1.10], and for a description of their
topology at infinity see [16]. A finite-volume manifold X is a particular
case of geometrically finite manifold: it can be decomposed into a compact
set and finitely many cusps C;, i.e. topological ends of X of finite volume
which are quotients of a horoball H¢, centered at a bounded parabolic point
& € 0X by a maximal parabolic subgroup P; C T fixing &;.

The principle ruling the regularity of the orbital function vr of nonuni-
form lattices, as pointed out in [11] and in the following papers of the

(DIt means that the set L(X) = {£(y) ; v € T'} of lengths of all closed geodesics of

X =T\X is not contained in a discrete subgroup of R

TOME 67 (2017), FASCICULE 2



486 Francoise DAL’BO, Marc PEIGNE et al.

authors [13, 14, 15], is that the orbital functions vp, (defined in a similar
way as vr) capture the relevant information on the wildness of the metric
inside the cusps, which in turn may imply |[[mp| = oo and the irregular-
ity of vp. In this regard, distinctive properties of the group I' and of its
maximal parabolic subgroups P; are their type (convergent or divergent,
as defined above) and the critical gap property (CGP), i.e. if §p, < dr for
all 4. Actually, in [11] it is proved that, for geometrically finite groups I, the
divergence of P; implies dp, < dr, and that the critical gap property implies
that the group I is divergent, with [|mp| < co. On the other hand there
exist geometrically finite groups I' which do not satisfy the CGP: we call
such groups exotic, and we say that a cusp is dominant if it is associated to
a parabolic subgroup P with dp = dp. Geometrically finite, exotic groups
may as well be convergent or divergent: in the first case, they always have
[lmr|| = oo (by Poincaré recurrence and Hopf-Tsuji-Sullivan theorem, as
[lmr|| < oo implies total conservativity); in the second case, in [11] it is
proved that the finiteness of mr depends on the convergence of the first
moment series

Z d(z,p-x)e ord@re) < 4o,
pEP;

The main aim of this paper is to present examples of lattices I" for which
vr has an irregular asymptotic behaviour. According to our discussion, we
will then focus on exotic, non-uniform lattices.

The convergence property of exotic lattices is of interest to detect the
precise asymptotic behaviour of the growth function and the existence of
a Margulis’ function for the space X (as explained in [13]). However, it
is an interesting question on its own: while uniform lattices (as well as
convex-cocompact groups) always are divergent, the only known examples
of convergent groups, to the best of our knowledge, are given in [11] and
have infinite covolume. The constraint of the finiteness of the volume of
X creates additional technical complications and needs more sophisticated
tricks (namely, a sharp control of the spectral radius of a continuous family
of transfer operators), as we will see in Section 5.

The first result of the paper is to show that both convergent and diver-
gent exotic lattices do exist. Actually, in Section 3, by a variation of the
construction in [11] we obtain:

THEOREM 1.2. — For any N > 2, there exist N-dimensional, finite
volume manifolds of pinched negative curvature whose fundamental group
T is (exotic and) convergent.
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Constructing exotic, divergent lattices is more subtle. We prove in Sec-
tion 5:

THEOREM 1.3. — There exist non compact finite area surfaces of
pinched negative curvature whose group I' is exotic and divergent.

We stress the fact that the examples of Theorem 1.2 have infinite Bowen—
Margulis measure ; on the other hand, the surfaces of Theorem 1.3 can have
finite or infinite Bowen—Margulis measure, according to the prescribed be-
haviour of the metric in the cusps. Moreover, we believe that the assumption
on the dimension in Theorem 1.3 is just technical, but at present we are
not able to construct similar examples in dimension N > 3.

Finally, in Section 6 we address the initial question about how far from
purely exponential the orbital function can be, giving estimates for the
orbital function of a large family of exotic lattices with infinite Bowen—
Margulis measure:

THEOREM 1.4. — Let x €]1/2,1[. There exist non compact finite area
surfaces with pinched negative curvature whose fundamental group I' sat-
isfies the following asymptotic property: for any x,y € X

eérR

our (X, y; R) = m as R — +00

for some slowly varying function® L :R* — R*.

We state in fact a general, but more technical, result on the orbital func-
tion of divergent exotic lattices whose cusps have a asymptotic profile sat-
isfying a “heavy tail condition” (see Theorem 6.1 and conditions Hq—H3).
As far as we know, except for some precise asymptotic formulas established
by Pollicott and Sharp [26] for the orbital function of normal subgroups
I of a cocompact Kleinian group (hence, groups which are far from being
geometrically finite or with finite Bowen—Margulis measure), these are the
only examples of such precise asymptotic behaviour for the orbital function
of Kleinian groups with infinite Bowen—Margulis measure.

The proof of Theorem 1.4 relies on the study of some singular integral,
already done in [19] in the context of the renewal theory for non nega-
tive and infinite mean random walks, whose distribution satisfies some tail
condition involving a certain parameter x €]0,1]. For technical reasons,
K.B. Erickson is forced to assume x €]1/2,1[; it explains why this restric-
tive assumption also appears since we follow his proof in the analysis of

(2 A function L(t) is said to be “slowly varying” or “of slow growth” if it is positive,
measurable and L(At)/L(t) — 1 as t — 400 for every A > 0.

TOME 67 (2017), FASCICULE 2
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the singular integral which appears in our context. The cases k €]0,1/2]
and k = 1 may be studied, under additive conditions and using a different
and very technical approach initiated recently by several authors (cite for
instance [17], [21] and references therein); we refer to [30] for this count-
ing problem and related questions for (infinite covolume) Schottky groups,
where the coding is explicit and easier to work with.

Remark. — This work should be considered as a companion paper
to [13] and [14], where we study the asymptotic properties of the integral
version of vr, i.e. the growth function of X:

vx (x; R) := volx (B(x, R)).

In [13], we obtain optimal conditions on the geometry on the cusps in
order that there exists a Margulis function, that is a I'-invariant function
¢ : X — R* such that

vx(x; R) ~ c(x)evx Tt for R — 400

where wx is the exponential growth rate of the function vx (the integral
analogue of dr). Notice that wx can be different from dr, also for (non
uniform) lattices, as we showed in [14].

2. Geometry of negatively curved manifolds with finite
volume

2.1. Landscape

Additionally to those given in the introduction, we present here notations
and familiar results about negatively curved manifolds. Amongst good ref-
erences we suggest [4, 5, 18] and others specifically related to this work,
[14, 23]. In the sequel, X = X/I" is a N-dimensional complete connected
Riemannian manifold with metric ¢ whose sectional curvatures satisfy:
—B? < Kx < —A? < 0 for fixed constants A and B; we will assume
0 < A <1 < B since in most examples g will be obtained by perturbation
of a hyperbolic one and the curvature will equal —1 on large subsets of X.

The family of normalized distance functions:

d(xg,x) — d(x,-)

converges uniformly on compact subsets to the Busemann function Bg (X, -)
for x — ¢ € 0X. The horoballs H¢ (resp. the horospheres 0H¢) centered at
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¢ are the sup-level sets (resp. the level sets) of the function Be(xq, ). Given
a horosphere 0H,¢ passing through a point x, we also set, for all ¢t € R,

He(t) = {y/Be(x0,y) = Be(xo,%) + t}
resp. OHe(t) = {y/Be(%0,y) = Be(x0,%x) + t}. We will refer to t =
Be(x0,y) — Be(x0,x) as to the height of y (or of the horosphere OHe(t))
in He¢. Also, when no confusion is possible, we will drop the index § € 0X
denoting the center of the horoball. Recall that the Busemann function
satisfies the fundamental cocycle relation

BE(Xﬂz) = BE(XvY) + B§(Y7Z)

which will be crucial in the following.
An origin xg € X being fixed, the Gromov product between z,y € 90X =
Sn=1, 2 # y, is defined as

B (x0,2) + By(xo,2)
2

where z is any point on the geodesic (z,y) joining z to y ; then, for any

(#[y)xo =

0 < k2 < A? the expression

D(z,y) = e =¥
defines a distance on X, cp [9]. Recall that for any v € I one gets
(21)  D(y-a,y-y) = e BB07TTx0x0) =B, 07 x0x0) (g y).

In other words, the isometry v acts on (90X, D) as a conformal transforma-
tion with coefficient of conformality |/ ()| = e=#B=(""x0.x0) at 2 since
equality (2.1) may be rewritten

(2.2) D(y-z,v-y) = VIV (@I (y)| D(=,y).

