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BERGMAN KERNELS FOR A SEQUENCE OF ALMOST
KÄHLER–RICCI SOLITONS

by Wenshuai JIANG, Feng WANG & Xiaohua ZHU (*)

Abstract. — In this paper, we prove the partial C0-estimate conjecture of
Tian for an almost Kähler–Einstein metrics sequence of Fano manifolds, or more
general, an almost Kähler–Ricci solitons sequence. This generalizes Donaldson–
Sun–Tian’s result for a Kähler–Einstein metrics sequence of Fano manifolds. As an
application, we prove that the Gromov–Hausdorff limit of sequence is homeomor-
phic to a log terminal Q-Fano variety which admits a Kähler–Ricci soliton on its
smooth part.
Résumé. — Dans ce papier, nous montrons une conjecture due à Tian concer-

nant une estimation C0 partielle pour une suite de métriques de Kähler–Einstein
tordues sur les variétés de Fano, ou plus généralement, pour une suite des soli-
tons de Kähler–Ricci tordus. Ceci généralise les résultats de Donaldson–Sun–Tian
pour une suite de métriques de Kähler–Einstein sur les variétés de Fano. Comme
application, nous démontrons que la limite de Gromov–Hausdorff de la suite est
homéomorphe à une variété de Q-Fano à singularités log terminales qui admet un
soliton de Kähler–Ricci sur sa partie régulière.

1. Introduction

Let Mn be an n-dimensional Fano manifold and g a Kähler metric of M
with its Kähler form ωg in 2πc1(M). Then g induces a hermitian metric h
of the anti-canonical line bundle K−1

M such that Θ(K−1
M , h) = ωg. Also h

induces a hermitian metric (for simplicity, we still use the notation h) of
l-multiple line bundle K−lM . As usual, the L2-inner product on H0(M,K−lM )
is given by

(1.1) (s1, s2) =
∫
M

〈s1, s2〉h dvg, ∀ s1, s2 ∈ H0(M,K−lM ).

Keywords:Kähler–Einstein metrics, almost Kähler–Ricci solitons, Ricci flow, ∂̄-equation.
Math. classification: 53C25, 53C55, 58J05.
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Universities and the NSFC Grants 11501501. X. Zhu is partially supported by the NSFC
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Choosing a unit orthogonal basis {si} of H0(M,K−lM ) with respect to the
inner product ( · , · ) in (1.1), we define the Bergman kernel of (M,K−lM , h)
by

ρl(x) = Σi|si|2h(x).
Clearly, ρl(x) is independent of the choice of basis {si}. In [22], Tian pro-
posed a conjecture for the existence of uniformly positive lower bound of
ρl(x):

Conjecture 1.1. — Let {(Mi, g
i)} be a Kähler–Einstein metrics se-

quence of Fano manifolds of n-dimension with constant scalar curvature n.
Then there exists an integer number l0 such that for any integer l > 0 there
exists a uniform constant cl > 0 with property:

(1.2) ρll0(Mi, g
i) > cl.

Here cl depends only on l, n.

The above conjecture was recently solved by Donaldson–Sun [9] and
Tian [23], independently. The estimate (1.2) is usually called the partial C0-
estimate. Very recently, (1.2) is generalized to a sequence of conical Kähler–
Einstein metrics by Tian [25]. This estimate plays a crucial role in his
solution of the famous YTD conjecture for the existence problem of Kähler–
Einstein metrics with positive scalar curvature. The YTD conjecture is also
solved by Chen–Donaldson–Sun independently [6].

Theorem 1.2 (Tian, Chen–Donaldson–Sun). — A Fano manifold ad-
mits a Kähler–Einstein metric if and only if it is K-stable.

The notion of K-stability was first introduced by Tian [21] and it was
reformulated by Donaldson in terms of test-configurations [8].
There are several generalization of (1.2) after the work by Donaldson–

Sun and Tian. For examples, Phong–Song–Strum extended (1.2) to a se-
quence of Kähler–Ricci solitons [19] and Jiang extended (1.2) to a sequence
of Kähler metrics on Fano manifolds of 3-dimension with uniformly lower
bound of Ricci curvature and other uniformly geometric qauntities [13].
In present paper, we want to generalize the estimate (1.2) to an almost
Kähler–Einstein metrics sequence on Fano manifolds, or more general, an
almost Kähler–Ricci solitons sequence (see Definitions 3.5, 7.3). We prove

Theorem 1.3. — Let {(Mi, g
i)} be an almost Kähler–Einstein metrics

(or an almost Kähler–Ricci solitons) sequence of Fano manifolds of dimen-
sion n > 2. Then there exists an integer number l0 such that for any integer
l > 0 there exists a uniformly constant cl > 0 with property:

(1.3) ρll0(Mi, g
i) > cl.

ANNALES DE L’INSTITUT FOURIER
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Here the constant cl depends only on l, n, and some uniform geometric
constants (cf. Section 9).

As an application of Theorem 1.3 together with the main results in [30]
and [31], we prove

Corollary 1.4. — Let {(Mi, g
i)} be an almost Kähler–Einstein met-

rics (or an almost Kähler–Ricci solitons) sequence of Fano manifolds of di-
mension n > 2. Then {(Mi, g

i)} converges subsequently to a metric space
(M∞, g∞) in Gromov–Hausdorff topology with properties:

(i) The real codimension of singularities of (M∞, g∞) is at least 4;
(ii) g∞ is a Kähler–Einstein metric ( or a Kähler–Ricci soliton) on the

regular part of M∞;
(iii) M∞ is homeomorphic to a log terminal Q-Fano variety.

In case of Kähler–Einstein metrics sequence with positive scalar curva-
ture, (i) and (ii) in Corollary 1.4 follow from the Cheeger–Colding–Tian
compactness theorem [5]. Donaldson–Sun proved the part (iii) [9] (also
see [14]). Note that any Q-Fano variety, which admits a Kähler–Einstein
metric, is automatically log terminal according to Proposition 3.8 in [1].(1)

There are important examples of almost Kähler–Einstein metrics se-
quence and almost Kähler–Ricci solitons sequence:

(1) Tian and Wang constructed a sequence of almost Kähler–Einstein
metrics arising from solutions of certain complex Monge–Ampère
equations on a Fano manifold with the Mabuchi’s K-energy
bounded below [26].

(2) Tian constructed a sequence of almost Kähler–Einstein metrics
modified from conical Kähler–Einstein metrics on a Fano manifold
with cone angles going to 2π [25].

(3) Wang and Zhu constructed a sequence of almost Kähler–Ricci
solitons arising from solutions of certain complex Monge–Ampère
equations on a Fano manifold with the modified K-energy bounded
below [30], [31].
Thus Theorem 1.3 and Corollary 1.4 hold for these ex-
amples. In particular, we give an alternative proof for Tian’s
result of (1.3) for conical Kähler–Einstein metrics sequence with
cone angles going to 2π [25].

(1)The result also holds for a Q-Fano variety, which admits a Kähler–Ricci soliton,
according to the proof of Proposition 3.8.

TOME 67 (2017), FASCICULE 3
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Remarks 1.5.
(1) Li proved recently that the lower boundedness of K-energy is equiv-

alent to the K-semistablity [14], althought his proof depended on the con-
struction of test-configurations from the work of Tian, Chen–Donaldson–
Sun to the proof of Theorem 1.2. It is reasonable to believe that there
is an analogy of Li’s result to describe the modified K-energy in sense of
modified K-semistability (cf. [33], [2], [29]).
(2) If there is a new proof for Li’s result, Theorem 1.3 for example 1)

will give an alternative proof to Theorem 1.2 (cf. [25], [24], [17]).

At last we describe the proof of Theorem 1.3 briefly. As in [9] (or [25],
[23]), the main idea is to construct locally nontrivial almost holomorphic
sections over the sequence {(Mi, g

i)} by using the rescaling method, then to
get global holomorphic sections by solving ∂-equation. Our difficulty is lack
of locally strong convergence of {(Mi, g

i)}. To overcome it, we use Ricci
flow to smooth {(Mi, g

i)} locally to approximate them as done in [26],
[31]. Although the approximation of {(Mi, g

i)} is local and depends on
the time t in Ricci flows, the approximated metrics are locally convergent
as long as t is fixed. With difference to [9], we construct locally nontriv-
ial almost holomorphic sections and solve ∂-equation with respect to the
approximated metrics, not to the original metrics {(Mi, g

i)}, see Proposi-
tion 5.1, Section 5. Since the proof of Proposition 5.1 will depend on the
gradient estimate of holomorphic sections (cf. Lemma 3.1, Proposition 3.6,
Proposition 7.5), we shall control scalar curvatures and gradients of Ricci
potentials along Ricci flows by using the Moser iteration method (cf. Propo-
sition 2.3, Lemma 7.4). Once Proposition 5.1 is available, we are able to
estimate holomorphic sections with respect to {(Mi, g

i)} (cf. Sections 6, 7).
The technique used is to compare the hermitian metrics and L2-norm of
holomorphic sections between the approximated metrics and the original
metrics (cf. Lemma 6.2, Lemma 7.7).
The organization of paper is as follows. In Section 2, we give some esti-

mates for scalar curvatures and Ricci potentials along the Ricci flow, then,
in Section 3, we use them to give the C0-estimate and the gradient estimate
for holomorphic sections on K−lM . Section 4 is devoted to construct nontriv-
ial almost holomorphic sections by using the trivial bundle on the tangent
cone. The nontrivial holomorphic sections, which depend on time t, will
be constructed in Section 5. Theorem 1.3 will be proved in Sections 6, 7,
according to almost Kähler–Einstein metrics and almost Kähler–Ricci soli-
tons, respectively, while its proof is completed in Section 9. In Section 8,
we prove Corollary 1.4.

ANNALES DE L’INSTITUT FOURIER
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2. Estimates from Kähler Ricci flow

In this section, we give some necessary estimates for the scalar curva-
tures and Ricci potentials along the Kähler–Ricci flow. Let M be an n-
dimensional Fano manifold and g a Kähler metric of M with its Kähler
form ωg in 2πc1(M). Let gt = g(·, t) be a solution of normalized Kähler
Ricci flow,

(2.1)
{

∂
∂tg = −Ric(g) + g,

g0 = g( · , 0) = g.

Recall Zhang’s estimate for Sobolev constants of gt [35].

Lemma 2.1. — Let gt be the solution of (2.1). Suppose that there exists
a Sobolev constant Cs of g such that the following inequality holds,

(2.2)
(∫

M

f
2n
n−1 dvg

)n−1
n

6 Cs

(∫
M

f2 dvg +
∫
M

|∇f |2 dvg
)
, ∀f ∈ C1(M).

Then there exist two uniform constants A = A(Cs,− infM R(g), V ) and
C0 = C0(Cs,− infM R(g), V ) such that for any f ∈ C1(M) it holds

(2.3)
(∫

M

f
2n
n−1 dvgt

)n−1
n

6 A
∫
M

(|∇f |2 + (Rt + C0)f2) dvgt ,

where Rt are scalar curvatures of gt.

