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COVARIANT BI-DIFFERENTIAL OPERATORS ON
MATRIX SPACE

by Jean-Louis CLERC

ABSTRACT. — A family of bi-differential operators from C°°(Mat(m,R) x
Mat(m,R)) into C°°(Mat(m,R)) which are covariant for the projective action of
the group SL(2m,R) on Mat(m,R) is constructed, generalizing both the transvec-
tants and the Rankin—Cohen brackets (case m = 1).

RESUME. — On construit une famille d’opérateurs bi-différentiels de
C*> (Mat(m,R) x Mat(m,R)) dans C*°(Mat(m,R)) qui sont covariants pour l’ac-
tion projective du groupe SL(2m,R) sur Mat(m,R). Dans le cas m = 1, cette
construction fournit une nouvelle approche des transvectants et des crochets de
Rankin—Cohen.

Introduction

Let X = Gr(m,2m,R) the Grassmannian of m-planes in R?*™ and con-
sider the projective action of the group G = SL(2m,R) on X, given for
g € Gand p € X by g.p = {gv,v € p}. Choose an origin o and let P
be the stabilizer of o in G. The group P is a maximal parabolic subgroup
and X ~ G/P. The characters x, of P are indexed by (), ¢) € C x {£}.
For (A, €) € C x {£}, let 7y ¢, be the corresponding representation induced
from P, realized on the space £y . of smooth sections of the line bundle
Exe = X Xp y,. C (degenerate principal series). For the purpose of this
paper, it is more convenient to work with the noncompact realization of
Tx,e on a space Hy . of smooth functions on V' = Mat(m,R).

The Knapp—Stein intertwining operators form a meromorphic family
(in A) of operators which intertwines 7y and ma,;,—x . (in our notation).
In the non compact picture, for generic A, the corresponding operators,

Keywords: Covariant differential operators, Knapp—Stein intertwining operators, Zeta
functional equation, transvectants, Rankin—Cohen brackets.
Math. classification: 22E45, 58J70.



1428 Jean-Louis CLERC

denoted by Jy . are convolution operators on V' by certain tempered distri-
butions. The properties of this family of operators are presented in Section 3
and are mostly consequences of the theory of local zeta functions and their
functional equation on (the simple real Jordan algebra) V. Incidentally, the
results for ¢ = —1 seem to be new, at least in the present form.

Let (A, €), (1, m) € C x {£} and consider the tensor product my  ® 7, »,
realized (after completion) on a space H(x e, (4, Of smooth functions on
V x V. Because of the covariance property (see (1.9)) of the kernel k(x,y) =
det(x—y) under the diagonal action of G on V' x V| the multiplication M by
det(z —y) intertwines 7 @ 7, and Tx_1,— @ T, _1,—y, (Proposition 4.2).

Let (A ¢€), (u,m) € C x {£} and consider the following diagram

?
Hixe), () Hirt1,-6),(ut1,-n)

ih,s(&]u,n iJA+1,e®JM+1,n

H(Qm—x\,e),(?m—u,n) H(2m—>\—1,—e),(2m—u—1,—n)

The main result of the paper is a (rather explicit) construction of a dif-
ferential operator on V x V which completes the diagram (Theorem 4.1).
The proof uses the Fourier transform on V' and some delicate calculation
specific to the matrix space V, based in particular on Bernstein—Sato’s
identities for (detx)® (Section 2). Up to some normalization factors, this
yields a family of differential operators Dy , with polynomial coefficients
on V x V, covariant w.r.t. (7r,\7E @ Ty TA+1,—e © 7TM+17_77)). Their expres-
sion does not depend on € and 7, and the family depends holomorphically
on (A, u). See also Theorem 4.4 for a formulation of the same result in the
compact picture.

From this result, it is then easy to construct families of projectively
covariant bi-differential operators from C*°(V x V') into C*°(V). For any
integer k, define

Bk =T1es0Dxyp k0 0 Day1ur1 0Dy,

where res is the restriction map from V<V to the diagonal diag(VxV)~V.
Clearly, By, is G-covariant w.r.t. (mxc ® Ty, Trtpt2k,en). For k fixed,
the family depends holomorphically on A, i and is generically non trivial.

For m = 1, there is another classical construction of such projectively
covariant bi-differential operators. The Q-process, a cornerstone in classical
invariant theory leads to the construction of the transvectants, which are
covariant bi-differential operators for special values of the parameters A
and p connected to the finite-dimensional representations of G = SL(2,R).

ANNALES DE L’INSTITUT FOURIER



COVARIANT BI-DIFFERENTIAL OPERATORS 1429

The Rankin—Cohen brackets, much used in the theory of modular forms, are
other examples of such covariant bi-differential operators, for special values
of (A, 1) connected to the holomorphic discrete series of SL(2,R). There is
a vast literature about Rankin—Cohen brackets, see e.g. [6, 7, 21, 22, 23].

In case m = 1, it has been observed later (see e.g. [16]) that the Q-process
can be extended to general (A, ), yielding both the transvectants and the
Rankin—Cohen brackets as special cases. As computations are easy when
m = 1, the present construction can be shown to coincide with the approach
through the Q-process, and the operators B) .. for special of values of
(A, 1), essentially coincide with the transvectants or the Rankin-Cohen
brackets. For another related but different point of view see [13] (specially
Section 9) or [12]. The situation where m > 2 is further commented in
Section 6. Although not directly related to the present approach, it might
be worth to mention the papers [17] and [10], for other approaches to
multivariable analogues of Rankin—Cohen brackets.