Recall that I' is a torsion free nonuniform lattice acting on X by hyper-
bolic or parabolic isometries. For any £ € 0X, denote by (¢ ;)10 the radial
semi-flow defined as follows: for any x € X, the point )¢ +(x) lies on the ge-
odesic ray [x, ) at distance ¢ from x. By classical comparison theorems on
Jacobi fields (see for instance [23]), the differential of ¢¢ ; : OHe — OHe (1)
satisfies e~ Bt||v|| < ||dibe.+ (v)|| < e=4¥|v|| for any ¢ > 0 and any vector v in
the tangent space T'(0H¢); consequently, if 41, is the Riemannian measure
induced on OH¢(t) by the metric of X, we have, for any Borel set F' C 0H,

PN Do(F) < (e o(F) = [ ac(ie))ldin(a)

< e_A(N_l)tMO (F)

TOME 67 (2017), FASCICULE 2
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As X = I'\X is non compact and vol(X) < oo, the manifold X can
be decomposed into a disjoint union of a relatively compact subset K and
finitely many cusps Ci, . . ., C;, each of which is a quotient of a horoball He,,
centered at some boundary point &;, by a maximal parabolic subgroup P;.
As a consequence of Margulis’ lemma, we can choose the family (He, )1<i<i
so that any two I'-translates of the #,, are either disjoint or coincide (cf. [28,
Proposition 1.10]); we call (He, )1<i<i @ fundamental system of horospheres
for X. Accordingly, the Dirichlet domain D of I centered at the base point
xg can be decomposed into a disjoint union D = KLUCy U- - -UC;, where K is
a convex, relatively compact set containing xq in its interior and projecting
to K, and the C; are connected fundamental domains for the action of P;
on He,, projecting to Ci. We let S; = DN OH¢, be the corresponding,
relatively compact fundamental domain for the action of P; on 0He,, so
that C; = DNHe, S x Ry

Fixing an end C, and omitting in what follows the index 4, let j; be
the Riemannian measure induced by the Riemannian metric on the horo-
sphere OH¢(t) corresponding to C. In [14] we defined the horospherical area
function associated with the cusp C as:

A(t) = e (PNOHe (1)) = 1t (P,4(S)).-

This function depends on the choice of the initial horosphere OH, for the
end C, and the following result shows that this dependance is unessential
for our counting problem:

PROPOSITION 2.1 ([14]). — There exists a constant ¢ = c¢(A, B, diam/(S))
such that )
’UP(R) )’c\ — -
A(%)

This weak equivalence is the key to relate the irregularity of the metric
in the cusp to the irregular asymptotic behaviour of the orbital function of
P. The second crucial step of our work will then to describe precisely the
contribution of vp in the asymptotic behaviour of vr assuming dp = .

2.2. Cuspidal geometry

The strategy to construct examples with irregular orbital functions as in
Theorems 1.2, 1.3 and 1.4 is to perturb in a suitable manner the metric
of a finite volume hyperbolic manifold I'\H” in one cuspidal end P\H.
If H = {y/Be(x0,y) = to}, the hyperbolic metric writes on H ~ 9H x
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R, = RN xR, as g = e~ ("t0)dx? 4 dt? in the horospherical coordinates
y = (x,t), where dx? denotes the induced flat Riemannian metric of OH
and ¢ = B¢ (x0,y) — to. We will consider a new metric g in P\H, whose lift
to H writes, in the same coordinates, as

g =72 (t)dx* + dit*.

We extend this metric by I'-invariance to I'H and produce a new Hadamard
space (X, g) with quotient X = I'\ X. The new manifold X has again finite
volume, provided that

+oo
/ N7t dt < 0o
0

and the end C = P\H is a new cusp; we call the function 7 the analytic
profile of the cusp C.

The horospherical area function A associated with the profile 7 satisfies
A = 7N¥~1 by Proposition 2.1, it implies that:

(a) the parabolic group P has critical exponent §p = M, for w, :=

2
limsupg_, 4 %| In(7(R))l,
00 g—wr(N—=1)t

(b) P is convergent if and only if f0+ v dt < oo

Also, notice that the sectional curvatures at (x,t) are given by

o 9 ™\?
K(x,t)(aTgi’ 87j) = - <T>

and Kx (52, &) = == (see [7)).

In Sections 4, 5 and 6 we will apply this strategy to prescribe bounds on
curvature and analytic profiles 7 at certain depths, depending on additional
real parameters a, b, 7, defined as follows.

For any convex function 7 : R — RT with f0+oo N=1(t)dt < oo and

satisfying the conditions

(2.3) Vi<ty 7(t)=e (7t
(2.4) A2 < 7"/t < B?
In(7(t
(2.5) w, = limsup ()] <B
t——+oo t

we will set, a > tg
To(t) = e *7(t —a) forteR.

This profile defines a manifold X with a cusp C which is hyperbolic at
height less than a and then has (renormalized) profile equal to 7.

TOME 67 (2017), FASCICULE 2
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Moreover, given parameters a > tg, b > 0 and 1 €]0, A], a straightforward
calculus proves the existence of a profile 7,3, such that

A? = <7y (8)/Tapn(t) < B> +1 for all ¢,
Ta,b,n(t) =et for t < a,
Taby(t) = e=wrt fort € [A+a,A+a+Dbl],

Tapy(t) = e GATat0r(t — (2A +a+b)) fort>2A+a+b.

for some constant A = A(A, B,n) > 0. The profile 7,4, induces the
geometry of the cusp C which is hyperbolic till height a, with constant
curvature —w? in a band of width b at height A + a, and which then has

the same asymptotic invariants as the initial profile 7 after height 2A+a+b.

3. Proof of Theorem 1.2: construction of convergent
lattices

An example of manifold of negative curvature with infinite volume and
whose fundamental group is convergent is due to Dal’Bo—-Otal-Peigné [11].
We propose in this section a variation of their argument to produce a
convergent nonuniform lattice. We will consider a finite volume hyperbolic
manifold I'\H” with one cuspidal end P\H and deform the metric in this
end as explained before to obtain a new Hadamard space (X, g) such that
the quotient X = I'\X has finite volume and a dominant cusp C = P\H
with a convergent parabolic group P, whose exponent dp:

(1) is greater than the Poincaré exponent of I' acting on HY, that is
N —1;
(2) equals the Poincaré exponent ér of I' corresponding to the new
metric.
For this, we choose 7 satisfying the conditions (2.3), (2.4), (2.5) with dp =
% > (N —1) and fOJrOO %dt < 00, and we consider the profile
7, for some a > 0 to be precised.

Remark that the first condition can be satisfied only if w, > 2 which re-
quires B?/A% > 4. We will denote by d the distance on (X, g) corresponding
to this new metric, and by dy the hyperbolic distance. We emphasize that
the perturbation of the metric will not change neither the algebraic struc-
ture of the groups I' and P, nor the horospheres H(t) (which are only
modified in size and not as subsets of H™) and their radial flow; however,
the orbital functions vp and vr have different behaviour before and after
perturbation.
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Now, we need to introduce a natural decomposition of geodesic segments
according to their excursions in the cusp, which will enable us to encode
elements of I' by sequences of parabolic elements travelling far in the cusp
and elements staying in a fixed, compact subset. We use the same notations
as in 2.1 for the compact subset K, the fundamental horosphere H = H,
of X, and the Borel fundamental domain S for the action of P on 0H. Let
h > 0: for every v € T', the geodesic segment [xg, - Xo| intersects r = r(7)
disjoint translates g.#(h) (with the convention r = 0 if the intersection

with Uger g.H(h) is empty). In case r > 1, denote by zy,...,z. (resp.
z],...,z}) the hitting (resp. exit) points of the oriented geodesic segment

[X0,7 - Xo] with translates of 7(h) in this order. Hence we get

[x0,7 - Xo0] N U g-H(h) | =27, za7]U---Ulz;,z]].
gel’
Accordingly, when r > 1 we can define the points y;,y{ ...y, ,y; on
[X0, g - Xo] such that, for any 1 < i < r, the geodesic segment [y; ,y;] is

the connected component of [xq,y - Xo] N (UgEF g- 'H) containing [z; ,z; |.
We also set y§ =xg and y,,; =7 - Xo.

With these notations, there exist uniquely determined isometries g1, .. .,
gr €T and p1,...,p, € Psuch thaty; € g1-S,y] € ip1 - S,...,y,} €

g1p1 - - - grpr - S. Finally, we define g,41 by the relation

Y=91P1---9rPrgr+1
which we call the horospherical decomposition of v at height h. Notice that
this decomposition depends only on the initial hyperbolic metric. We also
set Xa_ = X0, X431 =7 X0 and x; = gip1...Gi -xo,xj' = g1P1 - - GiPi * X0
for 1 < i < r. We then have:

LEMMA 3.1. — Let y=¢1p1 - ..prgr+1 be the horospherical decomposi-
tion of v at height h:

(i) for every i € {1,...,r + 1} the geodesic segments [x;” |,x; | and
[%0, g - Xo] lie outside the set UgGF g.H(e), for ¢ = diam(K);
(ii) foreveryi € {1,...,r} the geodesic segments [Xo, p;-Xo] have length

greater than 2(h — c) and lie outside the set J,cp 9. H(h — c).