By using the Moser iteration, we have

Lemma 2.2. — Let ∆ = ∆t be Lapalace operators associated to gt.
Suppose that f > 0 satisfies

(2.4)
(
∂

∂t
−∆

)
f 6 af, ∀ t ∈ (0, 1),

where a > 0 is a constant. Then for any t ∈ (0, 1), it holds

(2.5) sup
x∈M

f(x, t) 6 C

t
n+1
p

(∫ t

t
2

∫
M

|f(x, τ)|p dvgτ dtau
)1
p

,

TOME 67 (2017), FASCICULE 3
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where C = C(a, p, Cs,− inf R(g), V ) , p > 1 and Cs is the Sobolev constant
of g in (2.2).

Proof. — Multiplying both sides of (2.4) by fp, we have∫
M

fpf ′τ dvgτ −
∫
M

fp∆f dvgτ 6 a
∫
M

fp+1 dvgτ .

Taking integration by parts, we get

1
p+ 1

∫
M

(fp+1)′τ dvgτ + 4p
(p+ 1)2

∫
M

|∇f
p+1

2 |2 dvgτ 6 a
∫
M

fp+1 dvgτ .

Using the relation

d

dτ

∫
M

fp+1 dvgτ =
∫
M

(fp+1)′τ dvgτ +
∫
M

fp+1(n−R) dvgτ ,

It follows

1
p+ 1

d

dτ

∫
M

fp+1 dvgτ + 1
p+ 1

∫
M

Rfp+1 dvgτ

+ 4p
(p+ 1)2

∫
M

|∇f
p+1

2 |2 dvgτ

6 (a+ n

p+ 1)
∫
M

fp+1 dvgτ .

Thus

(2.6) d

dτ

∫
M

fp+1 dvgτ +
∫
M

(R+ C0)fp+1 dvgτ + 2
∫
M

|∇f
p+1

2 |2 dvgτ

6 ((p+ 1)a+ n+ C0)
∫
M

fp+1 dvgτ dvgτ .

For any 0 6 σ′ 6 σ 6 1, we define

ψ(τ) =


0, τ 6 σ′t
τ−σ′t

(σ−σ′)t , σ
′t 6 τ 6 σt

1, σt 6 τ 6 t.

Then by (2.6), we have

d

dτ (ψ
∫
M

fp+1 dvgτ ) + ψ

∫
M

[
(R+ C0)fp+1 + 2|∇f

p+1
2 |2

]
dvgτ

6 [ψ((p+ 1)a+ n+ C0) + ψ′]
∫
M

fp+1 dvgτ .

ANNALES DE L’INSTITUT FOURIER
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It follows

sup
σt6τ6t

∫
M

fp+1 dvgτ +
∫ t

σt

∫
M

[
(R+ C0)fp+1 + 2|∇f

p+1
2 |2

]
dvgτ

6 ((p+ 1)a+ n+ C0 + 1
(σ − σ′)t )

∫ t

σ′t

∫
M

fp+1 dvgτ .

Thus by Lemma 2.1, we get∫ t

σt

∫
M

f (p+1)(1+ 1
n ) dvgτ

6
∫ t

σt

∫
M

(fp+1 dvgτ ) 1
n

(∫
M

f (p+1) n
n−1 dvgτ

)n−1
n

6

(
sup

σt6τ6t

∫
M

fp+1 dvgτ
)1
n
∫ t

σt

A

∫
M

[
(R+ C0)fp+1 + 2

∣∣∣∇f p+1
2

∣∣∣2]dvgτ

6 A

(
(p+ 1)a+ n+ C0 + 1

(σ − σ′)t

)n+1
n
(∫ t

σ′t

∫
M

fp+1 dvgτ
)n+1

n

.

By choosing σ′ = 1
2 + 1

4σk, σ = 1
2 + 1

4σk+1, where σk =
∑k
l=0( 1

2 )l − 1,
and replacing p by pk+1 = (pk + 1)n+1

n − 1 with p0 = p > 0 in the above
inequalty, then iterating k we will get the desired estimate (2.5). �

By Lemma 2.2, we prove

Proposition 2.3. — Let u = ut and R = Rt be Ricci potentials and
scalar curvatures of solutions gt in (2.1), respectively. Suppose that (M, g)
satisfies

(2.7) Ric(g) > −Λ2g and diam(M, g) 6 D.

Then there exists a constant C(n,Λ, D) such that

(2.8) |∇u|2(x, t) 6 C

t(n+1)(n+ 3
2 )

∫ t

t
2

∫
M

|R− n|dvgτ

and

(2.9) |R− n|(x, t) 6 C

t(n+1)(n+ 7
2 )+n

∫ t

t
2

∫
M

|R− n|dvgτ , ∀ 0 < t 6 1.

Proof. — By a direct computation, we have the the following evolution
formulas for |∇u| and R, respectively,

(2.10)
(
∂

∂t
−∆

)
|∇u|2 = −|∇∇u|2 − |∇∇̄u|2 + |∇u|2 6 |∇u|2

TOME 67 (2017), FASCICULE 3
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and

(2.11)
(
∂

∂t
−∆

)
R = R− n+ |Ric(g)− g|2.

It follows

(2.12)

(
∂

∂t
−∆

)
(R+ nΛ + |∇u|2) = R− n− |∇∇u|2 + |∇u|2

6 R+ nΛ + |∇u|2.

Note that by (2.11) and the maximum principle, R(gt)+nΛ > 0. Moreover,
it was showed in [13] that there exists a uniform constant C = C(Λ, D)
such that ∫ 1

0

∫
M

(R+ nΛ + |∇u|2) dvg dt 6 C.

Thus applying Lemma 2.2 to (2.12), we get

(2.13) (R+ nΛ + |∇u|2)(x, t) 6 C

tn+1 .

In particular,

(2.14) |∇u|2(x, t) 6 C

tn+1 and R 6
C

tn+1 .

Next we estimate the C0-norm of ut. By Lemma 2.1 together with (2.14),
we have the Sobolev inequality,(∫

M

f
2n
n−1 dvgt

)n−1
n

6 A
∫
M

(|∇f |2 + (R(x, t) + C0)f2) dvgt

6 A
∫
M

(
|∇f |2 + C

tn+1 f
2
)

dvgt .

The inequality implies (cf. [12], [34]),

vol(B(x, 1)) > Ctn(n+1), ∀ x ∈M.

Since vol(M) = V , it is easy to derive

diam(M, gt) 6
V

Ctn(n+1) .

Thus by (2.14), we obtain

(2.15) oscM u(x, t) 6 C

t(n+1)(n+ 1
2 ) .

ANNALES DE L’INSTITUT FOURIER
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By (2.15), we can improve (2.14) to (2.8). In fact, by applying Lemma 2.2
to (2.10), we have

|∇u|2(x, t) 6 C

tn+1

∫ t

t
2

∫
M

|∇u|2 dvgτ dτ

= C

tn+1

∫ t

t
2

∫
M

−u∆udvgτ dτ

6
C

tn+1 osc(x,τ)∈M×[ t2 ,t] |u|(x, τ)
∫ t

t
2

∫
M

|R− n|dvgτ dτ

6
C ′

t(n+1)(n+ 3
2 )

∫ t

t
2

∫
M

|R− n|dvgτ dτ,(2.16)

where the constant C ′ depends only on n, Λ, D. This proves (2.8).
To get (2.9), we use the evolution equation as same as (2.12),(

∂

∂t
−∆

)
(|∇u|2 +R− n) = R− n− |∇∇u|2 + |∇u|2

6 |∇u|2 +R− n.

Then applying Lemma 2.2, we see

(|∇u|2 +R− n)+ 6
C

tn+1

∫ t

t
2

∫
M

‖∇u|2 +R− n|dvgτ dτ

6
C

t(n+1)(n+ 5
2 )

∫ t

t
2

∫
M

|R− n|dvgτ dτ.

Here we have used (2.16) in the last inequality. Thus by (2.16) again, we
have

(2.17) (R− n)+(t) 6 C

t(n+1)(n+ 5
2 )

∫ t

t
2

∫
M

|R− n|dvgτ dτ.

In fact, from the proof of Lemma 2.2, this holds for all τ ∈ [2t/3, t], i.e.,

(R− n)+(τ) 6 C0

t(n+1)(n+ 5
2 )

∫ t

t
2

∫
M

|R− n|dvgτ dτ := A(t).

On the other hand, by the evolution equation (2.11) of R, we have(
∂

∂τ
−∆τ

)
(A(t) + n−R) 6 A(t) + n−R, τ ∈ [2t/3, t].

TOME 67 (2017), FASCICULE 3
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Note that A(t)+n−R(τ) > 0 for all τ ∈ [2t/3, t]. Hence applying Lemma 2.2
again, we get

(A(t) + n−R)(x, t) 6 C ′′

tn+1

∫ t

2t
3

∫
M

(A(t) + n−R) dvgτ dτ

6
C ′′

tn+1

∫ t

2t
3

∫
M

|n−R|dvgτ dτ + A(t)V C
tn

.

Therefore, combining the above inequality with (2.17), we obtain (2.9). �

3. Estimates for holomorphic sections

In this section, we use the estimates in Section 2 to give the C0-estimate
and the gradient estimate for holomorphic sections with respect to gt. Let
(M, g) be a Kähler metric as in Section 2 and L = K−1

M its anti-canonical
line bundle with induced Hermitian metric h by g. In the rest of paper, we
always use notations ‖ · ‖g and ‖ · ‖h to denote the L∞-norm. We begin
with the following lemma.

Lemma 3.1. — Suppose that the Ricci potential u of g satisfies

(3.1) ‖∇u‖g 6 1.

Then for s ∈ H0(M,Ll) we have

(3.2) ‖s‖h + l−
1
2 ‖∇s‖h 6 C(Cs, n)l n2

(∫
M

|s|2 dvg
)1

2

,

where Cs is the Sobolev constant of (M, g).

Proof. — Note that

∆|s|2h = |∇s|2h − nl|s|2h.

It follows

(3.3) −∆|s|2h 6 nl|s|2h.

Thus applying the standard Moser iteration method, we get

(3.4) ‖s‖h 6 C(Cs, n)l n2
(∫

M

|s|2 dvg
)1

2

.

On the other hand, we have the following Bochner formula,

∆|∇s|2h = |∇∇s|2 + |∇̄∇s|2 − (n+ 2)l|∇s|2 + 〈Ric(∇s, ·),∇s〉.

Then we can also apply the Moser iteration to obtain a L∞-estimate for
|∇s|2h as done for |s|2h. In fact, it suffices to deal with the extra integral

ANNALES DE L’INSTITUT FOURIER
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terms like 〈Ric(∇s, .),∇s〉|∇s|2p. But those terms can be controlled by the
integral of (|∇∇s|2 + |∇̄∇s|2)|∇s|2ph by taking integral by parts with the
help of the condition (3.1). As a consequence, we obtain

(3.5)
‖∇s‖h 6 C(Cs, n)l n2

(∫
M

|∇s|2 dvg
)1

2

6 C(Cs, n)l
n+1

2

(∫
M

|s|2 dvg
)1

2

.