The striking fact that the operator D, ,, although obtained by compos-
ing non-local operators, is a differential operator (hence local) was already
observed in another geometric context, namely for conformal geometry on
the sphere S d > 3 (see [2, 5]). It seems reasonable to conjecture that
similar results are valid for any (real or complex) simple Jordan algebra
and its conformal group (see [1] for analysis on these spaces).

The author wishes to thank T. Kobayashi for helpful conversations re-
lated to this paper.

1. The degenerate principal series for Gr(m,2m,R)

Let X = Gr(m,2m;R) be the Grassmannian of m-dimensional vector
subspaces of R?™. The group G = SL(2m,R) acts transitively on X.
Let (e1,é€2,...,€amy) be the standard basis of R?™ and let

2m m
Po = @ Rejv poo:@R€j.
j=1

j=m+1
The stabilizer of pg in G is the parabolic subgroup P given by

P = {(Z 2), a,d € GL(m,R), detadetd:l},

and X ~ G/P.
Two subspaces p and ¢ in X are said to be transverse if p N g = {0},

and this relation is denoted by p rh ¢. Let O = {p € X,p poo}. Then

TOME 67 (2017), FASCICULE 4



1430 Jean-Louis CLERC

O is a dense open subset of X. Any subspace p transverse to p,, can be
realized as the graph of some linear map x : py — poo, and vice versa.
More explicitly, any p € O can be realized as

p=pw={(i§>7 EGR’”},

where £ is interpreted as a column vector in R™ and z is viewed as an
element of V' = Mat(m, R).

Let ¢ € G and x € V. The element g € G is said to be defined at x
if g.p, € O and then g(x) is defined by py) = g.p.. More explicitly, if

a b
g = (c d)’ then
[ ((ax+Db)¢ m
so that g is defined at x iff (cz + d) is invertible, and then
g(x) = (ax +b)(cx +d)~*.
Define a: G x V. — R by

(1.1) g= <a 2) g x) = det(cz +d).

C

The following elementary calculation is left to the reader.

LEMMA 1.1. — Let g,¢9' € G and x € V, and assume that g’ is defined
at x and g is defined at ¢'(x). Then gg’ is defined at x and

(1.2) a(gy’,x) = a(g,g'(x))aly, x).

The map x — p, is a homeomorphism of V onto O. The reciprocal of
this map k : O — V is a local chart, thereafter called the principal chart.
For any g € G, let Oy = ¢g7*(O) and k, : O — V defined by k, = Ko g.
Then ((’)g, /ﬁlg)geG is an atlas for X.

a b
Let g = <c d> € G. Then

Vg :=k(0yNO) ={x € V,det(cx +d) # 0},
and the change of coordinates between the charts O and O, is given by
Vyoa v+ g(@) = (ax+b)(cx+d)".
The group P admits the Langlands decomposition P = L x N, where

a O 1,, O
L_{<O d),detadetd—l}, N—{tv—<v 1m>,v€V}.

ANNALES DE L’INSTITUT FOURIER
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The group L acts on V by

_[a 0 . -1
l—(o d)’ l(z) =azxd™ " .

_ 1,,
N:{ny:(o 13;) er}NV

be the opposite unipotent subgroup. The subgroup N acts on V' by trans-
lations, i.e. my(x) =x+y fory e V.

Let

Let ¢« = (_2 16") be the inversion. It is defined on the open set V*

of invertible matrices and acts by «(x) = —x~!. Its differential Di(x) is
given by V 3 u > Du(z)u = o~ tuzr~!.

It is a well-known result that G is generated by L, N and ¢ (a special case
of a theorem valid for the conformal group of a simple (real or complex)
Jordan algebra).

An element g = (CCL Z

following Bruhat decomposition holds

o (DY)

Let x be the character of P defined by

> € G belongs to NP iff detd # 0 and then the

(1.4) P>p= <z 2) , x(p) = deta = (detd)™*.

LEMMA 1.2. — Let g = <Z Z

) € G,z € V and assume that g is
defined at x.

(1) the differential Dg(z) belongs to L

2) x(Dy(z)) = a(g, )~

(
(3) the Jacobian of g at x is equal to

(1.5) j(g.x) = x(Dg(2))*™ = al(g,z) =™ .

Proof. — By elementary calculation, the statements are verified for el-
ements of N, L and for ¢. As these elements generate GG, the conclusion
follows by using the cocycle relations satisfied by a(g, z) (see (1.2)) and by
X(Dg(z) or j(g,x) as consequences of the chain rule. O

TOME 67 (2017), FASCICULE 4
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Let A € C and € € {£}. For t € R* let t"¢ be defined by

[t|* ife=+
t—
sgn ()|t} ife=—.
The map t — tM€ is a smooth character of R*, and any smooth character

is of this form.
Let x™€ be the character of P defined by

)\,e( ))\,e )

X" (p) = x(p

Let E) . be the line bundle over X = G//P associated to the character
XM of P. Let Ex,c be the space of smooth sections of Fy .. Then G acts
on £y . by the natural action on the sections of E) . and gives raise to a
representation my . of G on &y .

A smooth section of Ey . can be realized as a smooth function ¥ on G
which satisfies

F(gp) = x(p™1)*“F(g).

To each such function F, associate its restriction to N, which can be viewed
as a function f on V defined for y € V by

s =rm)=r (7 1))

Using the Bruhat decomposition (1.3), the function F' can be recovered

from f as
F <<CCL Z)) = (det d)™ f(bd1).