Proof. — Assume r > 1 and fix 1 < ¢ < r + 1. By construction, each
geodesic segment [y} ,,y; ] lies outside Uger 9-H. Then, each segment
[x;" 1, %; ] lies outside J e g-H(c) since d(x; ,,y;",) and d(x;,y; ) are
both smaller than c. Since [x;tl, X; | =g1p1- .- gi—1Pi—1-[X0, gi - Xo] and the
set U er 9-H(c) is I-invariant, the same holds for the segment [xo, g; - Xo].
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To prove statement (ii), notice that the segment [y; , y;'] intersects the set
Uger g-H(h) and has endpoints in OH, so that d(y; ,y;) > 2h; one con-
cludes using the facts that d(x; ,y; ) and d(x;,y;") are both smaller than
c and that [x;, x; H=agip1...pi_19i - [Xo0,pi - Xo)- O

Moreover, the distance function is almost additive, with respect to this
decomposition:

LEMMA 3.2. — There exists a constant C' > 0 such that for all v € '
with horospherical decomposition y=g¢1p1 ... g-Prgr+1 at height h:

r+1
d(x0,7 - x0) = _ d(%o,9i - Xo +Zd X0, i - Xo) —rC.
i=1 i=1

Proof. — With the above notations one gets, for C' := 4diam(K)

r+1
d(x0,7 - o) Zdyi LY +Zdywyl
r+1
>Zd X, 15X +Zd — drdiam(K)
r+1
=Zd><o7gz ) +Zd X0, i - X0)rC. O

Now assume a > max(h,diam(K)) and let P, = {p € P/dy(x0,p - x0) =
2a} and Ty = {y € T'/[x0,7 - %X0] Ng.H(a) = D forall g €T}. Let v € T
with horospherical decomposition v = gi1p; ... ¢,prgr4+1 at height h. By
Lemma 3.1, the geodesic segments [xq, g;-Xo], 1 < ¢ < r+1, stay outside the
perturbed set |, g-H(a), so that g; € I'y and d(xo, gi-Xo) = do(X0, gi*Xo)-
Consequently, the Poincaré series of I for the perturbed metric is

Pr (XO7 <1+ Z e~ 9d(x0,7%0) + Z —dd(x0,p-X0)
Fa\{Id} pEP,

+ § § e~ 9d(%0,91P1.+-grPrgr41-Xo0)

r>21 g1,..., gr+1€la

< Ze—5do(x077'xo) + Z e~ 9d(x0,p-%0)

~yel peEP,
K
+§ el § e—9d(x0,9-%0) § e~ 9d(x0,p-%0)
r>1 gel'y PEP,

ANNALES DE L’INSTITUT FOURIER



COUNTING IN INFINITE MEASURE 495

< Ze*Mo(xo,’Y-xo) + Z e~ 9d(x0,p-x0)

~yeD peEP,
T
+ Z eCo Z e—5do(x0,"/'xo) Z 6—5d(x07p'xo)
r=>1 yel pEP,

For § = §p the term Z'yer e~ 9do(x0.7%0) < 450 since §p > N —1. On the
other hand, the group P being convergent with respect to the new metric
g, we deduce that 3> _p e~ 0pd(x0),p%0)) _ () as a — +o00; we may thus
choose a large enough so that

eGP Ze—tslbdu(xoﬁ‘xu) Z e—9pd(x0,p-X0) <1
~yel peEP,
which readily implies Pr(xg,dp) < 400, hence dp > dr. As P is a subgroup
of T, this implies that §p = dr, hence I' is a convergent group. O

4. Critical gap property versus divergence

In this section we start constructing a hyperbolic lattice I' of H? which
is generated by suitable parabolic isometries, so that the resulting surface
I'\H? has finite volume. In the disk model of the hyperbolic plane, we choose
r > 2 and 2r boundary points & = 1o, &1, 01, -+ -, &ry M = & of ST = OB2
in cyclic order, and consider (uniquely determined) parabolic isometries
D1, ---,Pr such that for 1 < i < r we have p; - §; = & and p; - m;—1 = ;. We
remark that all n; belong to the I' orbit of the point ny, which is a parabolic
fixed point of the isometry pg := prpr_1...p1.

PROPOSITION. — The group I = (p1, ..., pr) is a free non abelian group
over pi,...,p,. The quotient T'\B? is a finite surface with r + 1 cuspidal
ends, with a cusp C; for each parabolic subgroup P; = (p;) fori=1,..,r,
and another cusp Cy corresponding to the parabolic subgroup Py = (po)
fixing &g.

Each element v € T'\ {Id} can be written in a unique way as a word with
letters in the alphabet A := {plil, ...,p'}; namely, one gets
(4.1) y=0pj...05
with pii,...,pj" € A, n > 1 and with adjacent letters which are not
inverse to each other. Such expression with respect to the natural (but not
canonical) choice of the alphabet A is called a coding of elements of I'. We
will call j; is the first index of v, denoted by i.,; similarly j, the last index
and is denoted by [,.
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4.1. A new coding for elements of I'

We code here the elements of I' by blocks, with some admissibility rules to
be precised. This new coding is designed to obtain a contraction property
for an operator that will be introduced and studied in the next sections
whose restriction to some suitable space of functions present remarkable
spectral properties.

We first rewrite the decomposition (4.1) as follows

I Lo
(4.2) Y = Di Pij -+ Pl
with m > 1,41,..., 4, € Z* and i; # ;41 for 1 < j < m. When all the
£;,1 < j < m, belong to {1}, one says that ~ is a level 1 word; the set of

such words is denoted by Wi. Then, we select all the £;,1 < j < m, with
|€;] > 2 and write v as

. I
(4.3) v =P QP Qo . P Quplt
for k > 0, with:

[ ] |l1|,..-,|lk_1| 2 2,

o |lo], [l| #1,

e cach @); is either the identity element or a level 1 word, with ig, #
Ji—1 and lg, # j;.
The decomposition by blocks (4.3) is still unique ; it only uses letters from
the new alphabet
B =P U---UP,UW,
where P; := {pl"/|n| = 2} for 1 < i < r, possibly with pig =1or pi =1
Notice that this decomposition does not depend on the metric obtained by
perturbation inside the cusps, but only on the presentation chosen for I'.
We will call blocks the letters of this new alphabet, and say that a word
B1 ... Bm in the alphabet B is admissible if the last letter (for the original
alphabet A) of any block f; is different from the first one of g;y; for
1<i<m—1.S0,any v € I'\ {Id} can be written as a finite, admissible
word i ...0B, on B; the ordered sequence of the f;’s is called the B-
decomposition of v and the number m of blocks is denoted by |v|x. Finally,
we denote by X the set of all finite admissible words with respect to 8.

4.2. A new metric in the cusps

We consider a fundamental system of horoballs Hq, H1, Ho, ..., H, cen-
tered respectively at the parabolic points &g, &1, &o, . . ., & and such that all
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the horoballs v - H;, for v € I',;0 < ¢ < r, are disjoint or coincide, as in
Subsection 2.1. Then, we modify the hyperbolic metric in the cuspidal ends

C; = P\H; as follows. We choose positive constants ag, a1, ...,a.—1,a-,b
and 7, functions 7y, ..., 7.,—1 and 7. as in Subsection 2.2 such that
Wy, = Max(Wry, - -, Wr,.) > 1

and we prescribe the profile 7; 4, for the i-th cusp Cifor0<i<r—1,
and the profile 7,4, on the last dominant cusp C, = C. This yields a
new surface X = (B2, ga,...a..), With quotient X = I\X of finite area.
Since the metric on X depends, in particular, on the value of the parameter
b, which will play ...ial role in what follows, we shall denote the induced
distances on X, X = S! and the conformal factor respectively by dy, D
and | - |p; on the other hand, we shall omit the index b in the Busemann
function and in the Gromov product, to simplify notations. The dependence
of Dy on the parameter b is described by the following lemma, whose proof
can be found in [25]:

LEMMA 4.1. — Let by > 0 be fixed. There exists ¢ > 1 and a € ]0,1]
such that the family of distances (Dy)o<b<h, » are Holder equivalent; namely
for all b € [0, by] we have

1 1/a
=Dy < Dy < eDg.
C

4.3. Ping-pong by blocks.

For any 1 < ¢ < r, we consider the sub-arcs I; := [1;_1,7;] and I} :=
[p; ' mi_1,pi - mi] of S* containing &;. There exists a ping-pong dynamic
between these intervals: namely, for any block 5 € B, we have

o if 3 € Wi, then - I} C I;, for any i # Ig

o if 5 € P, with ] =1ig =g, then §-1I; C I] for any i # [.
Moreover, for any v with B-decomposition S ... S,,, we define a compact
subset K., C S! as follows:

o K, =Uix I, if B, € Wi

o K, =Uix I if B, € Py with I = 1,.
Then, using the fact that the closure of the sets I/ and 0X \ I; are disjoint,
one gets:

LEMMA 4.2. — There exists a constant C' = C(A,n) > 0 such that

dy(x0,7 - %0) — C < Bo(v™" - X0, %0) < dp(x0,7 - X0)

for any v € I' and any x € K.
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Which yield to:

COROLLARY. — There exist a real number r € |0,1[ and a constant
C > 0 such that for any v € " with length |y|s = k, one gets

Ve € K, Iy (x)]o < Cr*.
Proof. — See [3, Prop. 2.2]. O

4.4. Coding for the limit points.

An infinite word on the alphabet 9B, i.e. an infinite sequence 5 = (8, )n>1
of elements of B is called admissible if any finite subword S ... 8y is ad-
missible ; the set of such words is denoted by Z%. Corollary 4.3 implies in
particular the following fundamental fact:

LEMMA 4.3. — For any f8 € E;, the sequence (1 ...0Bn - X0)n>0 con-
verges to some point w(3) € 0X; the map 7 : Z% — 0X is one-to-one, and
its image (X ) coincides with the subset 9y X = 90X\ (U;Zl F-«SiUF-Wl)
where W1 =W, - xo N 0X.

Notice that, if v has B-decomposition b ...by,, then the subset K,
defined in 4.3 is the closure of the subset corresponding, via the coding
map 7, to the infinite sequences 3 = (Bn)n>1 such that the concate-
nation v * 3 = (b1...bmfP1...0Bi...) is admissible. We also set J, :=
Cl{n(y*pB) | B € K,}, that is the closure of points corresponding to
admissible sequences obtained by concatenation with the B-decomposition
of ~.