Therefore, combining (3.4) and (3.5), we derive (3.6). �

Remark 3.2. — Using the same argument in Lemma 3.1, we can prove:
If (M, g) satisfies

Ric(ωg) > −Λ2ωg +
√
−1∂∂̄u,

for some u with |∇u|g 6 A, then

(3.6) ‖s‖h+ l−
1
2‖∇s‖h 6 C(Cs, A,Λ)l n2

(∫
M

|s|2 dvg
)1

2

, ∀ s ∈ H0(M,Ll).

Lemma 3.3. — Let (M, g) be a Kähler metric as in Lemma 3.1. Let
l > 4n. Then for any σ ∈ C∞(Γ(M,Ll)), there exists a solution v ∈
C∞(Γ(M,Ll)) such that ∂̄v = ∂̄σ with property:∫

M

|v|2h 6 4l−1
∫
M

|∂̄σ|2h.(3.7)

Proof. — The existence part comes from the Hömander L2-theory. It
suffice to verify (3.7), which is equivalent to prove that the first eigenvalue
λ1(∂̄, Ll) of ∆∂̄ is greater than l

4 , where ∆∂̄ denotes the Lapalce operator
defined on L2(T ∗M

⊗
Ll).

Note that the following two identities hold for any θ ∈ Ω0,1(Ll),

−∆∂̄θ = ∇̄∗∇̄θ + Ric(θ, · ) + lθ

and

−∆∂̄θ = ∇∗∇θ − (n− 1)lθ.

It follows

(3.8) −∆∂̄θ =
(

1− 1
2n

)
∇̄∗∇̄+

(
1− 1

2n

)
Ric(θ, · ) + 1

2n∇
∗∇θ + l

2 θ.

TOME 67 (2017), FASCICULE 3



1290 Wenshuai JIANG, Feng WANG & Xiaohua ZHU

Then taking integration by parts, we have

−
∫
M

〈∆∂̄θ, θ〉 =
(

1− 1
2n

)∫
M

|∇̄θ|2 + 1
2n

∫
M

|∇θ|2 + l

2

∫
M

|θ|2

+
(

1− 1
2n

)∫
M

(|θ|2 +〈∇∇̄u(θ, · ), θ〉)

=
(

1− 1
2n

)∫
M

|∇̄θ|2 + 1
2n

∫
M

|∇θ|2 + l

2

∫
M

|θ|2

+
(

1− 1
2n

)∫
M

|θ|2−
(

1− 1
2n

)∫
M

〈∇̄u, (〈∇θ, θ〉+θ,∇̄θ)〉.

Using the condition (3.1), we get

−
∫
M

〈∆∂̄θ, θ〉

>

(
1− 1

2n

)∫
M

|∇̄θ|2 + 1
2n

∫
M

|∇θ|2 + l

2

∫
M

|θ|2

+
(

1− 1
2n

)∫
M

|θ|2−
(

1− 1
2n

)∫
M

[
1

2n (|∇̄θ|2 + |∇θ|2)+n|θ|2
]

>

(
l

2 −n
)∫

M

|θ|2.(3.9)

Now we can choose l > 4n to see that λ1(∂̄, L) > l
4 as required. �

Remark 3.4. — If the upper bound of |∇u| is replaced by a constant
C, the coefficient at the last inequality in (3.9) will be l

2 − nC
2 . Then by

choosing l > 4nC2, one can also get (3.7). This was proved in [27].

Let us recall the definition of an almost Kähler–Einstein metrics sequence
of Fano manifolds [26].

Definition 3.5. — We say that Kähler metrics gi (i → ∞) on Fano
manifolds Mi is a sequence of an almost Kähler–Einstein metrics if they
satisfy:

(3.10)

(i) Ric(gi) > −Λ2gi and diam(Mi, g
i) 6 D;

(ii)
∫
Mi

|Ric(gi)− gi|dvgi → 0;

(iii)
∫ 1

0

∫
Mi

|R(git)− n|dvgitdt→ 0, as i→∞.

Here Λ > 0, D > 0 are two uniform constants, gi are normalized so that
ωgi ∈ 2πc1(Mi) and git are the solutions of (2.1) with the initial metrics gi.
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We note that vol(Mi, g
i) = (2π)nc1(Mi)n > V for some uniform constant

V by the normalization.

Applying Lemma 3.1 and Lemma 3.3 to almost Kähler–Einstein metrics
with the help of gradient estimate (2.8) in Proposition 2.3, we have the
following proposition.

Proposition 3.6. — Let {(Mi, g
i)} be an almost Kähler–Einstein met-

rics sequence of Fano manifolds which satisfy (3.10). Then for any t ∈ (0, 1)
there exists an integer N = N(t) such that for any i > N and l > 4n it
holds,

(3.11) ‖s‖hit + l−
1
2 ‖∇s‖hit 6 Cl

n
2

(∫
M

|s|2 dvgit

)1
2

, s ∈ H0(Mi,K
−l
Mi

),

and

(3.12)
∫
Mi

|v|2hit 6 4l−1
∫
Mi

|∂̄σ|2.

Here v solves ∂̄v = ∂̄σ as in Lemma 3.3, the norms of | · |hit are induced by
git, and C is a uniform constant independent of t.

Proof. — A well-known result shows that the Sobolev constants Cs of
(Mi, g

i) depend only on the constants Λ, D and V (cf. [15]). Then by (2.8)
in Proposition 2.3, for any t ∈ (0, 1), there exists N = N(t) such that

‖∇ui‖git 6 1, ∀ i > N,

where ui are Ricci potentials of git . Thus we can apply Lemma 3.1 to
get (3.11). Similarly, we can get (3.12) from Lemma 3.3. �

4. Construction of locally almost holomorphic sections

Let {(Mi, g
i)} be an almost Kähler–Einstein metrics sequence of Fano

manifolds as in Section 3 and (M∞, g∞) its Gromov–Hausdorff limit. It
was proved by Tian and Wang that the regular part R of M∞ is an open
Kähler manifold and the real codimension of singularities ofM∞ is at least
4 [26]. Moreover, according to Proposition 5.1 in that paper, we have

Lemma 4.1. — Let x ∈ M∞. Then there exist constants ε = ε(n) and
r0 = r0(n,C) such that if vol(Bx(r)) > (1− ε)ω2nr

2n for some r 6 r0, then
Bx( r2 ) ⊆ R, Ric(g∞) = g∞ in Bx( r2 )), and

‖∇l Rm ‖C0(Bx( r2 )) 6
C

rl+2 ,
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where the constant C depends only on l, and the constants Λ and D

in (3.10).

Recall that a tangent cone Cx at x ∈ M∞ is a Gromov–Hausdorff limit
defined by

(4.1) (Cx, gx, x) = lim
j→∞

(
M∞,

g∞
r2
j

, x

)
,

where {rj} is some sequence which goes to 0. Without the loss of generality,
we may assume that lj = 1

r2
j
are integers. Since (Cx, gx, x) is a metric cone,

gx = hess ρ
2
x

2 , where ρx = dist(x, ·) is a distance function staring from x

in Cx.
Denote the regular part of (Cx, gx, x) by CR, which consists of points in

Cx with flat cones. By Lemma 4.1, we get

Lemma 4.2. — CR is an open Kähler–Ricci flat manifold. Moreover, for
any compact set K ⊂ CR, there exist a sequence of (Kj ⊂ R, 1

r2
j
g∞) which

converges to K in C∞-topology.

Proof. — Let ε be a small number chosen as in Lemma 4.1. Then for any
y ∈ CR, there exists some small r such that B̂y(r) ⊂ Cx and

vol(B̂y(r)) >
(

1− ε

2

)
ω2nr

2n.

Thus there exists a sequence of yα ∈M∞ such that

vol(Byα(rrα)) > (1− ε)ω2n(rrα)2n,

where the sequence {rα} is chosen as in (4.1). By Lemma 4.1, it follows

‖Rm(g̃∞)‖Cl(B̃yα ( r2 )) 6
Cl
rl+2 ,

where g̃∞ = g∞
r2
α

and B̃yα( r2 ) ⊂M∞ is a r
2 -geodesic ball with respect to g̃∞.

Hence, by the Cheeger–Gromov convergence theorem [11], (B̃yα( r2 ), g̃∞)
converge to (B̂y( r2 ), gx) in C∞-topology. In particular, Byα( rαr2 ) ⊂ R and
B̂y( r2 ) ⊂ CR. This implies that CR is an open manifolds. Moreover, CR is
a Kähler–Ricci flat manifold since each (Byα( rαr2 ), g∞) is an open Kähler–
Einstein manifold. If K is a compact set of CR, then by taking finite small
geodesic covering balls, one can find a sequence {(Kj ⊂ R, 1

r2
j
g∞)} which

converges to (K, gx) in C∞-topology. �

Define an open set V (x; δ) of CR by

(4.2) V (x; δ) =
{
y ∈ Cx

∣∣∣dist(y, Sx) > δ, d(y, x) 6 1
δ

}
,
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where Sx = Cx \CR. The following lemma shows that there exists a “nice”
cut-off function on Cx which supported in V (x; δ).

Lemma 4.3. — For any η, δ > 0, there exist some δ1 < δ and a cut-off
function β on Cx which supported in V (x; δ1) with property: β = 1 in
V (x; δ) and ∫

Cx

|∇β|2e−
ρ2
x
2 dvgx 6 η.

Lemma 4.3 is in fact a corollary of following fundamental lemma.

Lemma 4.4. — Let (Xm, d, µ) be a measured metric space such that

(4.3) µ(By(r)) 6 C0r
m, ∀ r 6 1, y ∈ X.

Let Z be a closed subset of X with Hm−2(Z) = 0. Suppose that there
exists a nonnegative function f 6 1 on X such that∫

X

fdµ 6 1.

Then for any x ∈ X, η > 0 and δ > 0, there exist a positive δ1 6 δ and
a cut-off function β > 0, which supported in Bx( 1

δ1
) \ Zδ1 with property:

β = 1 in Bx( 1
δ ) \ Zδ and

(4.4)
∫
X

f |Lip(β)|2dµ 6 η.

Here Zδ1 = {x′ ∈ X| dist(x′, Z) 6 δ1} and Lip(β)(z) = supw→z
∣∣∣ f(w)−f(z)

d(w,z)

∣∣∣.
Proof. — Let R >

√
8
η + 2

δ . Since H
m−2(Z) = 0, then for any κ > 0,

we can take finite geodesic balls Bxi(ri) (ri 6 δ) with xi ∈ Z to cover
Bx(R)

⋂
Z such that

Σirm−2
i 6 κ.

Let ζ : R→ R be a cut-off function which satisfies:

ζ(t) = 1, for t 6 1
2 ; ζ(t) = 0, for t > 1; |ζ ′(t)| 6 2.

Set

χ(y) = min
i

{
1− ζ

(
d(y, xi)
ri

)}
and

β(y) = ζ

(
ε

d(y, x)

)
ζ

(
d(y, x)
R

)
χ(y),
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where ε 6 δ
2 . Then it is easy to see that β is supported in Bx(R)\∪Bxi( ri2 )

with β ≡ 1 in Bx( 1
δ ) \ Zδ. Moreover,∫

X

f |Lipβ|2dµ 6 4C0Σir−2
i rmi + 4C0ε

m−2 + 4
R2

6 4C0κ+ 4C0ε
2n−2 + η

2 .