The formula is valid for ¢ € NP and extends by continuity to all of G.
This yields the realization of 7  in the noncompact picture, namely for

b
such that g1 = (©
g € G, such that g (c d)

A€

mae(9)f(y) = (det(cy +d)™") " f((ay + b)(cy +d) ")
=alg L y) M flo W)

In the noncompact picture, the representation my. is defined on the
image Hy e of £y by the principal chart. The local expression of an el-
ement of Hy . is a function f € C>°(V). For g € G, the function z

(g, :1:)_1)_/\’6 f(g(x)) is a priori defined on the (dense open) subset Oy

ANNALES DE L’INSTITUT FOURIER
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of V. Hence a (rather nasty) characterization of the space is as follows : a
smooth function f on V belongs to H) . if and only if,

(1.6) Vged@, zxw (a(g,x)fl)_/\’ef(g(x))

extends as a C*° function on V.

Let (A, €), (1, m) € Cx{x}, and let 7y (X7, , be the corresponding product
representation of G x G. The space of the representation £y o) (u.,) (after
completion) is the space of smooth sections of the fiber bundle Ey K E,, ,,
over X x X. For the non-compact realization, observe that 02 = O x O is
an open dense set in X x X. For any g € G, let (93 be the image of ©? under
the diagonal action of g~ !, i.e. (93 ={g(x),9(y),xz € O,y € O}. Then the
family ((93, g€ G) is a covering of X x X. Using the corresponding atlas,
the local expressions in the principal chart k®«x : O — V xV of Ene),(wm)
is the space H(x e),(u,n) of C* functions f on V xV such that, for any g € G

(1.7) alg, =) f(9(x), 9(v)) (g, )"
extends as a C®functionon V x V.
The group G' x G acts on Hx ), (u,n) bY
(1.8)  (mx X mu)(91,92) f(,y)
=a(gy " 2) Malgy L y) T (97 (@), 97 () -

LEMMA 1.3. — Let g € G, z,y € V such that g is defined at x and
at y. Then

(1.9) det (g(x) — g(y)) = a(g,2)™" det(z —y) (g, y) ™"

Proof. — If g € N, g acts by translations on V and hence (1.9) is trivial.
It g = (g 2) then g(z) — g(y) = a(z — YA, alg,2) = algy) =
deta=! detd and (1.9) is easily verified. When g = ¢, then

det(—z ' +y ) =det(x (. —y)y ') = detz ™ det(x — y) dety !
YveV, Duz)=z vz}, at,x) =detx

and (1.9) follows easily. The cocycle property (1.2) satisfied by « and the
fact that G is generated by N, L and ¢ imply (1.9) in full generality. |

PROPOSITION 1.4. — The function k(x,y) = det(x — y) belongs to
H(~1,-),(-1,—) and is invariant under the diagonal action of G.

TOME 67 (2017), FASCICULE 4
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Proof. — Let x,y € V and g € G defined at x and y. (1.9) implies

alg, z)k(g(x), g(v))alg,y) = k(z,y)

which shows that & belongs to H(_1,_) (1,—) by the criterion (1.7). Further
apply (1.8) for g1 = g2 = g to get the invariance of k under the diagonal
action of G. g

2. Some functional identities in Mat(m,C) and Mat(m,R)

Let (E, (., )) be a complex finite dimensional Hilbert space. To any holo-
morphic polynomial p on E, associate the holomorphic differential operator
P (8%) defined by

8 z ra z
» (82> €8 = p (8) e .

Let eq,eq,...,6e, is an orthonormal basis, with corresponding coordinates
21,22y ..y 2n. For I = (i1,12,...,1,) a n-tuple of integers, set

ZI_ZilziQ Zin 3 1_ i " i " i i
Ttz e dz) — \0xn 0z T\ 0z, ’

Let p(z) = Z\I\gN arz! be a holomorphic polynomial on E. Then

0 o\’
r()- T (5)
l11<N
Let (E, (., >) be a finite dimensional Euclidean vector space. To any poly-
nomial p on F associate the differential operator p(%) such that

0
(@8 _ (.€)
P ( ax) e p(&)e' .

LEMMA 2.1. — Let (E, (., )) be a complex finite dimensional Hilbert
space, and let (E, (., )) be a real form of E such that
Ve,ye B, (z,y) = (z,y).

Let p be a holomorphic polynomial on E. Let O be an open subset of E
such that w = ONE # (). Let f be a holomorphic function f on O. Then
forz € w

(2.1) P (i) fx)=p <ab;:> flw(@).

ANNALES DE L’INSTITUT FOURIER
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Now let E = Mat(m,C) = V with the inner product (z,w) = trzw*.
The restriction of this inner product to the real form F = Herm(m, C) is
equal to

(z,y) =tray” =tray = try'z! = tryz = troy = tray™ = (z,9)
and conditions of Lemma 2.1 are satisfied. Denote by €, C E the open
cone of positive-definite Hermitian matrices.

Let k € {1,2,...m}. For z € V, let Ak (2) be the principal minor of order
k of the matrix z. Let Af(z) be the (m — k) anti-principal minor of z. Both
Ay and Af are holomorphic polynomials on V.

Let VX be the set of invertible matrices in V. Let zy € V*. Choose a
local determination of Indetz on a neighborhood of zy, and, for s € C
define (det z)® = e®"d¢t= accordingly. Any other local determination of
Indet z is of the form Indet z + 2ikw for some k € 7Z, and the associated
local determination of (det z)*® is given by e2¥7*(det 2).