As indicated previously, this coding by blocks is of interest since the clas-
sical shift operator on Z; induces locally, exponentially expanding maps
T™ on 9pX; the map T, described for instance in details in [12], has count-
ably many inverse branches, each of them acting by contraction on some
subset of X . Namely, we consider on E% the natural shift § defined by

0(B) = (Bra1)kz1, VB = (Br)i>1 € S

This map induces a transformation T : §pX — 9y X via the coding ;
moreover, T' can be extended to the whole 0X by setting, for any v with
B-decomposition v = 172 ...y, and € € {&,..., & UW,

T(.E) =v2...7mE
and T'(&) := £. Then, for every block 8 € B, the restriction of T' to Jg is

the action by 87!; by the dynamic described above, the inverse branches
of the map T have the following property:

ANNALES DE L’INSTITUT FOURIER



COUNTING IN INFINITE MEASURE 499

PROPOSITION. — There exist 0 < r < 1 and a constant C' > 0 such
that, for any v € T with |y|s = k and for x,y € Kr we have

Do(v - 2,7 - y) < Cr¥ Do (z,y).

This property is crucial for the investigation of the spectral properties of
the transfer operator, which will be introduced in the next section.

5. Existence of divergent exotic lattices

This section is devoted to prove Theorem 1.3: there exist two dimen-
sional exotic and divergent lattices. Existence of infinite covolume exotic
and divergent discrete groups has already been provided in [25], by the
following procedure.

Given a Schottky group I' = <h,p> C Isom™(H") with h hyperbolic
and p parabolic, one fixes an horoball Hy centered at the fixed point of p,
hence a neighborhood <p>\Hg of the cusp associated with p. Then, one
chooses a profile 7 which does not modify the critical exponent d,y of (p)
and makes the group I' a convergent lattice of a new manifold X. It can
then be shown that there exists a critical value a* such that

(1) for any a > a* the metric perturbed by 7, in the cusp (more ex-
plicitely the metric whose profile is 7 beyond the height a - see again
Subsection 2.2) makes ' non exotic, hence divergent,

(2) the one given by 74« makes I' exotic and divergent.

In the first case, the divergence comes from the contribution of elements of
'y C T corresponding to geodesic loops staying at height less than a in the
cusp, which is preponderant in the value of the Poincaré series of I' since
d(py is strictly less than the critical exponent of I' C Isom™ (H").

Here, we adapt this approach to obtain a discrete group I' with finite
covolume, in dimension 2. We start from the surface X = I'\X with r + 1
cusps described in 4.2, with a dominant cusp C, = P,\H, and make I'
convergent by choosing ag, ..., a, > 0, as in Theorem 1.2. Besides a differ-
ent coding by blocks (due to the generators which are all parabolic) which
gives a slightly different expression for the transfer operator associated to
T", the main difficulty here is to show that I can be made divergent. This
cannot be achieved now by simply pushing the perturbation far away in
the cusp, since in our case dp, is strictly greater than the critical exponent
of the subset ', of elements staying in the compact, non-perturbed part;
so, even choosing the a; > 0, the group I' remains convergent! To obtain
the divergence we rather modify C, with a profile Tr.a,,» Which equals the
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2

Tr

band of width b > 0. With those conventions, we will prove the existence
of b* such that:

profile of a cusp with constant curvature metric —wz on a sufficiently large

(1) T with the metric perturbed by 7,5 is non exotic and divergent for
every b > b*,
(2) T with the metric perturbed by 7,5+ is exotic and still divergent.
The approach to obtain the existence of the critical value b* is to consider
a family of transfer operators (Ly . )p, . associated with the transformation
T, the latter being described at the end of Section 4 and depending on b.
The continuity of b — L, and b — p(Ly ) where p(Ly ;) is the spectral
radius of L . in some suitable functional Banach space is a key point of
the approach.

5.1. On the spectrum of transfer operators

The map T encodes a large part of the action of the group I' on 9y X;
from an analytic point of view, this dynamic may be described throughout
the family (L .)p,. of transfer operators associated with T', which takes
into account the different inverse branches of T and is defined formally by:
for any Borel bounded function ¢ : 0X — R and any = € §pX and z € C

(5.1) Lyplx)= > e Wo(y),

y/Ty=x
for a “ceiling” function € to be defined. The function € will depend on the
metric ga,,....a,,» and especially on the width b of the band inside the cusp
C, where the curvature is prescribed to be —w?
precisely the dependence of £ , with respect to b and thus notice the ceiling
function €, and its corresponding transfer operator L ..

The alphabet 96 being countable, the pre-images of z € Jp X by T are
the points y = /- x, for those blocks 5 € B such that = belongs to Kg,
that is:

o if z € I/ then 8 € Uj;ﬁiﬁj or B € Wy with lg # 1,
o if v € I;\ I/ then § € Uj#”ﬁj.
For such y = 8 - x, the quantity €,(y) is given by

(5.2) C(y) := Bﬂ—l.y(ﬁ* " X0,X0) = ls'a:(lT1 “ X0, X0)

(where B is the Busemann function with respect to the metric g =
Jao....arb)- By Lemma 4.2, the quantity B.(87! - xo,%0) differs from

~; we will need to understand

ANNALES DE L’INSTITUT FOURIER



COUNTING IN INFINITE MEASURE 501

d(87"x0,%0) by a term which is bounded uniformly in 8 € B and z € Kg,
this will allow us to compare the sum ;- E’g’sl(x) with the Poincaré se-

ries P[‘(Xo,XO’ S) = ZWEF eisd(x[)"y'x()) >~ Zk>0 Z ~er €7Sd(x0’74x0).

|7 =k
We can now make explicit the definition of transfer operators Ly ., ex-

tending formula (5.1) for any € 0X: for b > 0, z € C, any bounded Borel
function ¢ : 0X — C and any z € 0X we set

(5.3) Ly o(x) = Z Lk, (x)e_ZB“(ﬁfl"‘”’x(’)(p(/B - x).

BeEB
In other words, £y .¢(z) = Zﬁe% wp (B, )e(B - x) where the wp (7, ) :
0X — C,z € C and « € I are defined by

w1 (7.2) = L, ()07 0]

and called weight functions. Observe now that these functions satisfy the
cocycle relation: if the B-decomposition of v = ;175 is given by the simple
concatenation vy * 2 of the ;, i.e. |v1792|s = |71|s + |72|s, then

Wy, 2 (172, T) = Wy, (V1,72 - T) - w2 (Y2, T).

This equality leads to the following simple expression of the iterates of
the transfer operators: for any k£ > 1 and x € 0X

LEplx)= > wpa(y,2)p(y- 1)

~er
|78 =k

= Y i (@)e BT R0y ),

yer
[vls=k

The operator £, , is well defined when Re(z) > 4, and also for Re(z) = ¢ =
or if T is convergent. It acts on the space C(0X) of C-valued continuous
functions on 9X endowed with the norm |- | of the uniform convergence;
however, to obtain a quasi-compact operator with good spectral properties,
we will consider its restriction to a subspace L, C C(0X) of Holder con-
tinuous functions with respect to Dy, for a given by Lemma 4.1. Namely

(5.4)

we let

Lo :={p € C(0X) : [loll = [¢loo + [pla < 400}
where [¢]q = SuPzﬁ;c;X %; then, £, acts on L, because of the
following

LEMMA 5.1. — Each weight wy, ,(7, -) belongs to L, and for any z € C,
there exists C = C(z) > 0 such that for any v € T

lwp,2(7,)|| < CeRe(Z)db(x0,7-x0)
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Proof. — By Lemma 4.2, the family {e®(=)4(©7:0) |y, (v, )|, v € T}
is bounded. The control of the Lipschitz-coefficient of wy ,(7,.) is more
delicate, we first recall briefly the proof in the constant curvature case
and refer [3, Lemma III.3] in variable curvature. To estimate wy (7, x) —
wy, (7, y) for any points x,y belonging to the same subset Kﬂ,, note that
there exists a constant A > 0 such that |B,(v~!-x0,x0) =B, (7~ %0, %0)| <
Alz — y|. The inequality |eZ — 1| < 2|Z[e!®(#)] readily implies

|e—z8m('y71~x0,x0) _ e—zBI('y’1~x0,x0)|
-1
< 2A|z|eA\Z\X\zfylef%(Z)Bm(v -Xo,XO)|x —yl.

So, the Holder coefficient of w, (7, .) satisfies [w.(7,.)]s < Ce R(2)d(e7-0)
for some constant C = C(2). O

The following theorem plays a key role in the sequel ; it allows us to
control the spectrum of the operators L s for real parameters b > 0 and
$=20:=w;/2.

THEOREM 5.2. — For any b > 0 and s > 0 = w,/2, the operator L s
acts both on (C(0X),| " |s) and Ly, || - ||), with respective spectral radius
Poo(Lp,s) and pa(Ly s). Furthermore, the operator Ly s is quasi-compact®
on L, and:

(1) ® pa(Lys) = poo(Lp,s),
® po(Lss) is a simple, isolated eigenvalue of Ly 5,
o the eigenfunction hy, s associated with po (L s) is non negative on
0X,
(2) Forany s > 4, the map b+ Ly is continuous from RT to the space
of continuous linear operators on L,
(3) The map s — poo(Ls.s) is decreasing on [d, +00.