Thus, if we choose ε and κ such that 4C0κ + 4C0ε
2n−2 6 η

2 , then we
get (4.4). By choosing δ1 6 min{ ε2 ,

1
2R} such that

Zδ1 ∩Bx(R) ⊆ ∪Bxi(
ri
2 ),

we can also get supp(β) ⊂ Bx( 1
δ1

) \ Zδ1 . Hence β satisfies all conditions
required in the lemma. �

Proof of Lemma 4.3. — Applying Lemma 4.4 to X = Cx, Z = Sx,
f = e−

ρ2
x
2 , we get the lemma. �

By Lemma 4.2, we see that for any δ > 0 there exists a sequence of
Kj ⊂ (M∞, r−2

j g∞) which converges to V (x; δ). Let L0 = (Cx,C) be the

trivial holomorphic bundle over Cx with a hermitian metric h0 = e−
ρ2
x
2 .

Then h0 induces the Chern connection ∇0 with its curvature

Θ(L0,∇0) = Θ∇0 = gx.

In the following we show that a sufficiently large multiple line bundles of
K−1
R |Kj will approximate to L0 over V (x; δ). This is in fact an application

of the following fundamental lemma.

Lemma 4.5. — Let (V, g) be a C2 open Riemannian manifold and
U, U ′ ⊂⊂ V be two pre-compact open subsets of V with U ⊂⊂ U ′. Then
for any positive number ε, there exist a small number δ = δ(U ′, g, ε) and a
positive integer N = N(U, g, ε), which depends on the fundamental group
of U , the metric g on U , and the small ε such that the following is true: if
a hermitian complex line bundle (L, h) over V with associated connection
∇ satisfies

(4.5) |Θ∇ |g 6 δ, in U ′,

where Θ∇ is the curvature with respect to connection ∇, then there exist
a positive integer l 6 N and a section ψ of L⊗l over U with |ψ|h ≡ 1 which
satisfies

(4.6) |D∇⊗lψ|h,g 6 ε, in U.
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Proof. — The proof seems standard.
First we show that (L,U) is a flat bundle with respect to some connec-

tion. Let Bxi(ri) (ri 6 1) be finite convex geodesic balls in V such that
Ū ⊂ ∪Bxi(ri) ⊂ U ′. Then for y ∈ Bxi(ri) there exists a minimal geodesic
curve γy in Bxi(ri), which connects xi and y. Picking any vector si ∈ Lxi
with |si| = 1 and using the parallel transportation, we define a parallel
vector field by

ei(y) = Paraγy (si), ∀ y ∈ Bxi(ri).
In particular, Dei(xi) = 0. Let T be a vector field, which is tangent to γy,
and X another vector field with [T,X] = 0. Then

(4.7) DT [DXei] = DX [DT ei] + Θ∇(T,X)ei = Θ∇(T,X)ei.

By the condition (4.5), it follows

(4.8) |Dei|h,g 6 C(U ′, g)|Θ∇|(U ′,g) 6 C(U ′, g)δ, in Bxi(ri).

This implies that the transformation function gij of L is nearly constant in
Bxi ∩ Bxj . Since the first Chern class lies in the secondary integral coho-
mology group, L is topologically trivial as long as δ is small, i.e., c1(L) = 0.
Hence, there exist some complex functions fi over Bxi(ri) such that

(4.9) |Dfi| 6 C(U ′, g)δ � 1,

and the transition functions for ẽi = fiei are constant. As a consequence,
we can define an associated connection ∇′ on L to h such that

|ẽi|h = 1 and D∇
′
ẽi = 0.

In fact, if we set ∇′ = ∇+ α⊗ ei, then locally,

D∇
′
ẽi = D∇(fiei) + α(ẽi) = fiD

∇ei + dfi ⊗ ei + fiα⊗ ei.

Thus
α = − 1

fi
(dfi + 〈fiD∇ei, ei〉h)

which is uniquely determined by requiring D∇′(ẽi) = 0. Therefore, (L,∇′)
is a flat bundle over U with respect to ∇′. Moreover, by (4.8) and (4.9), we
have

(4.10) ‖∇ −∇′‖(U,g) = ‖α‖(U,g) 6 C(U ′, g)‖Θ∇‖(U ′,g) 6 C(U ′, g)δ.

Next we note that the holonomy group of a flat bundle over U is an
element of Hom(π1(U),S1) ∼= G × Tk for some finite group G with order
m1, where k is the Betti number of π1(U). By the pigeon-hole principle,
we see that for any γ-neighborhood W ⊆ Tk of the identity there exists a
positive integer m2 = m2(γ) such that for any element ρ ∈ Tk, ρa ∈ W
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for some number a (1 6 a 6 m2). As a consequence, for any element
t ∈ G × Tk, there exists l (1 6 l 6 N = m1m2) such that tl ∈ W. Hence,
there exist l and a smooth section ψ of L⊗l over U by perturbing a parallel
vector field in L⊗l such that

‖ψ|h − 1|, |ψ∇
′⊗l
|h,g 6 C(U ′, g)γ(δ), in U.

Moreover, By (4.10), we can normalize ψ by |ψ|h ≡ 1 so that (4.6) is true.
The lemma is proved. �

Proposition 4.6. — Let x ∈ M∞ and δ1 > 0. Then for any ε > 0,
there exist a positive integer N = N(V (x; δ1), ε) and a large integer j0
such that for j > j0 there exist l = l(j) 6 N , and a sequence of Kj ⊆M∞
and a sequence of pairs of isomorphisms (φj , ψj) with property:

(4.11)

L0
ψj−−−−→ K

−llj
R |Kjy y

V (x; δ1) φj−−−−→ Kj ,

which satisfy
φ∗j (lljg∞)→ gx, as j →∞,

and
|Dψj |gx 6 ε, in V (x; δ1).

Proof. — Define an open set U of CR by

U = U(x; ε1, ε2, R) = {y ∈ Cx |dist(ȳ, Sx) > ε1, ε2 6 d(y, x) 6 R},

where ȳ is the projection to the section Y of Cx = C(Y ). Then there exist
some ε1, ε2 and R such that

V (x; δ1) ⊆ U(x; ε1, ε2, R).

Moreover, we can choose a sequence of integers lj = 1
r2
j
such that

(M∞, ljg∞, x)→ (Cx, gx, x), as j →∞.

Hence by Lemma 4.2, there exist a sequence of K̃j ⊆M∞ and a sequence of
diffeomorphisms φ̃j from U(x; ε1, ε2√

N
, R) to K̃j such that φ̃∗j (ljg∞) → gx,

where N = N(U, gx, ε) is a large integer as determined in Lemma 4.5.
Let h∞ be the induced hermitian metric on K−1

R by g∞ on the regular
part R of M∞. Let

(Lj , h) = φ̃∗j (K
−lj
R , h⊗lj∞ )⊗ (L0, h0)∗
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be a product complex line bundle on U , where h is an induced hermitian
metric by h∞ and h0 with associated connection ∇j on Lj for each j.
Clearly,

‖Θ∇j‖(U ′,gx) 6 δ � 1,

as long as j is large enough, where U ′ ⊂⊂ CR is an open set such that
Ū ⊂⊂ U ′. Applying Lemma 4.5 to Lj over U ′, we see that there exist some
positive integer l = l(j) 6 N and a section ψ′ on L⊗lj such that

‖D∇
⊗l
j ψ′‖(U,gx) 6 ε.

Let Yε1 = U(x; ε1, ε2, R)
⋂
Y and ψ̃ an extension section over U(x; ε1,

ε2√
l
, R) of the restriction of ψ′ on Yε1 by the parallel transportation along

rays from x. Clearly,

‖ψ̃‖⊗lh ≡ 1.

Moreover, by the formula (4.7), it is easy to see

(4.12) ‖D∇
⊗l
j ψ̃‖(U(x;ε1,

ε2√
l
,R),gx) 6

√
l

ε2
(ε+ C0R

2δ),

where the constant C0 depends only on (Y, gx). Thus we have pairs of
isomorphisms (φ̃j , ψ̃j) with property:

(4.13)

Ll0
ψ̃j−−−−→ K

−lj l
M∞
|Kjy y

(U(x; ε1, ε2√
l
, R), gx) φ̃j−−−−→ (Kj , ljg∞),

which satisfy

(4.14) |Dψ̃j |gx 6 2
√
l

ε2
ε,

as long as j is large enough.
Rescaling U(x; ε1, ε2, R) into U(x; ε1, ε2√

l
, R) by

µl : y → y√
l
, y ∈ U(x; ε1, ε2, R).

We have isometrics

µ∗l L
l
0
∼= L0, µ∗l gx = gx

l
.

TOME 67 (2017), FASCICULE 3



1298 Wenshuai JIANG, Feng WANG & Xiaohua ZHU

By (4.13), it follows

(4.15)

L0
ψ̃j◦(µ∗l )−1

−−−−−−−→ K
−lj l
M∞
|Kjy y

(U(x; ε1, ε2, R), gxl ) φ̃j◦µl−−−−→ (Kj , ljg∞).
Let

φj = φ̃j ◦ µl, and ψj = ψ̃j ◦ (µ∗l )−1.

Note that V (x; δ1) ⊆ U(x; ε1, ε2, R). Then Kj = φj(V (x; δ1)) is well-
defined. Hence, rescaling the metric gx

l back to gx, we get from (4.14),

(4.16) |Dψj |gx 6 2 ε
ε2
, in V (x; δ1).

Replacing 2 ε
ε2

by ε, we prove the proposition. �

Proposition 4.6 will be used to construct locally nontrivial holomorphic
sections of holomorphic line bundles over a sequence of Kähler manifolds
in next section.

5. ∂̄-equation and construction of holomorphic sections

In this section, we apply Proposition 4.6 to construct global holomorphic
sections by solving the ∂̄-equation on Fano manifolds with almost Kähler–
Einstein metrics. We will use the rescaling method as done on Kähler–
Einstein manifolds in [9], [23].

Proposition 5.1. — Let {(Mi, g
i)} be an almost Kähler–Einstein se-

quence of Fano manifolds and (M∞, g∞) be its Gromov–Hausdorff limit.
Then for any sequence of pi ∈Mi which converges to x ∈M∞, there exist
two large number lx and i0, and a small time tx such that for any i > i0
there exists a holomorphic section si ∈ Γ(K−lxMi

, hitx) which satisfies

(5.1)
∫
Mi

|si|2hitx dvgitx 6 1 and |si|hitx (pi) >
1
8 .

Here git is solution of (2.1) with the initial gi and hitx is the hermitian
metric of K−lxMi

induced by gitx .

Proof. — As in Section 4, we let

(Cx, ωx, x) = lim
j→∞

(
M∞,

g∞
r2
j

, x

)
.
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Choose a δ so that δ 6 (2π)−n2 C1
64 , where C1 is a constant chosen as

in (3.11). We consider the ∂-equation for sections on the trivial line bundle
L0 = (V (x; δ),C),

∂̄σ = f, ∀ f ∈ Γ∞((TV ∗)(0,1) ⊗ L0).