Recall the Pochhammer’s symbol, for s € C,n € N

(s)o=1, (8)1=s, ... (S)p=s(s+1)...(s+n—-1).
PROPOSITION 2.2. — For any z € V* and for any local determination
of Indet in a neighborhood of z
0
(2.2) Ay, (8) (det 2)* = (s)r AL(2) (det 2)*7 1.
z

Proof. — Let zg € V*. Choose an open neighborhood V of z contained
in VX which is simply connected and such that ¥V N Q,, # 0. On Q,,,
det x > 0 so that Lndet z (where Ln is the principal determination of the
logarithm on C\ (—o0,0]) is an appropriate determination of Indet z in a
neighborhood of €,,, which can be analytically continued to V and used
for defining (det z)® on V. For z € Q,,, the identity

Ak (aaz) (det)* = (s) Af(w) (det )"~

holds. It is a special case of [8, Proposition VII.1.6] for the simple Euclidean
Jordan algebra Herm(m,C). By Lemma 2.1, (2.2) is satisfied for z € Y N
Herm(m, C). As both sides of (2.2) are holomorphic functions, (2.2) yields
everywhere on V. But if (2.2) is valid for some local determination of In det z
it is valid for any local determination. O

There is a real version of these identities.

PRrROPOSITION 2.3. — The following identity holds for x € V*

(2.3) Ay (;) (det 2)*€ = (s)k A% (z) (det x)S_L_G,

TOME 67 (2017), FASCICULE 4
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Proof. — Let x € V* and assume first that detz > 0. In a neighbour-
hood of z in V* choose Ln(det z) as a local determination of In(det z).
Then (det 2)* = |det z|* and hence, using Lemma 2.1 and (2.2)

0 s s—
Ay ((%) |detz|” = (s)r A%(2) |det z| t

Next assume that detx < 0. In a neighborhood of x in V* choose
Ln(—det z) + im as a local determination of In(detz). Then (detx)® =
™| det x|*, so that, using again Lemma 2.1 and (2.2)

e A, <8Bx> |det x’s = DT (6) AG ()| det |7

The identity (2.3) follows. O

Let a = (a;;) be a m x m matrix with real or complex entries a;;. Let
I and J be two subsets of {1,2,...,m} both of cardinality k£,0 < k < m.
After deleting the m — k rows (resp. the m — k columns) corresponding
to the indices not in I (resp. not in J), the determinant of the k x k
remaining matrix is the minor associated to (I, .J) and will be denoted by
Ar,y(a). For k=0, ie. I =J =0, by convention Ay y(a) =1. For k =m,
I=J={12,...,m}, A; j(a) = deta.

For I = {iy <ia < -+ <'ig}, let |I| = iy +i2 + -+ + 9. Also denote
by I¢ the complement of I in {1,2,...,m}, which is a subset of cardinality
m — k. Recall the following elementary result.

LEMMA 2.4. — Let I = {i; <is <--- <1y} beasubset of {1,2,...,m}
of cardinality k. Let I¢ = {i}{ < iy < --- < i/ _,}. The permutation oy
defined by

or(1) =1i1,...,01(k) =i, orp(k+1)=1iy,...,00(m)=1,_,
has signature equal to e(oy) = (—1)!1.

The next lemma is a variation on (and a consequence of) the previous
lemma.

LEMMA 2.5, — Let I = {i1 <ia < -+ <}, J={j1<jo< <
jr} be two subsets of {1,2,...,m} both of cardinality k. Let

19 ={iy <iy < <igy b, JO={1 <dy <o <ok}
The permutation o = o,y given by
U(il) =71, va(ik) = Jk; J(le) = .717 e ’U(im—k) = j;n—k

has signature €(I,J) := e(oy,5) = (—1)HIHII,

ANNALES DE L’INSTITUT FOURIER
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A permutation o such that o(I) = J can be written in a unique way as
o = (TV 1) ooy, where T is a permutation of J and 7. is a permutation
of J¢, and 7V 7. is the permutation of {1,2,...,m} which coincides on J
with 7 and on J¢ with 7.

PROPOSITION 2.6. — Let I,J C {1,2,...,n} of equal cardinality k.
Then, for x € V*

(2.4) O(AL)(A%) (@) = e(I, T)(s)k Age, e () Az)~t .

Proof. — By permuting raws and columns properly, the minor Aj ;
becomes the k-th principal minor and A*/° becomes the m — k anti-
principal minor, up to a sign. Hence (2.4) is a consequence of (2.2) and

Lemma 2.4. U
PRrROPOSITION 2.7. — Let f,g be two smooth functions defined on V.
Then

0 0
(2.5) det < > (fg) = > eI, J)Ars <8m> [ Age e (8:5) g
1,Jc{1,2,...,m}
#HI=#]
Proof. — For 0 € &,,
8771
aalcf )8a20(2 8am0(m)

7] 0
- ¥ (k) (k)
1c{1.,2,...m} \iel = o0 ie1e 9o (9)

Now, given I C {1,2,...,m},

2= > )

(fg)

0€G,,  JC{1,2,..,m} 0EG,
HJ=#1 o(I)=J
so that
a(A)(f9)
T ¥ (gs)s (H )o
0EGm 1c{1,2,..,m} \i€l 9aio (i) cre Faio (i)
- Z Z Z ( aaza(z ) ( aaza(z >
I1c{1,2,....m} JC{1,2, .,m} UEG i€l iel°
#I1=#J o(I)=