Sketch of the proof. — We follow [25, Sections 4.3 and 4.4]. The key
argument is the following inequality: for any 5 € B,z,y € Kg,s > § and
k>1

LE o) = LF o)l < D wis(v,2)l0(y - 2) — (v )]

~er
[vls =k
+ D Jwes(12) = wes (1, 9)] X [
~yeT
[yl =k

(3) In other words its essential spectral radius on this space is less than pa (L, s)
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so that, by Corollary 4.3, there exists sequences (ry)r and (Rg)g such that
(5.5) 1L sll < rellell + Rilelos

with limsupy,_, , o r,i/k < 7|Lp,s|oo- Using a version due to H. Hennion of
the Tonescu—Tulcea—Marinescu’s theorem concerning quasi-compact oper-
ators, we conclude that the essential spectral radius of £, on L, is not
greater than 7po(Ls.s). The control of the peripheral spectrum of £ s in
L., is based on the positivity of this family of operators, as in [25]; similarly,
one adapts the proof of Proposition 4.7 in [25] to establish assertion (2).
Proof of (3) is direct. O

Remark. — Let pp s = poo(Lp,s). Then, Ly shy s = pb,shp,s, the function
hy,s being unique up to a multiplicative constant. By duality, there also ex-
ists a unique probability measure oy, s on 0.X such that oy 5L s = pp.s0b,s;
the function hy s becomes uniquely determined imposing the condition
op,s(hp,s) = 1, which we will assume from now on.

5.2. From convergence to divergence: Proof of Theorem 1.3

Combining expression (5.4) with Lemma 4.2, one gets for any s,b > 0
and k>0

(5.6) LE Al = S exp(—sdy(x0,7 - X0)).
I"/\W;F:k

Consequently, the Poincaré series Pr(s) of T relatively to d, and the series
> k>0 |£l§,sl|oo converge or diverge simultaneously. Following [25], we see
that the function s — poo(Lp s) is strictly decreasing on R*; the Poincaré
exponent of I' relatively to dj, is then equal to

or = sup{s >0 poo(Lps) = 1} = inf{s 20 poo(Lp,s) < 1}.

and the latter expression will be useful to prove Theorem 1.3. We first get
the

LEMMA 5.3. — Assume that the profiles 7, ...,7T1,...,T, = T are con-
vergent and satisfy the condition w, = max(wr,,...,wr.) > 2. Then there
exist non negative reals aq, .. .,a, and by > 0 such that

e The group I' has exponent “ and is convergent with respect to

Yao,...,ar,0;
wr

e The group I' has exponent greater than <5~ and is divergent with
respect to gq,.....a, b fOr any b = by.
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Proof. — By the previous section and the choice of the profiles 7;,0 <
i < r (with the additionnal notation 7 = 7,.), we may fix the constants
ap, - . ., ar large enough, in order that the group I' acting on (X, gq,.....a,.,0)
is a convergent lattice with exponent § = “3-.

To prove the second point we will take in account only the contribution
of words containing powers of p, ; we get by the triangle inequality

Z e~ 9db(x0,7%0) > Z Z e—5db(xo,pi-1Q1-~~pi~ka'x0)

~yel k21Q1,...,Qpew;
[1],een]li| 22
k
> Z Z e—5db(xoyplr'xo) Z e~ 9db(%0,Q-%0)
E>1 \|1|>2 QewW,
We now use the following fact:
LEMMA 5.4. — There exist by > 0 and, for any b > by, integers n,, < ny

depending respectively on a, and b > by, such that:

e n, — oo when b — oo,
e for any | satisfying n,, < |l| < np, there exists a constant C' de-
pending only on a, and the bounds of the curvature such that:

2
dy(x0, pl. - X0) = o Infl| - C.

Proof. — Proof of Lemma 5.4 When |[{| is large enough, say |I| > n,, > 2,
the geodesic segments [xg,p’ - Xo] intersect the horoball He, (a, + A) and
when |!] is not too big the same geodesics do not intersect He, (a, +b+A). If
we set np := max{n € N; |k| < n = [xo,p"x0] N He, (ar +b+ A) = 0}, the
latter is well defined and satisfies n, — oo when b — oo. Fix [ satisfying
Mg, < |I] < mp and define respectively by x; and xo the enter and exit
point of the oriented geodesic segment [xo, p' - xo] in He, (ar + A). Using a
comparison argument with the geodesic from x tangent to 9He, (a, + A),
we can observe that

|dp(x0,%1) — do(%0,%1)] < ¢ and |do(%0,%X1) —ar| <c

for a constant ¢ only depending on the bounds of the curvature. In the
horospherical annulus He, (a, + A) \ He, (a, + b+ A) the curvature is —w?
so that dp(x1,x2) = %’?’(2) Combining this with the above inequalities
we get the existence of a constant C' depending on a,., 7 and on the bounds

of the curvature such that for [ satisfying n,, < || < np:

dltor) ooy oo

dy(x0, plxo) > - "
T T
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To conclude the proof of Lemma 5.3, notice that for § = %= we have:

2
ny
E e—5db(xoxpl'xo) > E e—5db(xo7pl'xo)

{t5 111=>2} [l|=na,
np 1 wr/2
= Z (|l|2/“> — 400 as b— +4oo.
ll|=na

So, there exists by > 0 such that

Z e*5db(x07pl~xo) Z e~ 9db(x0,Qx0) | 5 1
[1]>2 QEWL

as soon as b > bg; in particular, continuity and monotonicity in s gives:

Z e—Sdbo(mel‘xO) Z e 3dbg (%0,Q%0) | 5 1
i[>2 Qe

for some s > %=, This ensures that dp > s > %= = 0p, =max{dp, [0<i <},
and I' is divergent with respect to the metric gq,.....q,,» by the critical gap
property recalled in the introduction. O

End of proof of Theorem 1.3. — Recall that § = w,/2. Since po(Ls,5) is
an eigenvalue of £ s which is isolated in the spectrum of Ly 5, the function
b+ pa(Lys) (which is a priori semi-continuous) has the same regularity
as b Ly 5. For by given by Lemma 5.3, we have po(Lo,5) = poo(Lo,s) < 1
and po(Lby,5) = Poo(Ly,5) = 1; thus, there exists b. € [0,bg] such that
Pa(Lo+5) = poo(Lp+5) = 1. Since the function s — poo(Lp+ s) is strictly
decreasing on [d, +0o[, one gets poo(Lp+s) < 1 as soon as s > J. For such
values of s, the Poincaré series Pr(s) of T' relatively to the metric gy thus
converges, this implies that its Poincaré exponent dr p~ is not greater than
d ; actually we have drp« = ¢ since dy,y = § and p, € T'. Finally, the
eigenfunction hy« 5 of Ly 5 associated with po(Lyp+ 5) being non negative
on 0X, one gets hy- 5 < 1 and so

Z |£]§*,51|oo = Z |‘Ck*,6hb*,5|oo = Z | 5]o0 = 00

k>0 k>0 k>0

which implies, by (5.6), that T" is divergent with respect to the metric gp«. O
6. Counting for some divergent exotic lattices
We prove here the following general result, which implies Theorem 1.4

given in the Introduction:
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THEOREM 6.1. — Let X be a (r+ 1)-punctured sphere, endowed with a
metric of finite area which has a cusp C; with profile 7; for each puncture and
is hyperbolic outside Co UCy U. . .C,. Let py, ..., p, be parabolic isometries,
each one generating a parabohc subgroup P; associated to C;, such that
I' = my(X) is a free group over p1,...,p, and pg = p,...p1. Let X be the
universal cover of X, let xo € X, and assume that the lifted metric g on X
satisfies the following assumptions:

e H;: the group T' is exotic and divergent with Poincaré exponent

d=d6r =<, where w = w,, = max(wry,...,wr,) > 2;
e H,: there ex1st k €]1/2,1] and a slowly varying function® L such
that
(6.1) > e 8d(x0.p0) FTE I pypn

pEP,/d(x0,p-%0)>t
e Hj: the parabolic groups Py, for 1 <1 < r—1, satisfy the condition
_ L(t)
92 dd(x0,7%0) _— ( )
2 > e
PEP/d(x0,p-x0)>t
e H,: the set W of level 1 words satisfy the condition

(6.3) 3 o= 0d(x0,Q%0) _ 0<L(t) )

tr
QEW1 /d(x0,Q-%0) >t

Then, for any 1 < j < r and any fixed x; € 0X far enough from the fixed
point of p;, there exists C'j > 0 such that

rR
(6.4) #H{y € T;/By, (v - x0,%0) < R} TR ¢ ==

TR-*L(R)’
where I'; is the set of v € I' with last letter j, with respect to the alphabet
A. As a consequence, we have

R—+o0 e

(6.5) H{y €eT/d(x0,7v x%0) < R} =

Notice that (6.5) easily follows from (6.4) summing over j € {1,...,r},
as for each j there exists ¢ = c¢(x;) > 0 such that d(x9,7 - x0) — ¢ <

B, (v~! - x0,%0) < d(X0,7 - Xo)-

(D A function L(t) is said to be “slowly varying” or “of slow growth” if it is positive,
measurable and L(At)/L(t) — 1 as t — 400 for every A > 0.
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Let us make some remarks:

(1) We have seen in the previous sections how to perturb a hyperbolic
metric to obtain a negatively curved metric g = gq,,....a, b+ O X
with profiles 79, ..., 7. and parameters ag, ..., a, and b* so that the
hypothesis H; holds.