Then the standard C0-estimate for the elliptic equation shows

(5.2) ‖σ‖C0(V (x;2δ)) 6 C2

‖f‖C0(V (x;δ)) + δ−n

[∫
V (x;δ)

|σ|2 dvgx

]1
2
,

where the constant C2 depends on the metric gx.
Let 0 < η 6 δ2n

1000C2
2
and β a cut-off function supported in V (x; δ1) con-

structed in Lemma 4.3. Let Kj be the sequence of open sets with rescaled
metrics 1

r2
j
g∞ in M∞ which converge to V (x; δ1) and ψj be the sequence of

isomorphisms from L0 to K−lljR |Kj constructed in Proposition 4.6, where
l = l(lj) 6 N = N(V (x; δ1), ε) and lj = 1

r2
j
. Set τj = ψj(βe), where e is

a unit basis of L0. Then {τj} is a sequence of smooth sections of K−lj lR
supported in ψj(V (x; δ1)). Moreover, τj satisfies the following property as
long as j is large enough:

(5.3)

(i) ‖τj‖2C0(φi(V (x;δ)
⋂
Bx(3δ))) >

3
4e
−3δ2

>
1
2 ;

(ii)
∫
M∞

|τj |2 dvg∞ 6
3
2
r2n
j

ln
(2π)n;

(iii) |∂̄J∞τj | 6
η

8 , in V (x; δ);

(iv)
∫
M∞

|∂̄J∞τj |2 dvg∞ 6
3
2r

2n−2
j

η

ln−1 .

On the other hand, from the proof of Lemma 4.2, we see that there exists
t0, which depends on V (x; δ1) such that for any sufficiently large j it holds

vol
(
By

(√
t0
rj√
l

))
> (1− ε) vol

(
B0

(√
t0
rj√
l

))
, ∀ y ∈ Kj ,

where ε is a small constant chosen as in Lemma 4.1. Note that there is
a sequence of sets Bi ⊆ Mi for fixed Kj such that (Bi, gi) converge to
(Kj , g∞) in Gromov–Hausdorff topology. By Colding’s volume convergence
theorem [7], it follows

vol
(
By′

(√
t0
rj√
l

))
> (1− 2ε) vol

(
B0

(√
t0
rj√
l

))
, ∀ y′ ∈ Bi, i� 1.
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Applying Theorem A.3 withX = 0 in Appendix to each ball (By′(
√
t0
rj√
l
) ⊂

Mi, g
i), there exists t′0 6 t0 independent of i such that the sectional cur-

vature of gi(t′0
r2
j

l ) on By′(
√
t′0
rj√
l
) is uniformly bounded, where gi(t) = git.

Thus by Cheeger–Gromov’s convergence theorem [11], there exists a se-
quence of diffeomorphisms ϕi : Kj → Bi such that

ϕ∗i g
i(t′0

r2
j

l
)→ g∞,

ϕ∗i Ji → J∞,

ϕ∗iK
−1
Mi
→ K−1

CR,

in C∞-topology. Hence, if we let vi = (ϕi)∗τj0 ∈ Γ(Mi,K
−llj0
Mi

) for some
large integer lj0 = 1

r2
j0

and l = l(lj0) 6 N , then there exists a large integer
i0 such that for any i > i0 it holds:

(5.4)

(i′) |vi|hitx >
3
8 , in (ϕi ◦ ψj0)(V (x; 2δ)

⋂
Bx(3δ));

(ii′)
∫
Mi

|vi|2hitx dvgitx 6
5
2r

2n−2
j0

η

ln−1 ;

(iii′) |∂̄Jivi|hitx 6
1
4η, in (ϕi ◦ ψj0)(V (x; δ));

(iv′)
∫
Mi

|∂̄Jivi|2hitx dvgitx 6
5
4r

2n−2
j0

η

ln−1 .

Here tx = t′0r
2
j0
/l and hitx are hermitian metrics of K−llj0

Mi
induced by gitx .

By solving ∂̄-equations for K−llj0
Mi

-valued (0,1)-form σi,

∂̄σi = ∂̄vi, in Mi,

we get the L2-estimates from (3.7) and (iv′) in (5.4),

(5.5) ‖σi‖2L2(Mi,gitx ) 6
4
llj0

∫
Mi

|∂̄Jivi|2 dvgitx 6
5η
lnlnj0

.
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Hence, by (5.2) and iii′) in (5.4), we derive

|σi|hitx (q) 6 2C2

(
sup

(ϕi◦ψj0 )(V (x;δ))
|∂̄vi|hitx

+ δ−n

[
(llj0)n

∫
(ϕi◦ψj0 )(V (x;δ))

|σi|2hitx dvgitx

]1
2
)

6 2C2

(
1
4η + δ−n

[
(llj0)n

∫
Mi

|σi|2 dvgitx

]1
2
)

6 2C2

(
1
4η + δ−n

[
(llj0)n 5η

lnlj0

r2n−2
j0

]1
2
)

6 5C2

(
1
4η + δ−n

√
η

)
6

1
8 , ∀ q ∈ (ϕi ◦ ψj0)(V (x; 2δ)).(5.6)

Let si = vi−σi. Then si is a holomorphic section ofK−llj0
Mi

. By i′) in (5.4)
and (5.6), we have

|si|hitx (q1) > 3
8 −

1
8 = 1

4 , ∀ q1 ∈ (ϕi ◦ ψj0)(V (x; 2δ)
⋂
Bx(3δ)).

Moreover, by (ii′) in (5.4), it is easy to see that∫
Mi

|si|2hitx dvgitx 6 2
(∫

Mi

|vi|2hitx dvgitx +
∫
Mi

|σi|2hitx dvgitx

)
6 4(2π)n

r2n
j0

ln
.(5.7)

Thus by the estimate (3.11), we get

(5.8) ‖∇si‖hitx 6
√

4(2π)nC1
√
lr−1
j0
.

Since d(pi, q1) 6 4 rj0√
l
δ, we deduce

|si|hitx (pi) > |si|hitx (q1)− 4rj0√
l
δ‖∇si‖hitx

> |si|hitx (q1)− 8
√

(2π)nC1δ >
1
8 .

This proves the theorem when lx is chosen by llj0 . �

6. Proof of Theorem 1.3–I

In this section, we use Proposition 5.1 to give a weak version proof of
Theorem 1.3 for an almost Kähler–Einstein metrics sequence. Namely, we
prove
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Theorem 6.1. — Let (Mi, g
i) be an almost Kähler–Einstein metrics

sequence of Fano manifolds and (M∞, g∞) its Gromov–Hausdorff limit.
Then there exists an integer l0 > 0, which depends only on (M∞, g∞) such
that for any integer l > 0 there exists a uniform constant cl > 0 with
property:

(6.1) ρll0(Mi, g
i) > cl.

The proof of Theorem 6.1 depends on the following lemma.

Lemma 6.2. — Let (M, g) be a Fano manifold with ωg ∈ 2πc1(M) which
satisfies

(6.2) Ric(g) > −Λ2g and diam(M, g) 6 D.

Let gt be a solution of (2.1) with the initial metric g. Then there exists a
small t0 = t0(l,Λ, D) such that the following is true: if s ∈ Γ(M,K−lM ) is a
holomorphic section with

∫
M
|s|2ht dvgt = 1 for some t 6 t0 which satisfies

|s|2ht(p) > c > 0,

then

|s|2h(p) > c′ > 0 and
∫
M

|s|2h dvg 6 c′′.(6.3)

Here ht and h are hermitian metrics of K−lMi
induced by gt and g, respec-

tively, and c′, c′′ > 0 are uniform constants depending only on c, l,Λ and D.

Proof. — Let ωgt = ωg +
√
−1∂∂̄φ. Namely, φ is a Kähler potential of

gt. Then φ = φ(x, t) satisfies
∂

∂t
φ = log (ωg +

√
−1∂∂̄φ)n

ωng
+ φ− fg,(6.4)

where fg is the Ricci potential of g normalized by∫
M

fg dvng = 0.

Since
∆fg = R(g)− n > −(n− 1)Λ2 − n,

by using the Green formula, we see

fg(x) 6 −
∫
M

G(x, ·)∆fg 6 C(Λ, D).

Here we used the fact that the Green functionG is uniformly bounded below
since the metric g satisfies the condition (6.2) (cf. [13]). Thus applying the
maximum principle to (6.4), it follows

φ > −C(Λ, D).
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On the other hand, integrating both sides of (6.4), we have

d

dt

∫
M

φ dvg =
∫
M

log (ωg +
√
−1∂∂̄φ)n

ωng
dvg +

∫
M

φ dvg −
∫
M

fg dvg

6
∫
M

φdvg + C.

Here we use an element inequality log ff > −C to the log term. It follows∫
M

φdvg 6 Cet 6 eC.

Hence by using the Green formula to φ, we can also get

φ 6 C ′(λ,D).

As a consequence, we derive

e−C
′l| · |h 6 | · |ht = e−lφ| · |h 6 eCl| · |h.(6.5)

Therefore to prove Lemma 6.2, it suffice to prove

Claim 6.3. — Let s ∈ Γ(M,K−lM ) be a holomorphic section. Suppose
that ∫

M

|s|2h dvg = 1.

Then

(6.6)
∫
M

|s|2ht dvgt > c(l,Λ, D) > 0.

Since
∂

∂t

(ωg +
√
−1∂∂̄φ)n

ωng
= ∆′ ∂φ

∂t

= −R(gt) + n 6 λ = λ(Λ),

volgt(Ω) 6 eλt volg(Ω), ∀ Ω ⊂M.(6.7)

It follows

(6.8)
volgt(Ω) = V − volgt(M \ Ω) > V − eλt volg(M \ Ω)

> volg(Ω)− 2V λt.

By the estimate (3.4), we see

|s(x)|2h 6 H = H(Λ, D).

Then ∫ H

0
volg{x ∈M | |s(x)|2h > s} ds =

∫
M

|s|2h dvg.
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Hence, by using (6.5) and (6.8), we get∫
M

|s|2ht dvgt >
∫ H

0
volgt{x ∈M | |s(x)|2ht > s} ds

>
∫ H

0
volgt{x ∈M | |s(x)|2h > eC

′ls}ds

> e−C
′l

∫ eC
′lH

0

[
volg{x ∈M | |s(x)|2h > s} − 2V λt

]
ds

> e−C
′l
(

1− 2λV HeC
′lt
)
.

Therefore, by choosing t0 6 (4λV HeC′l)−1, we derive (6.6). The claim is
proved. �

Proof of the Theorem 6.1. — By Proposition 5.1, we see that for any
x ∈ M∞ and a sequence {pi ⊂ Mi} which converges to x, there exist two
large number lx and i0, a small time tx such that there exists a holomorphic
section si ∈ Γ(K−lxMi

, hitx) for any i > i0 with
∫
Mi
|si|2hitx

dvgi 6 1 which
satisfies

|si|hitx (pi) >
1
8 ,

where hitx is the hermitian metric of K−lxMi
induced by gitx . By Lemma 6.2,

it follows that there exists a constant c(lx,Λ, D) and a holomorphic section
ŝi ∈ Γ(K−lxMi

, hi) for any i > i0 with
∫
Mi
|ŝi|2hi dvgi = 1 which satisfies

|ŝi|hi(pi) > cx = c(lx,Λ, D),

where hi is the hermitian metric of K−lxMi
induced by gi.