TOME 67 (2017), FASCICULE 4
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Let
I={iy <ip<---<ig}, J={j<ja<- <jr}
I°={i} <ihy, - <ipp}, T =0 <Jg <ol

As noted after the proof of Lemma 2.5, a permutation o such that o(I) = J
can be written in a unique way as

o= (TVT1)oory

where 7 € &(J), 7. € &(J°). Hence

0
626: (g 3%(») (g 5‘%@)9

o(I)=J
ok f
=e€(1,J) e(1)e(e)
TE%(J) TCG;(JC) aaiﬂ(jl) s 8aik7(jk)
y 8m—kg
8‘11”176(1'1) N 8ai;n7k%(jy/nik)
0 1o}
I,J)A A je [ =— ) g.
=€(1,J) 1J<a >f Ie,J (63:)9
Formula (2.5) follows by summing over I and J. O

There is a similar relative result, allowing to compute Ay ;(fg) for I, J
two subsets of {1,2,...,m}, both of cardinality & < m. Let
IZ{i1<i2<~'~<ik}, Jz{j1<j2<"'<jk}.
A subset P C I (resp. @ C J) of cardinality | < k can be uniquely written
as
P = {ipl <lpy, - < ipz}v resp. @ = {qujqzw - ajqz} .
Set
(P I Q J) ( );D1+pz+ +pz( 1)q1+q2+---+ql )

PROPOSITION 2.8. — Let I, J be two subsets of {1,2,...,m}, both of
cardinality k < m. Let f,g be two smooth functions defined on V. Then

(2.6) A11< >(fg)
- Z e«(P:1,Q:J)Apg (aax)fAI\P,J\Q <§x>g~

PCI
QCJ
#P=#Q

ANNALES DE L’INSTITUT FOURIER
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Proof. — In order to calculate the left hand side of (2.6), it is possible
to “freeze” all variables z;; for (i,7) ¢ I x J. For x € V, let

?,J = 2 = Z’L] S Mat(m,C)7ZU = :L'Zj for (%J) ¢ I'xJ

Then V§ ; ~ Mat(k, C). Now to compute the left hand side of (2.6) at z,
apply (2.5) to the restrictions of f and g to V7 ;. O

PROPOSITION 2.9. — Let s,t € C. Then, for f € C*(VxV) and z,y €
V, such that x,y —x € V*

(2.7)  det <8ax) (det(x)s det(y — z)" f(z, y))

= det(:c)s_1 det(y — :U)t_l (Es,tf) (z,y)

where Ej ; is the differential operator on V x V given by

m

E; f(xz,y) = Z Z pr,0(x, Y8, t) Age, ge (;x) f(z,y)

k=0 I,Jc{1,2,...,m}
#I=#J=Fk

where, for I, J of cardinality k

pra(@yist) = Y (=1)(s)g-n (D)

0<i<k

X Z e(P:1,Q: J)Areup,jeug(x) Ape ge(y — ) .
PCI,QCJ
#P=#Q=l

Proof. — Using (2.5), the statement is equivalent to, for any I,J C
(1,2,...,n}, 4 = #J =k,

e(I,J) det(z)*tdet(y — z) T As <(‘fx> (det(x)S det(y — 1’)t>

a priori defined for z € V* y — z € V* extends as a polynomial in (z,y)
equal to pr j(x,y;s,t).
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Use (2.6) to obtain
A (2 (det 2)*(det(y — z))’
1,J or Y

k
a S
- Z Z «P:1,Q:J)Ar piq (8&0) (det z)*

1=0 PCI,QCJ
#P=#Q=I

x Apo (;ﬂ) (det(y — ))".

By (2.4),

det(z)*TAr p 0 <8ax> (det z)*®
=e(INP,JNQ)(8)k—1 Areup,jeug(x) -

Moreover, as any constant coefficients differential operator, Ay, L( 0

) com-
mutes to translations, so that again by (2.4)

det(y —x) """ Apg ((,i) (det(y — )" = (P, Q)(—1)" (t); Ape g (y — ).
Next, as |I \ P|+ |P| = |I| and |J \ Q| + |Q] = |J|
e(P,Q)e(INP,JNQ)=¢,J).

It remains to gather all formule to finish the proof of Proposition 2.9. O

Let p be a polynomial on V, and let ¢ be the polynomial on V x V given
by ¢(z,y) = p(x—y). Let f be a function on Vx V. Let g be the function on
V x V defined by g(u,v) = f(u,v—u) or equivalently g(x,x+vy) = f(x,y).
Then

(2.8) <q (ai’ ;y) f) (z,y) = (p (;u) g) (2 +y).
In the sequel, for commodity reason, the operator q(a%, a%) will be denoted
by p(35 — 3;)

PrOPOSITION 2.10. — Let s,t € C. For any smooth function on V x V
and for x,y € V*

(2.9) det <86x - (’fg) ((detz)*(det y)' f) (z,y)

= (det 2)*~!(det y)t_lFsﬂgf(x, Y)
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where F ; is the differential operator on V x V given by

i 0 0
Falen) =Y 5 asarsddrs (5 o) o)

k=0 I,JC{1,2,....m}
HT=HT—k

where, for I, J of cardinality k

qr,7(x,y;8,t) = Z (*1)1(3)@—1) (th

0<I<k
x Y eP:1,Q:J)Arupseug(®) Apege(y).
PCI,QCJ
#P=#Q=l
Proof. — Apply the change of variable formula (2.8) to p = det. |

There is a real version of these identities and they are obtained by the
same method used to prove the real Bernstein—Sato identities (see the proof

of (2.3)).