(2) Hypothesis Hbs is inspired by probability theory and it corresponds
to a heavy tail condition satisfied by random walks, which have been
intensively investigated [19]. It holds in particular when

2Inn +2(1 + &)(Inlnn + O(1))
w

d(Xo,p? 'Xo) =

for some w > 2 ( the prescription of the profile 7,. in dimension 2 is
equivalent to the prescription of the sequence (d(xo, p-X0))n>1, We
refer to [11, Section 3] for a detailed construction of a metric in the
cusp leading to this asymptotic behaviour). This equality concerns
only the asymptotic geometry on the cusp C, as it is equivalent to
prescribe a profile without modifying its exponential growth rate.
Hence it is compatible with any choice of the parameter b. The
critical exponent of P, is thus § = w/2 and one gets, as t — +00,

> e~ 0d0x0.p0) — > = 8d(x0.}'-0)

pEP,/d(x0,p%0)>t neN/d(xq,p?-x0)>t

_ /+°° du
s u(m )
(3) The condition x € ]1/2, 1] readily implies

Z d(XOJ? . XO) d(x0,p"%0) — Z N( Z e*5d(X0’P'X0)>

pEP, N>1 pEP,
N <d(x0,px0)<N+1

XZ( Z ef5d(XO,p~0))

N>1 peEP,
(%0,p-%0)>N

L(N
xz Jim):+oo

N>1
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By Theorem B in [11], it readily follows that the Bowen-Margulis
measure associated with I' is infinite.

(4) Notice that hypothesis Hs is satisfied in particular when the gap
property dp, < 6 holds for any 0 <! <r — 1.

(5) Similarly, hypothesis Hy is satisfied in particular when the exponen-
tial growth rate dyy, :=limsupp_, | o, % In#{Q € Wi /d(x0, Qx¢) <
R} of the level 1 words set is strictly less than 4.

(6) Since Py = (pp) C Wi, hypothesis Hy readily implies that equal-
ity (6.2) holds also for Py; nevertheless, it is a strictly stronger
assumption, taking into account:

e the level 1 words w corresponding to geodesic loops staying
in a compact subset of the surface X (and whose exponential
growth rate is strictly less than &, by a straightforward sub-
additivity argument)

e the words constructed by combination of the w’s and the pow-
ers of pg.

Under these assumptions, we will see that the subgroup P, corresponding
to the cusp C, has a dominant influence on the behaviour of the orbital
function of T'.

We present here the main steps of the proof of Theorem 6.1, and refer
to [12] for details. Let X = I'\ X, where X is its universal cover. First notice
that, under the assumption of the theorem, we can assume (by replacing the
cusps C; with purely hyperbolic cusps) that I' acts on the disk model of H?
with a fundamental polygon D as described at the beginning of Section 4,
with 2r boundary points &y =19, &1, M1, - - -, &, - =&p, enumerated in cyclic
order, with p; - & = & and p; - 1,1 = n; for 1 < ¢ < r, and all points »;
belonging to the I'-orbit of the fixed point &y of py; so, we can assume that
the metric ¢ is a modification of the hyperbolic one on the fundamental
system of horospheres H,, with C; = P;\Hg,. We therefore have a coding of
elements of I' by blocks 8 € B and a ping-pong dynamic, for the alphabet
B as described in Section 4.

For any R > 0, let us denote W;(R,-) the measure on R defined by: for
any Borel non negative function ¢ : R -+ R

Wj(R, ) = ) e B0 20Xy (B, (7 xg,x0) — R).
ver;

One gets 0 < W;(R,¥) < +oo when 9 has a compact support in R since
the group I' is discrete, furthermore 22:1 W;(R,¢) = e *Fyp(R) when
P(t) = eétltgo. If one proves that for any non negative and continuous
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function ¢ with compact support and such that [, ¥(z)dz >0

R—+o0 CJ
(6.6) Wi(R,y) — ~ m /R Y(x)dz

this convergence will also hold for non negative functions with compact
support in R and whose discontinuity set has 0 Lebesgue measure; The-
orem 6.1 follows since vr(R) = % Z;zl Ym0 W;(R, 11— (ns1),—n) (1))
From now on, we fix a continuous function ¥ : R — R* with compact
support; one gets, for 1 < j < r fixed

V) = Z( Z e~ %8s (Wil'xo’XO)w(ij (y! - x0,%0) — R))
k20 yel;/|yls=k

Notice that for v € I'; with B-decomposition v = 51 ... 5k, one gets ,
setting y := v - z;,

B, (v x0,%0) = €(Br ... B xj) +€(Ba . B xj) + o+ (B - )

=C(y) + T y) + -+ T y) = 5,€(y)
where € is the “ceiling” function defined as in (5.2), so that
6.7)  WiRw)=) Y e HCWy(Sey) - R).
k>0 yeoX/Tk y=ux;

By a classical argument in probability theory due to Stone (see for in-
stance [19]), it suffices to check that the convergence (6.6) holds when
has a C°° Fourier transform ¢ : ¢ — Jg €9 (x)dx with compact support:
indeed, the test function ¢ may vary in the set H of functions of the form
P(x) = e'hg(x) where 1)y is an integrable and strictly positive function
on R whose Fourier transform is C'*° with compact support. When ¢ € H,
one can use the inversion Fourier formula v(z) = 5= [ e~ ()dt; this
yields, for any 0 < s < 1

(s, R,%): Zs Z 6_55’“€(y)1/)(3kt(y) —R)

k20  yedX/T*-y=x;

1 , A
_ k tR _—(0+1it)SkC(y)
= E s E —Zﬂ_/Rez e OTIREE W) (t) dt

k20  yedX/Tk-y==x;

zi/ R (1) (ZS Z e—(5+it)5k€(y))dt

k20  yedX/Tk.y=x;

= %/ e Tap(t) (ZS L1 (%))dt

k>0

1

(6.8) =5 /R () (I — sLsyi)” " 1(;)dt
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where L, z € C, is the transfer operator associated to the function € and
the metric g, formally defined in Section 5.

When Re(z) > 0, we know that the £, are bounded and quasi-compact
on the space L, (0X) of Holder continuous function on (0X, Dy). The Sub-
section 6.1 is devoted to the control of the peripherical spectrum of L5
on L,. In Subsection 6.2, we describe the local expansion of the domi-
nant eigenvalue. Atlast we achieve the proof using arguments coming from
renewal theory (Subsection 6.3).

6.1. The spectrum of L;,;; on L,

First we need to control the spectrum of £, when z = § + it,t € R.
By Lemma 5.1, the operators £, are bounded on L,, when Re(z) > d; the
spectral radius of £, will be denoted p,,(z) throughout this section. In the
following Proposition, we describe its spectrum on L, when Re(z) = 4.

PROPOSITION 6.2. — There exist ¢y > 0 and po € ]0,1[ such that, for
any t € R with modulus less than €y, the spectral radius p,,(§ +it) of L5t
is > po and the operator Lsi;; has a unique eigenvalue \; of modulus
p(6 + it), which is simple and closed to 1, the rest of the spectrum being
included in a disc of radius py.

Furthermore, for any A > 0, there exists pa € )0, 1] such that p,,(§+it) <
pa for any t € R such that ¢y < [t| < A.

Notation. — We denote o the unique probability measure on 90X such
that L5 = o and h the element of L, such that £Lsh = h and o(h) = 1.

Proof. — This is exactly the same proof that the one presented in [2,
Proposition 2.2] and [12]: the operators Ls4;; are quasi-compact on L,
and it is sufficient to control their peripherical spectrum. When ¢ is closed
to 0, we use the perturbation theory to conclude that the spectrum of
L1 is closed to the one of Ly: it is thus necessary to prove that the map
t — Ls14 is continuous on R. The following Lemma is devoted to precise
the type of continuity of this function.

LEMMA 6.3. — Under the hypotheses Hy — H,, there exists a constant
C > 0 such that

1
Cssie = Lovall < O =1L ()

Proof of Lemma 6.3. — We will use the following classical fact ([20,
p. 272] and [19, Lemmas 1 and 2]):
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LEMMA 6. 4 — Let p be a probabﬂity measure on RT, set F,(t) :=
p[0,t] and m(t fo ))ds and assume that there exist £ € R and

a slowly varying function L such that 1 — F,(t) ~ t(f) as t — 4o00. One
thus gets

Ct1-Fut)
(6.9) N

and the characteristic function fi(t) := f0+°° t2,,(dx) of u has the following
local expansion as t — 0%

(6.10) () =1 — eim5T(1 — n)t“L(%) (1+ o(t)).

Noticing that m(t) = fot zp(dr) = m(t) — t(1 — F,(t)) one also gets
m(t) ~ km(t) as t — +oo; furthermore, decomposing f0+oo lett® — 1| p(dx)
as [io.1 |ett® —1] 1(d)+ fiy /1 4o |e?*® —1| pu(dx) and applying the previous
estimations, one gets, for any t € R

+oo
/0 €% 1| pda) < 5 L(1/E).

We now apply (6.9) with the probability measures p;,1 < ! < r, on RT
defined by p; = ¢ ZPEPL dd(xo,p-xo) Where ¢; > 0 is some normalizing
constant. As a direct consequence, under hypotheses H; —Hy, one gets
(up to a modification of L by multiplicative constant)

oo tl*l{

(6.11) > d(xg,p - Xg)e P4xopx0) 7% —L(®).

pEP:/d(x0,p-x0)<t a
and
(6.12) D feftdbxopx0) | x e 000 px0) < 4R (1 /1);

peEP,

similarly, for 1 <1 < r, one has
(6.13) D fettdxopxo) 1| x 7000 Px0) = 47 L(1/t)o(t).