Let C = C(CS , n) be the constant as in (3.6), which depending only on Λ
and D. For each x, we choose rx = cx

2 l
−n+1

2
x C. Then by the estimate (3.6),

we get
|ŝi|hi(q) >

cx
2 , ∀ q ∈ Bpi(rx).

Take N balls Bxα( rxα2 ) to cover M∞. Then it is easy to see that there
exists i1 > i0 such that ∪αBpiα(rxα) = Mi for any i > i1, where {piα} is a
set of N points in Mi. This shows that for any q ∈Mi (i > i1) there exist
a ball Bpiα(rxα) and a holomorphic section siα ∈ Γ(K−lxαMi

, hi) such that
q ∈ Bpα(rixα), and

∫
Mi
|siα|2hi dvgi = 1 and

|siα|hi(q) > c = min
α
{cxα} > 0.(6.9)

Set l0 =
∏
α lxα . Then by using a standard method (cf. [9], [25]), for any q ∈

Mi (i > i1), one can construct another holomorphic section s ∈ Γ(K−l0Mi
, hi)
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based on holomorphic sections siα such that
∫
Mi |s|2hi dvgi = 1 and

|s|hi(q) > c′ > 0,

where c′ = c′(l0, c). This proves the theorem for l = 1. One can also prove
the theorem for general multiple l > 1 as above. �

7. Proof of Theorem 1.3–II

In this section, we prove Theorem 1.3 for the case of almost Kähler–Ricci
solitons sequence. The proof can be finished step by step as for Theorem 6.1
while some necessary variant estimates should be done. We now assume
that a Fano manifold M admits a non-trivial holomorphic vector field X,
where X lies in an reductive Lie subalgebra ηr of space of holomorphic
vector fields [28]. Consider a KX -invariant g with ωg ∈ 2πc1(M) which
satisfies the following geometric conditions:

(7.1)
(i) Ric(g) + LXg > −Λ2g, |X|g 6 A and diam(M, g) 6 D;
(ii) R(g) > −C0.

Here LXg denotes the Lie derivative along X, and by the Hodge the-
orem, there exists a potential θ of X such that LXg =

√
−1∂∂̄θ. In

particular, under the condition (i), g has a uniform L2-Sobolev constant
Cs = Cs(Λ, A,D) [31]. We note that the volume of (M, g) is uniformly
bounded below by the normalized condition ωg ∈ 2πc1(M) and it is uni-
formly bounded above by the volume comparison theorem [32].
Let g(·, t) = gt (t ∈ (0,∞)) be a solution of following modified Kähler–

Ricci flow with the above initial Kähler metric g,

(7.2)
{

∂
∂tg = −Ric(g) + g + LXg,

g0 = g( · , 0) = g.

Clearly, all Kähler metrics gt are KX -invariant. Since the solution g(·, t) is
just different to one of (2.1) by a family of holomorphic transformations
generated by X, by Lemma 2.1, we have

Lemma 7.1. — All gt of (7.2) have Sobolev constants Cs = Cs(Λ, A,D)
uniformly bounded below. Namely, the following inequalities hold,(∫

M

f
2n
n−1 dvgt

)n−1
n

6 Cs

(∫
M

f2(Rt + Ĉ0) dvgt +
∫
M

|∇f |2 dvgt
)
,

where f ∈ C1(M) and Ĉ0 is a uniform constant depending only on the
lower bound C0 of scalar curvature R of g.
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Lemma 7.2. — Let ∆ = ∆t be the Lapalace operator associated to gt.
Suppose that f > 0 satisfies

(7.3)
(
∂

∂t
− (∆ +X)

)
f 6 af,

where a is a constant. Then for any t ∈ (0, 1), we have

(7.4) sup
x∈M

f(x, t) 6 C1(Λ, A,D,C0)
t
n+1
p

(∫ t

t
2

∫
M

|f(x, τ)|p dvgτ dτ
)1
p

.

Proof. — As in the proof of Lemma 2.2 , multiplying both sides of (7.3)
by fp, we have∫

M

fpf ′τ dvgτ + p

∫
M

|∂f |2fp−1 dvgτ −
∫
M

〈∂θ, ∂f〉fp dvgτ

6 a
∫
M

fp+1 dvgτ .

On the other hand, by (7.2), it is easy to see∫
M

fpf ′τ dvgτ

= 1
p+ 1

d

dτ

(∫
M

fp+1 dvgτ
)

+ 1
p+ 1

∫
M

(R− n−∆θ)fp+1 dvgτ .

Thus we get
1

p+1
d

dτ

(∫
M

fp+1 dvgτ
)

+ 1
p+1

∫
M

(R−n)fp+1dvgτ + p

∫
M

|∂f |2fp−1 dvgτ

6 a
∫
M

fp dvgτ .

It follows

(7.5) d

dτ

∫
M

fp+1 dvgτ +
∫
M

(R+ Ĉ0)fp+1 dvgτ + 2
∫
M

|∇f
p+1

2 |2 dvgτ

6 ((p+ 1) a+ n+ C0)
∫
M

fp+1 dvgτ .

Note that (7.5) is similar to (2.6). Therefore, we can follow the argument
in the proof of Lemma 2.2 to obtain (7.4). �

Recall that according to [30] an almost (weak) Kähler–Ricci solitons
sequence of Fano manifolds (Mi, g

i, Xi) (i → ∞) satisfy the condition (i)
in (7.1) and

(iii)
∫
Mi

|Ric(gi)− gi − LXigi|dvngi → 0, as i→∞.(7.6)
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As in [26], [31], we shall further assume that the solutions git of (7.1) with
the initial metrics gi satisfy

(7.7)
(iv) |Xi|git 6

B√
t
;

(v)
∫ 1

0
dt

∫
Mi

|R(git)−∆θgit − n|dvngit → 0, as i→∞,

where B is a uniform constant. It was proved that under the condition (i)
of (7.1), and (7.6) and (7.7) there exists a subsequence of {(Mi, g

i, Xi)}
which converges to a Kähler–Ricci soliton away from singularities of
Gromov–Hausdorff limit with real codimension 4.

Definition 7.3. — {(Mi, g
i, Xi)} are called an almost Kähler–Ricci

solitons sequence of Fano manifolds if (7.1), (7.6) and (7.7) are satisfied.

The following is a key lemma in this section.

Lemma 7.4. — Let {(Mi, g
i, Xi)} be an almost Kähler–Ricci soliton

sequence of Fano manifolds. Then there exists a uniform constant C =
C(Λ, D,B,C0) such that for any t ∈ (0, 1) there exists N = N(t) such that
for any i > N it holds

|∇hit| 6 C and |Rit| 6 C.

Proof. — By

(7.8)
(
∂

∂t
− (∆ +X)

)
|∇(h− θ)|2

= −|∇∇̄(h− θ)|2 − |∇∇(h− θ)|2 + |∇(h− θ)|2

6 |∇(h− θ)|2,

we apply Lemma 7.2 to get

|∇(h− θ)|2 6 C

tn+1

∫ t

t
2

∫
M

|∇(h− θ)|2 dvgτ dτ

= C

tn+1

∫ t

t
2

∫
M

(θ − h)∆(h− θ) dvgτ dτ

6
C

tn+1

∫ t

t
2

∫
M

oscM (h− θ)|R− n−∆θ|dvgτ dτ.

By (2.15), it follows

(7.9) |∇(h− θ)|2 6 C

t(n+1)(n+ 3
2 )

∫ t

t
2

∫
M

|R− n−∆θ|dvgτ dτ.
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On the other hand, by the evolution equation of (∆ +X)(h− θ) [3],

(7.10)
(
∂

∂t
− (∆ +X)

)
[(∆+X)(h−θ)] = (∆+X)(h−θ)+|∇∇̄(h−θ)|2,

we have(
∂

∂t
− (∆ +X)

)
[(∆ +X)(h− θ) + |∇(h− θ)|2]

6 (∆ +X)(h− θ) + |∇(h− θ)|2.

Then applying Lemma 7.2, we get

(7.11) (∆ +X)(h− θ) + |∇(h− θ)|2

6
C

tn+1

∫ t

t
2

∫
M

|(∆ +X)(h− θ) + |∇(h− θ)|2|dvgτ dτ.

Note that by (iii) in (7.6) we have∫ t

t
2

∫
M

|X(h− θ)|dvgτ dτ 6 B vol(M)[
∫ t

t
2

∫
M

|∇(h− θ)|2 dvgτ dτ ] 1
2 .

It follows from (7.9),∫ t

t
2

∫
M

|(∆ +X)(h− θ) + |∇(h− θ)|2|dvgτ dτ

6
∫ t

t
2

∫
M

|R− n−∆θ|dvgτ dτ

+ CB vol(M)
t

1
2 (n+1)(n+ 1

2 )

[∫ t

t
2

∫
M

|R− n−∆θ|dvgτ dτ
] 1

2

+ C

t(n+1)(n+ 3
2 )

∫ t

t
2

∫
M

|R− n−∆θ|dvgτ dτ.

Thus inserting the above inequality into (7.11), we derive

(7.12) (∆ +X)(h− θ) + |∇(h− θ)|2

6
C

t(n+1)(n+ 5
2 )

(∫ t

t
2

∫
M

|R− n−∆θ|dvgτ dτ

+
[∫ t

t
2

∫
M

|R− n−∆θ|dvgτ dτ
]1

2
 .
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Combining (7.9) and (7.12), we see that for any t ∈ (0, 1) there exists
N = N(t) such that

(7.13)
∣∣∣∣ 1√
t
∇(h− θ)

∣∣∣∣ 6 1 and R− n−∆θ 6 1, ∀ i > N(t).

It follows
∆θ = −|∇θ|2 −X(h− θ)− θ 6 C.

As a consequence, we get R 6 C, and so |R| 6 C.
By (7.13), we have

∆θ > R− n− 1 > −C.

Thus

(7.14) |∇θ|2 = −X(h− θ)− θ −∆θ 6 C.

Again by (7.13), we prove that |∇h| 6 C. �

By Lemma 7.1 and the scalar curvature estimate in Lemma 7.4, we see
that for any t ∈ (0, 1) there exists an integer N = N(t) such that the
Sobolev constant Cs of git is uniformly bounded for any i > N . Then
by the gradient estimate of Ricci potentials in Lemma 7.4, we can follow
the arguments in Lemma 3.1 and Lemma 3.3 (also see Remark 3.2 and
Remark 3.4) to get an analogy of Proposition 3.6.

Proposition 7.5. — Let (Mi, g
i) be an almost Kähler–Ricci solitons

sequence of Fano manifolds which satisfy (7.1), (7.6) and (7.7). Then for
any t ∈ (0, 1) there exist integers N = N(t) such that for any i > N and
l > l0 it holds,

(7.15) ‖s‖hit + l−
1
2 ‖∇s‖hit 6 Cl

n
2

(∫
Mi

|s|2 dvgit

)1
2

, ∀ s ∈ H0(Mi,K
−l
Mi

),

and

(7.16)
∫
Mi

|v|2hit 6 4l−1
∫
Mi

|∂̄σ|2hit .