PROPOSITION 2.11. — Let s,t € C. For any f € C>*(V xV) and z,y €
VX

(2.10) [det (aax - gyﬂ (det z)>(det y)"" f(x, y)

= (detx)* ™" (det y) " Fy 1 f(2,y)

3. Knapp—Stein intertwining operators

The definition and properties of the Knapp—Stein intertwining operators
to be introduced later in this section are based on the study of the two
(families of) distributions (detx)®€. In a different terminology, there are
the local Zeta functions on Mat(n,R). Many authors contributed to the
study of these distributions, more generally in the context of simple Jordan
algebras or in the context of prehomogeneous vector spaces (see [3, 4, 9,
14, 18, 19, 20]). For the present situation [1] turned out to be the most
complete and most useful reference.

Let first consider the case where e = +1, and write |det z|® instead of
(det z)®T. Use the notation S(V') (resp. S'(V)) for the Schwartz space of
smooth rapidly decreasing functions (resp. of tempered distributions) on
V. Also define, for s € C

(3.1) I‘V(S)zI‘(s;l)...F(s—;m).
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PROPOSITION 3.1.

(1) For any ¢ € S(V) the integral [, p(z)|det(x)|* dz converges for
R(s) > —1 and defines a tempered distribution Ts y on S(V).

(2) The S'(V)-valued function s — T, 4 defined for R(s) > —1 can be
analytically continued as a meromorphic function on C.

(3) The function s — ﬁTs,+ extends as an entire function of s
(denoted by fs#) with values in the space of tempered distribu-

tions.

Proof. — See [1], especially Theorem 5.12. A careful examination of the
I factors in the normalizing factor Ty (s) shows that the poles are at s =
—1,-2,...ifm>1landat s=—-1,-3,... if m=1. a

For f € §(V), define the Euclidean Fourier transform F f by
Fiw) = [ e ) ay.
v

The Fourier transform is extended to various functional spaces, and in
particular to the space of tempered distributions S’(V'). Recall the elemen-
tary formulee, for p € P(V)

62 (o5 ) 1) =peim )7 Fwh)=p (550 ) -

2im Ox

PROPOSITION 3.2. — The Fourier transform of the tempered distribu-

tion T, 4 is given by
~ m2 ~
(3.3) FTs)=m 7 " T s+
or equivalently
7712
1 Tz M

3.4 ]—'<7 det( . S) = ————|det(.)|]7™7°.
(3.4) By et = oy et

Proof. — See [1, Theorem 4.4 and Theorem 5.12]. O

Now let ¢ = —1. The corresponding results do not seem to have been

written, although they could be deduced from [4]. In our approach, the
results for (det z)® ™" are used to prove those for (detx)® ™.
PROPOSITION 3.3.

(1) For any ¢ € S(V) the integral [, p(z)(detx)>~ dx converges for
R(s) > —1 and defines a tempered distribution Ty _ on S(V).

(2) The S'(V)-valued function s +— T _ defined for R(s) > —1 can be
analytically continued as a meromorphic function on C.
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(3) The function;s — m
(denoted by T, _) with values in S8'(V).

T, extends as an entire function of s

Proof. — As a special case of (2.3), the following identity holds on V*

(3.5) det (ai) (det z)*F5F = (54 1),, (det z)>~ .
Next
Ty(s+1) T(5+1)... T 41)
Ty(s—1)  T(5)...0(=g=)
=927 (5),, = 27 8:’ (s+1)m

Rewrite (3.5) as

—_ ST =97™m 1 2 # s+1,+
oo et =2 S+mdet<ax)<rv(s+1)(detz) )

For Rs large enough, both sides extend as continuous functions on V' and
hence coincide as distributions. Viewed now as a distribution-valued func-
tion of s, the right hand side extends holomorphically to all of C except
perhaps at s = —m. To get the statements of Proposition 3.3, it suffices to
prove that at s = —m the right hand side can be continued as a holomorphic
function. In turn this is a consequence of the following lemma.

LEMMA 3.4.
b ~
(36) det <(9{L'> (T—m+17+) =0.

Proof. — The Fourier transform of the distribution T_m+17+ is equal (up
to a non vanishing constant) to T_; 4 (see (3.3)). Hence the statement of
the lemma is equivalent to

(3.7) (det x) f,l,Jr =0.

But 7T _1,4+ (the “first” residue of the meromorphic function s — T, ) is
equal (up to a non vanishing constant) to the quasi-invariant measure on
the L-orbit O; = {z € V,rank(z) = m — 1} (see [1, Theorem 5.12]). As

01 C {z € V,detx =0}, (3.7) follows. O

This finishes the proof of Proposition 3.3. A careful analysis of the nor-
malization factor sI'y (s—1) shows that T, _ has polesat s = —1,—-2, -3, ...
ifm>1,andat s=—-2,—4,... if m=1. O
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PROPOSITION 3.5.
~ m2 ~
(3.8) F(Ts-)=—i"n 2 "™ T s _.