PEP:
In the same way, by Lemma 4.2, for any « € 0X \ I, one gets
(6.14)

3 o—se(pa)) o L) > Epra)e 0T <R L),

te

PEP/E(p-x)<t G(;g;g»
(6.15) D e H 1] x e <R L(1/t)

pEPr
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and, for 1 <l<r—1land z € 90X\ I

(6.16) D[P ® 1] x e T) = ¢ L(1/t)o(t).
pPEP

In the same way, using Hypothesis H4, we may write, for any 1 <[ < r
and x € Ul/¢51//

(6.17) D (et 1| x 0@ = 5 L(1/t)o(t).

QeEW;
lo=l

Noticing that for any § € B and =z € Kg
w13t (B, ) — ws i (B, )] < [ — 1] x =€)

one readily gets, combining the above estimations (6.14) to (6.17) all to-
gether

(6.18) ‘£6+it — Lot

oo

< Z |wsyit (B, ) — Wstir (B, )|oo 2 [t —t|"L ( 1 ) .

s [t —t/|

Now, for any 5 € B and z,y € Kg, one gets

(w5+it(163 T) — Wstipt (Ba‘r)) - (w5+it(57y) - w5+it/(ﬂvy))
< e 0eB) o (eitw-y) _ eit'c(ﬁ-w) « (eit(ﬁ(ﬁ‘w)—C(/ﬂ‘y)) _ 1)

| o 0EBw) it €(By)
% ((eit@(ﬁ-w)f@(ﬁ-y)) _ 1) — (et €ED-CEY) _ 1)>
n (e—mm) _ e—sw-y)) (eita‘(ﬂy) _ eit’@(m))
< e~ 0C(B) (eiw(ﬂy) _ ez‘t'@(ﬁ-m) (eit(ﬁ(ﬂ»w)fﬁ(ﬁ-y)) _ 1)
1 e 0€(Ba) it €(By) (emw-z)fw-y)) _ eit’(@(ﬁ-m)%(ﬁ-y)))

n (e—ée‘ww) _ e—5¢(ﬂ‘y)) (eim(ﬂy) _ ez‘t’cwy))
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which readily implies

‘(wéﬂt(ﬁ,ﬂﬁ) — Wit (B, ) — (wsrit(B,y) — w6+it'(3>y)))

< e 9B | it=t)EBy) _ 1 it(€(Ba)—e(By) _ 1‘

+ 6766(,34:)

cit—t)(€(B-a)—C(By)) _ 1‘

+ ‘e—ét(m) _ o—9e(By)

pit=tE(By) _ 1‘

< eI =) 1 j1][¢ o 8] D(x,y)

+ e—5€(ﬁ~x)

pit—t)(€(B-x)—€(By)) _ 1‘

+e (e o B] D(x,y)

it=t)E(By) _ 1),

We achieve the proof of the Lemma combining this last inequality
with (6.18). |

6.2. On the local expansion of the dominant eigenvalue \;

We explicit here the local expansion near 0 of the map t +— A\;:

PROPOSITION 6.5. — Under the hypotheses Hy — Hy, there exists Cr >0
such that

(6.19) A =1—Cre ™2t"L(1/t) (1 + o(t)).

Proof. — Recall first that 1 is a simple eigenvalue of L5 with Lsh = h
and o(h) = 1; since t — Ls4;; is continuous on R, for ¢ closed to 0 there
exists a function hy; € L, such that Lsi;:hy = Aihe, this function being
unique if we impose the normalization condition o(h;) = 1. The maps
t — A\ and t — hy have the same type of continuity than ¢ — Ls; and
one gets the identity

)\t =0 (ﬁtht) =0 (Eth) + U((£§+it — ﬁg)(ht — h)))

By the previous subsection, the second term of this last expression is =

2
(t”L(l/t)) . It remains to precise the local behaviour of the map ¢ +—
o (L¢h); one gets

o(Lh) =1 +Zal
=0
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with
o= 3 /K B(B - 2))eSEF D (=HEED) _ 1)5(dz)

BEW

and, for 1 <I<r

P . —6¢(B-x)(,—itC(B-x) o .
=Y /K e (e 1)o(dz)

BEP:

By (6.17), the terms oy,1 # r, are of the form ¢*L(1/t)o(t). To control the
term o, one sets A(n,x) 1= €(p} - x) — d(xo, py - Xg) for any z € 0X \ I,
and n € Z. The following lemma readily implies that the quantity A(n, )
tends to —(z|&,)x, as |n| = +oo.

LEMMA 6.6. — For any parabolic group P := <p> with fixed point &,
we have

B.(p™" - x0,%0) = dp(x0,p™ - X0) — 2(£]7)x, + €2(n)

with lim,,_, 4 €,(n) = 0, the convergence being uniform on compact sets

of 9X \ {€}.

Proof of Lemma 6.6. — Let (x,,) be a sequence of elements of X con-
verging to . We have

Bx(pi" - Xg,Xg) = 1imd(pi” X0, Xm) — d(X0, Xm)

= d(pin ! XOaXO)

— lim (d(xo, Xm) + d(pi" - X0, X0) — d(pi” - X, Xm))
with

lim (Hm d(x0,Xm) + d(pi" - X0,X0) — d(pi" X0, xm))

n m

+n

= 21iyrln(p - X0|%)xq

=28, [7)xo

and the conclusion follows as the Gromov product (p™” - xg|z)x, tends

uniformly to (£]x)x, on compacts of St \ {¢}. O
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We write

I ) B ) d)
aX\I,

In|>2

+ Z eféd(xo Dy X0)

[n|>2
X / h(p:} . J;))e*‘SA(”’w) (e*’ite(iﬂ:“) _ efitd(xo,pfvxo))a(dx)
OX\I,

=0r1 + 0p2.

One gets fax\f h(p? - x))e 022 g (dx) > 0 for any |n| > 2; by (6.10),
there exists ¢ > 0 such that

o1 = —ce TET(1 — n)t“L(Z) (1+ o(t)).
On the other hand

o] < |t Z e—0d(x0,p; x0)
In|>2

X / h(p} - x))e "2 |e(py - 2) — d(x0, P} - %0)|o (dz)
oX\I,

= 0(t).
Equality (6.19) follows immediately. O

6.3. Renewal theory and proof of Theorem 6.1

For technical reasons (see for instance [19]) which will appear in the con-
trol of the term Wj(g) (R, ), we need to symmetrize the quantities W; (R, ¢)
and W;(s, R,v) setting

Wi(R,v)
=Y W (p(SiE(y) - R) + U(-Sie(y) - R))

k20 yedX/Tk y=ux;

=38 Y IO (Y(Sie(y) - R) + b(-Siely) - R)).

k20  yedX/T*-y==x;

Notice that, when v is a continuous function with compact support in R*,
the terms ¢(S,€(y) — R) of these sums vanish for R large enough, so that
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(R ) = W;(R, ) and W (s,R,¢) = W;(s, R, ) in this case. By (6.8),
for any 0 < s < 1, one gets,

Wis, Rop) = 5" 30 e 50 (4(Sie(y) — B) + (- Ske(y) - R))

k>0 yeEIX

:% /R e“%(t)((z_ sCoyit) ' — (I — sz:é_it)*l)l(xj)dt.

Fix ¢y > 0 and let p(t) be a symmetric C*°-function on R which is equal to
1 on a [—eg, €9] and which vanishes outside [—2¢g, 2¢p]; one thus decomposes

W;(s,R,v) as
Wj(s, Rywo) = Wi (s, R, 0) + W2 (s, R, p) + WD (5, R, )
with
Wi (s, Row) = 5 [ 01— pl0) (= sLavi) ™ 1(a)de
T JRr
+gm [ HO0 =) (T = sL5-) 7 1(a )

W (s R = 5 [ Mot

x ((I — sLsvit) " L(z;) — —U(a)i \_I;))\f(x])> dt

+ 50 [ im0

and
Wj@)(&R’ b)) = W /Reimﬁ(t)p(t) (1_18)\t B 1_;}\) 0

Using Proposition 6.5, letting s — 1, one gets

W;(R,¥) = W (R,p) + W(R,y) + WP (R, )
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with
/V‘[?j(l) (R7 ¢) = li/fnji Wj(l)(s’ R’ w)

I
%\
(9]
.
&
oy}
<
~
-
N—
—~
—
|
e
N
~
S—
Nt

W2 (R,v) = lim W (s, R, )

— 5= [ it
x ((I - L(H—zt)_ 1(l'j) — W) dt

1 [ un~
+ge [ i)
x ((I - Eéfit)il 1($j) — W) dt
and
Wj(3)(R, Y) = ah/Hi W;S)(S, R, )

The functions ¢ +— A; has the same regularity as ¢t — Lsi;; by Lemma 6.3
one can thus check that

br st D) = p0) (1 = Logi) ™ 1wy) + (= L5-i0) 1)

and

5605 D000 (1 = Lopa) 1) - ZEXAI)
+ (I = Ls—ie) " 1(z;) — W)

satisfy the inequality |¢r(s) — Yr(t)] < |s — t|*L (ﬁ) ,k = 1,2. This
yields some information on the speed of convergence to 0 of their Fourier

transform: indeed, for any 6 < k, there exists Cy > 0 such that

(1 CQ 11-(2 C@
(6.20) ‘W]( )(R,w)‘ <y and ‘Wj( >(R,¢)‘ 33
Since £ > 1/2, one may choose 6 €]1 — &, [ so that

. 1k =5(1) T 1—k 7 (2) _
Glim  RUCLRWI (R g) = lim RTELR)W (R, ) =0,
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On the other hand, by [19, Section 5], one gets for 1/2 < k < 1

Jlim RLRT (R0) = C50) = 6 [ wia)ds

with C; = (09X \ I;)h(z;)¥2; notice that the value h(z;) is uniquely
determined by the normalization o(h) = 1. This achieves the proof of
Theorem 6.1. O

Concluding remarks.