Here v is a solution of (3.7), the norms of | · |hit are induced by git, and the
integer l0 and the uniform constant C are both independent of t.

By Proposition 7.5, we can follow the arguments in Proposition 5.1 and
Theorem 6.1 to prove

Theorem 7.6. — Let (Mi, g
i) be an almost Kähler–Ricci solitons se-

quence of Fano manifolds and (M∞, g∞) its Gromov–Hausdorff limit. Then
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there exists an integer l0 > 0 which depending only on (M∞, g∞) such that
for any integer l > 0 there exists a uniform constant cl > 0 with property:

(7.17) ρll0(Mi, g
i) > cl.

Proof. — We give a sketch of proof of Theorem 7.6.

Step 1. — By the rescaling method as in proof of Proposition 5.1 with
help of Proposition 7.5 and Theorem A.3, we have an analogy of Proposi-
tion 5.1: For any sequence of pi ∈ Mi which converge to x ∈ M∞, there
exist two large number lx and i0, and a small time tx such that for any
i > i0 there exists a holomorphic section si ∈ Γ(K−lxMi

, hitx) which satisfies∫
Mi

|si|2hitx dvgitx 6 1 and |si|hitx (pi) >
1
8 ,(7.18)

where git is a solution of (7.2) with the initial metric gi and hitx is the
hermitian metric of K−lxMi

induced by gitx of (7.2) at t = tx.

Step 2. — We can compare the C0-norm of holomorphic sections with
respect to the varying metrics gt evolved in the flow (7.2). In fact, we have
Lemma 7.7. — Let (M, g) be a Fano manifold with ωg ∈ 2πc1(M) which

satisfies (7.1), and gt a solution of (7.2) with the initial g. Then there exists
a small t0 = t0(l,Λ, D) such that the following is true: if s ∈ Γ(M,K−lM ) is
a holomorphic section with

(7.19)
∫
M

|s|2ht dvgt = 1

for some t 6 t0 which satisfies

(7.20) |s|ht(p) > c > 0,

then there is a holomorphic section s′ of K−lM which satisfies

|s′|h(p) > c′ > 0 and
∫
M

|s′|2h dvg 6 c′′.

Here ht and h are the hermitian metrics of K−lM induced by gt and g,
respectively, and the constants c′ and c′′ depend only on c, l, Λ, A, C0
and D.

Proof of Lemma 7.7. — Let Φt be a one-parameter subgroup gener-
ated by −X. Then Φ∗t gt is a solution of (2.1). It is clear that (7.19)
also holds for Φ∗t s,Φ∗t gt,Φ∗tht and the condition (7.20) is equivalent to
|Φ∗t s|Φ∗tht(Φ−t(p)) > c. Since the Green functions associated to the metric
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g is bounded below under the condition (i) of (7.1) (cf. [3], [16]), we can
follow the argument in Lemma 6.2 for the metrics Φ∗t gt to obtain

|Φ∗t s|h(Φ−t(p)) > c̃ and
∫
M

|Φ∗t s|2h dvg 6 c′′,

where the constant c̃ depends only on c, l,Λ, A and D. Let s′ = Φ∗t s. Then
by the gradient estimate of |∇s′| 6 C(l,Λ, D,C0, A), we have

|s′|h(p) > |s′|h(Φ−t(p))− C(Λ, D,C0, A)At > c′.

This proves Lemma 7.7. �

Step 3. — By using the covering argument as in Theorem 6.1
together with the results in Step 1 and Step 2, we can finish the proof
of Theorem 7.6. �

8. Proof of Corollary 1.4

In this section, for simplicity, we just give a proof of Corollary 1.4 in case
of almost Kähler–Einstein metrics sequences (Mi, g

i). We have known that
the partial C0-estimate holds for (Mi, g

i),

(8.1) ρl(Mi, g
i) > cl > 0,

for some integer l. Then, as an application of (8.1), we have

(8.2) H0(Mi,K
−m
Mi

) ⊆ H0(Mi,K
−(m−l)
Mi

)⊗H0(M,K−lMi
),

where m > l(n+2 +[Λ2]) is any integer and the constant −Λ2 is a uniform
lower bound of Ricci curvature of (Mi, g

i) (cf. [14, Proposition 7])(2)

We need a strong version of (8.1) as follows.

Lemma 8.1. — Let x, y ∈M∞ be two different points and pi → x, qi →
y two sequenecs, where pi, qi ∈ Mi. Then there exist ` = `(n,Λ, D, x, y),
which is a multiple of l, and two sections sx, sy ∈ H0(Mi,K

−`
Mi

) such that

(8.3) |sx(pi)|hi = |sy(qi)|hi = 1 and sx(qi) = sy(pi) = 0, ∀ i� 1.

Proof. — As in the proof of Proposition 5.1, we can choose two compact
sets V (x; δx1 ), V (y; δy1 ) in Cx and Cy, respectively, such that φi◦ψj(V (x; δx1 ))
and φi ◦ ψj(V (y; δy1 )) are disjoint as long as j and i are large enough.
Let vxi , σxi , six ∈ Γ(Mi,K

−lx
Mi

) and vyi , σ
y
i , s

i
y ∈ Γ(Mi,K

−ly
Mi

) be sections
associated x and y, constructed there respectively. We may assume that

(2)There is a generalization of (8.2) under the Bakry–Eméry Ricci curvature condition
in Appendix.
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lx = ly = ` for a multiple of l. Moreover, by the C0-estimate of σxi in
V (x; δx) in (5.6), we see that |six(qi)| is small. Similarly, |siy(pi)| is also
small. Now we define holomorphic sections

(8.4) s̃ix = six −
six(qi)
siy(qi)

siy and s̃iy = siy −
siy(pi)
six(pi)

six.

Clearly, s̃x(qi) = s̃y(pi) = 0. Then sx = s̃ix
|s̃ix(pi)|hi

and sy = s̃iy
|s̃iy(qi)|hi

will
satisfy (8.3). �

By Lemma 8.1, we prove

Proposition 8.2. — Let {(Mi, g
i)} be a sequence of Fano manifolds

with Ricci bounded from below and diameter bounded from above, and
(M∞, g∞) its limit in Gromov–Hausdorff topology. Suppose that (8.1)
and (8.3) in Lemma 8.1 hold. Then M∞ is homeomorphic to an algebraic
variety.

Proof. — By (8.1), for any k, we can define holomorphisms

Tkl,i : Mi → CPN ,

where N + 1 = dimH0(Mi,K
−kl
Mi

) is constant if i is large enough. Since
Tkl,i is uniformly Lipschitz by (3.6), we get a limit map

Tkl,∞ : M∞ → CPN .

On the other hand, the images W kl
i of Tkl,i have a chow limit W kl, which

coincides with the image of the map Tkl,∞. Thus Tkl,∞ maps M∞ onto
W kl = Tkl,∞(M∞). We claim that T(n+2+[Λ2])l,∞ is injective, so the propo-
sition is proved.
By Lemma 8.3, for any x, y ∈ M∞, there are pi → x and qi → y, and

sx, sy ∈ H0(M∞,K−k1l
Mi

) for some k1 such that

(8.5) |sx|hi(pi) = |sy|hi(qi)| = 1 and sx(qi) = sy(pi) = 0.

This means Tk1l,∞(x) 6= Tk1l,∞(y). We further show that

(8.6) T(n+2+[Λ2])l,∞(x) 6= T(n+2+[Λ2])l,∞(y).

In fact, if (8.6) is not true, it is easy to see Til,∞(x) = Til,∞(y) for any
i 6 n+ 2 + [Λ2]. Then by (8.2), it follows

Tkl,∞(x) = Tkl,∞(y), ∀ k,

which is contradiction with (8.5). Thus (8.6) is true. Hence T(n+2+[Λ2])l,∞
must be injective. �
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Proof of Corollary 1.4. — By the Gromov compactness theorem, there
exists a subsequence {(Mik , g

ik)} of {(Mi, g
i)}, which converges to (M∞,

g∞). Then (i) and (ii) in Corollary 1.4 follow from a generalized Cheeger–
Colding–Tian compactness theorem for almost Kähler–Einstein metrics se-
quence [26] ( or almost Kähler–Ricci solitons sequence [31]). Thus it suffices
to prove the part (iii). By Proposition 8.2, we know that M∞ is homomor-
phic to an algebraic varietyW k0l, where k0 = n+2+[Λ2]. We further show
that W k0l is a log terminal Q-Fano variety.

Let H0(M∞,K−k0l
M∞

) be a space of bounded holomorphic sections of
K−k0l
R with an induced hermitian metric by g∞. Then for any compact

set K ⊆ R ⊆ M∞, we know that there are tK > 0 and Ki ⊆ Mi such
that (Ki, gi(tK)) converge to (K, g∞) smoothly. Thus by the argument in
Proposition 5.1 and Lemma 6.2, we can identify H0(M∞,K−k0l

M∞
) with the

limit of H0(Mi,K
−k0l
Mi

). But, from the proof in Proposition 8.2, the later is
the same as H0(W k0l,OCPN (1)). This implies that M∞ is homeomorphic
to the normalization of W k0l since the codimension of singularities of W k0l

is at least 2 (cf. [25] and [9]). Hence W kl0 is normal. By [1], it remains to
prove that W k0l is a Q-Fano variety.

Let S = Sing(M∞), Ŝ = Tk0l,∞(S), and let Ws ⊂ Ŝ be the singular set
of W k0l. Then both Ws and Ŝ lie in a subvariety of W k0l with codimension
at least 2. Thus it suffices to prove that Ws = Ŝ since (W k0l,OCPN (1)) =
K−k0l

Wk0l\Ŝ . In the following, we give a proof for the general limit Kähler–Ricci
soliton (M∞, g∞) in Section 7 by using PDE method as in [9]. Namely, g∞
satisfies an equation,

Ric(g∞)− g∞ − LX∞g∞ = 0, in M∞ \ S,(8.7)

where X∞ is the limit holomorphic vector field of (Mi, Xi) on M∞ \S [31].
On contrary, we suppose thatWs 6= Ŝ. Then there exists some x ∈ S such

that p = Tk0l,∞(x) ∈W k0l\Ws, a smooth point inW k0l. Thus there exists a
small ball B around p in W k0l with the standard holomorphic coordinates
such that the induced Kähler form ω0 = 1

k0l
ωgFS by the Fubini–Study

metric gKS of the projective space is smooth on B. We may assume that
ω0 =

√
−1∂∂̄v for some Kähler potential v on B.

Let ρ∞ be the limit of ρk0l(Mi, g
i) (perhaps replaced by a subsequence of

ρk0l(Mi, g
i)) on (M∞ \ S, g∞). Then ρ∞ and |∇ρ∞|g∞ are both uniformly

bounded since ρk0l(Mi, g
i) and |∇ρk0l(Mi, g

i)|gi are all uniformly bounded
by (3.6). Clearly, ρ∞ satisfies

ωg∞ = ω0 +
√
−1∂∂̄ρ∞, in W k0l \ Ŝ.
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Let u = v + ρ∞. Then by (8.7), we see that u satisfies
√
−1∂∂̄(log det(uij̄) +X∞(u) + u) = 0, in B \ Ŝ.