Proof. — During the proof of Proposition 3.3, it was established that

~ 1 0
T, —2m det () Tory s
s s+m € (ax) +1,+

Hence, using (3.4)

~ 1 m2 ~
F(T,_)=2"m™ — 5 =) (2im)™ (det &) T gy
() =2 n (20m)" (det ) Ty 1.+
which, for generic s can be rewritten as
Yy om2_ o1 1
AT R (detx) T s -1+ -

s+my(-s—m—1)
Next, for R(s) large enough, (detz) Ts + = Tyy1,—, and by analytic contin-
uation this holds for any s where both sides are defined. Use this result to

obtain (3.8) for generic s, and by continuity for all s. O
For (s,e) € C x {£}, let
== ife=1
v(s,€) = {FV(? .
TVeoD ife=-1
so that
(3.9) Toe =7(5,6)Tsc -
Let
T s ife=+1
p(s,€) = o
— M TS ife=—
so that
(3.10) F(Too) = p(s,6) Ts_mec -

The Knapp—Stein intertwining operators play a central role in semi-
simple harmonic analysis (see [11] for general results). The present approach
takes advantage of the specific situation to give more explicit results.

For (A e) € C x {£} consider the following operator (Knapp—Stein in-
tertwining operator) (formally) defined by

(3.11) Tnef () = /V det( — )2V f(y) dy

The operator Jj . verifies the following (formal) intertwining property.
PRrROPOSITION 3.6. — For any g € G,

J)\,e o 7r)\,e(g) = 7r2m7)\,e(g) o J/\,e .
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Proof.
Ine(mre(9)f) (@) = /V (det(z — ) 72" alg™y) M f (97 (y)) dy

which, by using (1.9) and the cocycle property of « can be rewritten as

I _ L1 N=2mAe 1\ omaga®
alg™! x) 2m“’e/ det (g7 (x) — g7 (w) " algThy) TP dy
1%

and use the change of variable z = g=1(y), dz = |a(g~},y)|7?™ dy to get

Ire (’/T)\’é(g)f) (z) = a(g_17x)_(2m_’\)’6/ det (g_l(;v) — z)f2m+/\’€f(z) dz

v
= 7r2m,,\,€(g) (J)\,ef) (.’1?) . H

To pass from a formal operator to an actual operator, notice that the
Knapp—Stein operator is a convolution operator and hence (3.11) can be
rewritten as

J)\,Ef = T—2m+A,e * f .

The study of the distributions T + strongly suggests to define the normal-
ized intertwining operator Jy . by

(3.12) Inef = Toomine * f
for f € S(V), or more explicitly
7, __ v N —2mtA
Tt d@) = g [, et =)l 1)y,

(=2m + /\)Fvi—Zm +A-1) /V(det(x —u) T )y

The representation 7 . is not properly defined on S(V'), but its infinites-
imal version is. In fact, let ¢ € C°(V). For g € G sufficiently close to
the identity, g is defined on the compact Supp(y), so that the following
definition makes sense : for X € g let

d

dmx,e(X)p = (dt) Tae(exptX)ep.
t=0

j,\,—f(x) =

Moreover, it is well known that the resulting operator dmy (X) is a dif-
ferential operator of order 1 on V with polynomial coefficients, hence can
be extended as a continuous operator on the Schwartz space S(V'), and by
duality as an operator on §’'(V'). An operator J : S(V) — §'(V) is said to
be an intertwining operator w.r.t. (mx ¢, Tam—nxe) if for any X € g,

Jodmye(X) = dmam_r(X)o J.
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The next statement is easily obtained by combining the results on the
family of distributions T ., (s, €) € Cx {£} (see Propositions 3.1, 3.3), and
the formal intertwining property.

ProroOSITION 3.7.
(1) the operator Jy . is a continuous operator form S(V) into 8'(V).
(2) the operator Jy ¢ Intertwines the representations my ¢ and Tom— e

(3) the (operator-valued) function \ — j)\76 is holomorphic.

4. Construction of the families D), and B) ;.

Recall the differential operator Fi: on V x V, constructed in Section 2
(Proposition 2.10). Define for s,t € C

(4.1) Hs,t:]-'floFs,t oF

As F,, is a differential operator with polynomial coeflicients, H;; is
also a differential operator with polynomial coefficients. To be more ex-
plicit, according to (3.2), the passage from Fy; to H,, consists in chang-
ing p(%, 6%) to multiplication by p(—2imz, —2imy)), and multiplication by
p(z,y) to the differential operator p(%a%, ﬁa%)' Observe that g, is
homogeneous of degree 2m —k and Aye_je is homogeneous of degree m —k,

where k = #1 = #J. This leads to

i\ — 0 0
(42) Hs7t = (;) Z(_l)k Z hI}J (8‘%7 avs’t)
g k=0 I,Jc{1,2,....m} Y
#I=#J=k

X (AIC’JC (z—y)f(z, y))
where the polynomial hr (&, 7;s,t) is given by

hia(Emst) = Y (Sg—py () Y eP:1,Q:J)
0<i<k PCcI,QcJ
#P=#Q=Il

x Areup,geuq(§) Ape e (n) -
THEOREM 4.1. — The operator Hy,_ ) m—, is G-covariant with respect
t0 (Tx.e © Ty, Ta41,—e ® M1, —n)-

The (rather long) proof will be given at the end of this section. The next
results are preparations for the proof.
Let M be the continuous operator on S(V x V') given by

Mop(z,y) = det(z — y)p(z,y) .
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PROPOSITION 4.2. — The operator M intertwines m . ® m,, and