(1) As it is clear from the proof, we do not really need that the metric g is
hyperbolic outside the cusps C;; hyperbolicity is only needed to describe the
initial fundamental polygon D with a fundamental system of horospheres.
As far as the metric g on X has negative curvature bounded from above by
a negative constant (hence, the conformal structure of 90X is well defined
and the related properties as in 4.1, 4.3, 4.4 are satisfied) and satisfies the
conditions H; — Hy, all the arguments in the proof of Theorem continue to
hold.

(2) The same estimates for the orbital function can be deduced for sur-
faces with r+ 1 punctures and genus g > 0, which have essentially free fun-
damental group I', according to the definition in [29]. This can be achieved
by using a different coding as given in [29] (which cannot be used in our
case, where adjacent sides are paired by a parabolic element). We limited
ourselves to genus 0 surfaces as our coding is particularly simple and ex-
plicit in this case.

BIBLIOGRAPHY

[1] M. BasbiLLor, R. FERES & A. ZEGHIB, Rigidité, groupe fondamental et dy-
namique, Panorama et synthése., vol. 13, Société Mathématique de France, 2002,
xiv+188 pages.

[2] M. BABILLOT & M. PEIGNE, “Homologie des géodésiques fermées sur des variétés

hyperboliques avec bouts cuspidaux”, Ann. Scient. Ec. Norm. Sup. 33 (2000), no. 1,

p. 81-120.

, “Asymptotic laws for geodesic homology on hyperbolic manifolds with
cusps”, Bull. Soc. Math. Fr. 134 (2006), no. 1, p. 119-163.

W. BALLMANN, Lectures on spaces of nonpositive curvature, DMV Seminar, vol. 25,
Birkhauser Verlag, 1995, 112 pages.

W. BALLMANN, M. GROMOV & V. SCHROEDER, Manifolds of nonpositive curvature,
Progress in Mathematics, vol. 61, Birkhduser Verlag, 1985, iv+263 pages.

G. BEssoN, G. Courrols & S. GALLOT, “Entropies et rigidités des espaces locale-
ment symétriques de courbure strictement négative”, Geom. Funct. Anal. 5 (1995),
no. 5, p. 731-799.

[7] R. L. Bisnor & R. J. CRITTENDEN, Geometry of Manifolds, Pure and Applied
Mathematics, vol. 15, New York and London: Academic Press, 1964, ix+273 pages.

3]

[4

[5

[6

ANNALES DE L’INSTITUT FOURIER



COUNTING IN INFINITE MEASURE 519

[8] M. BoNk & B. KLEIENER, “Rigidity for quasi-Mébius group actions”, J. Differ.
Geom. 61 (2002), no. 1, p. 81-106.

[9] M. BOURDON, “Structure conforme au bord et flot géodésique d’un CAT(—1)-
espace”, Enseign. Math. 41 (1995), no. 1-2, p. 63-102.

[10] B. H. BowDITCH, “Geometrical finiteness with variable negative curvature”, Duke
Math. J. 77 (1995), no. 1, p. 229-274.

[11] F. DAL'BoO, J.-P. OTAL & M. PEIGNE, “Séries de Poincaré des groupes géométrique-
ment finis”, Isr. J. Math. 118 (2000), p. 109-124.

[12] F. DAL'Bo & M. PEIGNE, “Groupes du Ping-Pong et géodésiques fermées en cour-
bure —1”, Ann. Inst. Fourier 46 (1996), no. 3, p. 755-799.

[13] F. DAL'Bo, M. PEIGNE, J.-C. PI1cAUD & A. SAMBUSETTI, “Volume growth and
rigidity of negatively curved manifolds of finite volume”, preprint.

[14] , “On the growth of nonuniform lattices in pinched negatively curved mani-

folds”, J. Reine Angew. Math. 627 (2009), p. 31-52.

, “On the growth of quotients of Kleinian groups”, Ergodic Theory Dyn.
Syst. 31 (2011), no. 3, p. 835-851.

[16] F. DAL'BO, M. PEIGNE & A. SAMBUSETTI, “On the horoboundary and the geometry
of rays of negatively curved manifolds”, Pac. J. Math. 259 (2012), no. 1, p. 55-100.

[17] R. A. DONEY, “One-sided local large deviation and renewal theorems in the case of
infinite mean”, Probab. Theory Relat. Fields 107 (1997), no. 4, p. 451-465.

[18] P. B. EBERLEIN, Geometry of Nonpositively curved manifolds, Chicago Lectures in
Mathematics., University of Chicago Press, 1996, 449 pages.

(15]

[19] K. B. ERICKSON, “Strong renewal theorems with infinite mean”, Trans. Am. Math.
Soc. 151 (1970), p. 263-291.

[20] W. FELLER, An Introduction to Probability Theory and Its Applications, Vol. II,
2nd ed., Wiley Series in Probability and Mathematical Statistics, John Wiley and
Sons Inc., 1971, xxiv+669 pages.

[21] S. GOUEZEL, “Correlation asymptotics from large deviations in dynamical systems
with infinite measure”, Colloq. Math. 125 (2011), no. 2, p. 193-212.

[22] U. HAMENSTADT, “Entropy-rigidity of locally symmetric spaces of negative curva-
ture”, Ann. Math. 131 (1990), no. 1, p. 35-51.

[23] E. HEINTZE & H.-C. Im HoF, “Geometry of horospheres”, J. Differ. Geom. 12
(1977), p. 481-491.

[24] G. A. MARGULIS, “Applications of ergodic theory to the investigation of manifolds
of negative curvature”, Funkts. Anal. Prilozh. 3 (1969), no. 4, p. 89-90.

[25] M. PEIGNE, “On some exotic Schottky groups”, Discrete Contin. Dyn. Syst. 31
(2011), no. 2, p. 559-579.

[26] M. PoLLicoTT & R. SHARP, “Orbit counting for some discrete groups acting on
simply connected manifolds with negative curvature”, Invent. math. 117 (1994),
no. 2, p. 275-302.

[27] T. ROBLIN, “Sur la fonction orbitale des groupes discrets en courbure négative”,
Ann. Inst. Fourier 52 (2002), no. 1, p. 145-151.

, “Ergodicité et équidistribution en courbure négative”, Mém. Soc. Math.
Fr., Nouv. Sér. 95 (2003), p. 96.

[29] M. STADLBAUER, “An extension of Kesten’s criterion for amenability to topological
Markov chains”, Adv. Math. 235 (2013), p. 450-468.

[30] P. VipoTTO, “Rate of mixing, closed geodesics and orbital counting for some neg-
atively curved manifolds with infinite Bowen-Margulis measure”; in preparation.

(28]

TOME 67 (2017), FASCICULE 2



520 Francoise DAL’BO, Marc PEIGNE et al.

ANNALES DE L’INSTITUT FOURIER

Manuscrit recu le 11 juin 2016,
révisé le 21 mars 2016,
accepté le 14 juin 2016.

Francoise DAL’BO

IRMAR, Université de Rennes-1
Campus de Beaulieu

35042 Rennes Cedex (France)

francoise.dalbo@univ-rennes1.fr

Marc PEIGNE

LMPT, UMR 6083

Faculté des Sciences et Techniques
Parc de Grandmont

37200 Tours (France)

peigne@univ-tours.fr

Jean-Claude PICAUD

LMPT, UMR 6083

Faculté des Sciences et Techniques
Parc de Grandmont

37200 Tours (France)

jean-claude.picaud@lmpt.univ-tours.fr

Andrea SAMBUSETTI

Istituto di Matematica G. Castelnuovo
Sapienza Universita di Roma

P.le Aldo Moro 5

00185 Roma (Italy)

sambuset@mat.uniromal.it


mailto:francoise.dalbo@univ-rennes1.fr
mailto:peigne@univ-tours.fr
mailto: jean-claude.picaud@lmpt.univ-tours.fr 
mailto:sambuset@mat.uniroma1.it

	1. Introduction
	2. Geometry of negatively curved manifolds with finite volume
	2.1. Landscape
	2.2.  Cuspidal geometry

	3. Proof of Theorem 1.2: construction of convergent lattices
	4. Critical gap property versus divergence
	4.1. A new coding for elements of 
	4.2. A new metric in the cusps
	4.3. Ping-pong by blocks.
	4.4. Coding for the limit points.

	5. Existence of divergent exotic lattices
	5.1. On the spectrum of transfer operators
	5.2. From convergence to divergence: Proof of Theorem 1.3

	6. Counting for some divergent exotic lattices
	6.1. The spectrum of L+it  on  L
	6.2. On the local expansion of the dominant eigenvalue t
	6.3. Renewal theory and proof of Theorem 6.1

	Bibliography