It follows

log det(uij̄) +X∞(u) + u = const., in B \ Ŝ.(8.8)

We claim that there exists a uniform C such that

(8.9) C−1δij 6 uij 6 Cδij , in B \ Ŝ.

Since the basis in H0(M∞,K−k0l
M∞

), which gives the embedding Tk0l,∞, is
uniformly C1-bounded, we have

ω0 6 Cωg∞ , in M∞.

On the other hand, by (7.14),

|X∞(ρ∞)| 6 |X∞|g∞ |∇ρ∞|g∞ 6 C, in M∞.

Then X∞(u) is uniformly bounded. Thus by (8.8), we see that det(uij̄) is
uniformly positive and bounded. This implies (8.9).
By the above claim, we can apply the following lemma to show that u is

a smooth function in a small neighborhood of p. But this is impossible by
x ∈ S. Hence W k0l must be a Q-Fano variety. �

Lemma 8.3. — Let u be a smooth solution of (8.8) in B \ Ŝ, where B
is a ball in the euclidean space in Cn and Ŝ is a closed subset in Cn with
real Hausdroff dimension less than 2n − 1. Suppose that u satisfies (8.9).
Then u can be extended to a smooth function on 1

4B.

Proof. — By the Schaulder estimate for the equation (8.8), it suffices to
get a C2,α-regularity of u in 1

4B. We first do the C1,1-estimate.
For any 0 < ε < 1

8 and any unit vector v, we let the difference quotient

w = wε = u(x+ εv) + u(x− εv)− 2u(x)
ε2

.

Then by the convexity of log det, we get from (8.8),

(8.10) uij̄wij̄ > e
g g(x+ εv) + g(x− εv)− 2g(x)

ε2
,

where g = −u − X∞(u). Denote (aαβ) to be the 2n × 2n matrix of Rie-
mannian metric of g∞ and (aαβ) = det(aδγ)(aαβ)−1. It is clear that (8.10)
is equivalent to

(8.11) (aαβwβ)α > l(x) + h(x+ εv)− h(x)
ε

, in 3
4B \ Ŝ,
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where l = f(x+ εv) e
g(x+εv)−eg(x)

ε , h = egf and f = g(x)−g(x−εv)
ε . Note that

X∞ can be extended to a holomorphic vector field on B. Then by (8.9), w
can be regarded as a weak sub-solution in (8.11) in whole 3

4B. Thus by the
L∞-estimate arising from the Moser iteration, we have,

(8.12) sup
1
2B

(wε) 6 C(|wε|Lp( 3
4B) + |l|

L
q
2 (B)

+ |h|Lq(B)),

where C depends only on (aαβ), p > 1 and q > 2n. In fact, by Theorem 8.17
in [10], the estimate (8.12) holds for sub-solution w as follows,

(aαβwβ)α > l +<v,Dh>.

But Theorem 8.17 is also true when the term < v,Dh > is replaced by the
difference quotient h(x+εv)−h(x)

ε .
Since g is uniformly Lipschitz in B \ Ŝ, l, h are L∞-functions in B. On

the other hand, by (8.9), u ∈W 2,p( 3
4B) for any p > 1, and so |wε|Lp( 3

4B) is
uniformly bounded. Thus the (8.12) implies that wε is uniformly bounded
above. As a consequence, C1,1-derivative uvv is uniformly bounded above.
By (8.9), we can also get a uniform lower bound of uvv. Hence C1,1-norm
of u is uniformly bounded in 1

2B.
Next to get C2,α-estimate of u in (8.8), we can apply Evans–Krylov

theorem, Theorem 17.14 in [10] to C1,1-solution of (8.8) in 1
2B directly.

This is because (8.8) is strictly elliptic in B and −u−X∞(u) is Lipschitz.
Thus the lemma is proved. �

9. Conclusion

In the proofs of Theorem 6.1 and Theorem 7.6, the constants cl in the
estimates (6.1) and (7.6) may depend on the limit (M∞, g∞). In this section,
we show that cl just depends on n, l0 and l, and the geometric uniform
constants Λ and D in (i) of (3.10), or the constants Λ, D,C0 and B in (7.1)
and (iii) of (7.6). Thus we complete the proof of Theorem 1.3. For simplicity,
we just consider the case of almost Kähler–Einstein Fano manifolds below.
Set a class of Kähler metrics on Fano manifolds by

KΛ,D =
{

(Mn, g)
∣∣ ωg ∈ 2πc1(M), Ric(g)>−(n− 1)Λ2, diam(M, g)6D

}
.

It is known that KΛ,D is precompact in Gromov–Hausdorff topology. More-
over, by Cheeger–Colding theory in [4], any Gromov–Hausdorff limit M∞
in KΛ,D contains singularities with codimension at least 2 and each tangent
cone at x ∈M∞ is a metric cone Cx, which also contains singularities with
codimension at least 2.
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Let K0
Λ,D be a subset of KΛ,D such thatH2n−2(Sing(Cx)) = 0 for any x ∈

M∞, where M∞ is any Gromov–Hausdorff limit in K0
Λ,D. Then according

to the proofs in Proposition 5.1 and Theorem 6.1, we have

Theorem 9.1. — Let (M, g) ∈ K0
Λ,D and gt a solution of (2.1) with

the initial metric g. Then there exist a small number δ = δ(Λ, D, n) and a
large integer l0 = l0(n,Λ, D) such that the following is true: if g satisfies∫ 1

0

∫
M

|Rt − n|dvgt dt 6 δ,(9.1)

then for any integer l there exists a uniform constant c = c(n, l,Λ, D) > 0
such that

ρll0(M, g) > c.(9.2)

Proof. — By Theorem 6.1, we see that for any Y ∈ K̄0
Λ,D, there exist a

small number δY > 0, a large integer lY and a uniform constant cY > 0
such that if M ∈ KΛ,D satisfies

dGH((M, g), (Y, gY )) 6 δY ,
∫ 1

0

∫
M

|Rt − n|dvgt dt 6 δY ,

then
ρlY (M, g) > cY .

Since K̄Λ,D is compact, we can cover it by finite balls BYi(δYi)(1 6 i 6 N)
in Gromov–Hausdorff topology. Putting l0 = ΠlYi , δ = min{δYi} and c =
min{cYi}. Then we get (9.2) for l = 1, if (M, g) satisfies (9.1). (9.2) is also
true for general l as in the proof of Theorem 6.1. �

Theorem 1.3 follows from Theorem 9.1.

Appendix A.

In this appendix, we first use Siu’s lemma to generalize the finite gener-
ation formula (8.2) under the Bakry-Émery Ricci curvature condition (i)
in (7.1), then we recall a version of Perelman’s pseudolocality theorem with
the condition (ii) in (7.1).

The following lemma can be found in [20].

Lemma A.1. — Let (Mn, g) be a compact complex manifold, G a holo-
morphic line bundle, E a holomorphic line bundle with a hermitian metric
e−ψ whose Ricci curvature is positive. Let {si}16i6p be a basis ofH0(M,G)
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and |s|2 = Σpi=1|si|2. Then for any f ∈ H0(M, (n + k + 1)G + E + KM )
which satisfies ∫

M

|f |2e−ψ

|s|2(n+k+1) dvg < +∞,

there are some hi ∈ H0(M, (n + k)G + E + KM ) (k > 1) such that f =
Σpi=1hj ⊗ sj and each hi satisfies∫

M

|hj |2e−ψ

|s|2(n+k) dvg 6
n+ k

k

∫
M

|f |2e−ψ

|s|2(n+k+1) dvg.

Proposition A.2. — Let (M, g) be a Kähler manifold with

Ric(g) + Hessu > −Cg,

where X = ∇∂̄u is a holomorphic vector field and |u| 6 A. Assume that

c′ > ρl(M, g) > c > 0(A.1)

for some l ∈ N. Then for any s ∈ H0(M,K−mM ) with m > (n+ 2)l+C + 1,
there are ui ∈ H0(M,K

−(m−l)
M ) such that s = ΣNi=0ui ⊗ si, where {si} is

an orthonormal basis of H0(M,K−lM ). Moreover, each ui satisfies∫
M

|ui|2h⊗m−l dvg 6 (n+ 1)e2A(c
′

c
)ml
∫
M

|s|2h⊗m dvg.(A.2)

Proof. — Putting L = K−1
M andm−[C]−1 = (n+k+1)l+r (0 6 r < l),

we decompose mL as

mL = (n+ k + 1)(lL) + ((m− (n+ k + 1)l)L−KM ) +KM .

Let h and ωng be two hermitian metrics on L such that

Θ(L, h) = g, Θ(L, ωng ) = Ric(g).

Denote the line bundle (m − (n + k + 1)l)L − KM by E. Then h1 =
h⊗m−(n+k+1)l ⊗ e−u ⊗ ωng is a hermitian metric on E. It is easy to see

Θ(E, h1) = (m− (n+ k + 1)l)ωg + Ric(g) +
√
−1∂∂̄u > ωg.

Now applying the above lemma to G = lL, si, E and f = s, we see that
there are ui ∈ H0(M, (n+ k)G+ E +KM ) such that∫

M

|ui|2h⊗(n+k)l⊗h1

(ΣNi=0|si|2h⊗l)n+k dvg 6
n+ k

k

∫
M

|s|2
h⊗(n+k+1)l⊗h1

(ΣNi=0|si|2h⊗l)n+k+1 dvg.

The above is equivalent to∫
M

|ui|2h⊗m−l
(ΣNi=0|si|2h⊗l)n+k e

−u dvg 6
n+ k

k

∫
M

|s|2h⊗m
(ΣNi=0|si|2h⊗l)n+k+1 e

−u dvg.
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By (A.1), it follows
1

e2Ac′n+k

∫
M

|ui|2h⊗m−l dvg 6
n+ k

kcn+k+1

∫
M

|s|2h⊗m dvg,

which implies (A.2) immediately. �

The following Perelman version of pseudolocality theorem for modified
Kähler–Ricci flow (7.2) is proved in [31]. The result is an analogy of The-
orem 11.2 in [18], Proposition 3.1 in [26] for Ricci flow.

Theorem A.3. — For any α, r ∈ [0, 1], there exist τ = τ(n, α), η =
η(n, α), ε = ε(n, α), δ = δ(n, α), such that if g(·, t) = gt (0 6 t 6 (εr)2) is
a solution of (7.2) whose initial metric g(·, 0) = g0 satisfies

(i) Ric(g0) + LXg0 > −(2n− 1)r−2τ2g0,

(ii) |X|g0(x) 6 r−1η,

(iii) vol(Bq(r, g0)) > (1− δ)c2nr2n,

where c2n is the volume of unit ball in R2n, then for any x ∈ Bq(εr, g0) and
t ∈ (0, (εr)2], we have

|Rm(x, t)| < αt−1 + (εr)−2,(A.3)

Moreover,

vol(Bx(
√
t)) > κ(n)tn2 .(A.4)
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