TA—1,—¢ ®7Tu—1,—7]-
Proof. — Let ¢ € C°(V x V). Let g € G, and assume that ¢ is defined
on Supp(p).
(M o (mrelg) ® m,n(g))w) (z,y)
=det(z —y)alg™ " 2) M alg™hy) " e(gH(2), 97 ()
whereas
((Mr-1.-e(9) © Tum1.-0(9)) © M ) (29)
=det (97! (2) — g7 () alg™ " a) M (g y) I
<97 x) — 97 (y)-
Use (1.9) to conclude that
(M o (mre(g) ® Wﬂm(g))QD = ((7"/\—1,—6(9) ® Tu-1,-n(9)) © M)SD-

For X € g, and for ¢ small enough, g, = exptX is defined on Supp(p).
Apply the previous result to g, differentiate w.r.t. t at t = 0 to get

M o (d(mr.e @ Tpn) (X))o = (d(Tr-1,-¢ @ Tpu—1,-4) (X)) 0 Moo

for any ¢ € C2°(V x V), and extend this equality to any ¢ in S(V x V') by
continuity. O

The next proposition is the key result towards the proof.
PROPOSITION 4.3. — For f € S(V x V)
(4.3) Mo (Jre® Jun)f
= d<(>‘v 6)7 (:U’v 77)) ((J)Hrl,fe & J/JJrl,fn) o H7m+2)\,7m+2u)f7

where d((X,€), (1, 1)) is equal to

am?
(/\—m)...(/\—2m—|—7;)(,u—m)..,(,u_2m+2) e=+1,n=+1
4?2
()‘_m)~-~(2)\—7;m+2)(,u—m) e=+1,np=-1
4
()‘_m)(ﬂ—2M)7.r..(M—2m+2) e=—1,n=+1
o dm?
()\im)ﬁ e=-1,np=-1
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Proof. — As the operators jx,g and fm are convolution operators by
a tempered distribution, the left hand side is well defined as a tempered
distribution on V' x V| and so is its Fourier transform.

In order to alleviate the proof, ci,...,c4 are used during the proof to
mean complex numbers depending on A€, u, 7 but neither on f nor on
(z,y) € V xV. Their actual values are listed at the end of the computation.
By (3.4),

]:((j)\,e ® L,n)f) (z,y) = f(T—2m+)\,e)(x)F(T—Qm-&-u,n)(y)ff(xv Y)

(4.4) -
=1 Tm-xe(@) Ty () Ff(z,y).

Next, for p a polynomial on V x V, and ® € §'(V),

Fow)(e) =p (20 5L (2im) ) (PO,
Hence
@5) F(M o (Fhe® Jun)f) @)
= ¢1c det (53; - 6811) ((detz)™ *(det y)™ " F f(z,y)) -

Assume temporarily that R\, Ry < 0 so that (det z)™~¢(det y)™—H"
is a sufficiently many times differentiable function on V' x V. Then, use
Proposition 2.11 to get

(4.6) F(M o (Jae® Jun)f)(@,y)
= crep(det @)™ M=) (det y) WD, (FF) (2,y)

the equality being valid a priori on V> x V> but thanks to the assumption
on A and p it extends to all of V' x V. Next, by the definition of the operator
Hs,t7
(4.7) F(Mo (Jre® Jun)f)(w.y)

= c1co(det x)m_)‘_l’_“)(det y)m_“_l’_"]—'(H_m+2,\,_m+guf) (z,9)

C1C2C3 Tmf)\fl,fe(x) Tmfpfl,fn(y) J—'.(Hmf/\,mf,uf) (1’7 y) .

Use inverse Fourier transform and (3.10) to conclude that

(48) Mo (j)\ & ju)f = C1C2C3Cy ((j)\—&-l,—s & j,u+1,—'r]) o Hm—)\,m—u) f
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The values of the constants c1, co, c3 and ¢4 are given by

cr = p(=2m+ A €) p(—=2m + p,n)

ez = (=1)"(2m) 72"y (m — X, €) y(m — p,m)
1

Ym—=A=1,—€)y(m—p—1,-n)
1

A+ L=y (p 1, )
so that cicocsey is equal to

C3 —

Cq

2

7T4m
A—m)...(A—2m+2)(u—m)...(u—2m+2) g
2—mﬂ_4m2
O —m). O —2m+2)(i—m) €=+hm
2—m7.(.4m2
C—m)(i—m) .. (i —2m+2) e=-bn=+
272m7.(.4m2
A — — 1p=-1.
A= m)(u—m) T

By analytic continuation, (4.3) holds for all A, u, thus proving Proposi-
tion 4.3. Incidentally, notice that the last step implies the vanishing of
((JA-s-l,—e ® Jyt1,—n) 0 H_m+2)\’_m+gu) at the poles of d((/\, €), (i, 77)) O

To finish the proof of Theorem 4.1, note that, by Lemma 4.2 and Propo-
sition 3.7 the operator M o (j)\,6 ® ju,n) is covariant with respect to (7 ®
Tum), (Tom—-r—1,—¢ ® Tom—pu—1,—y). Using Proposition 4.3, this implies,
generically in (A, p) that for any f € C°(V x V) and any g € G which is
defined on Supp(f),

(Drt1,—e @ Tut1,—n) © (Tas1,—e(9) @ M1, —(9)) © Homron —moan) f
= (Jat1,—e @ Jut1,-¢) © Hinxm—p © (Tre(9) ® T (9)) f -
Generically in (A, u), the convolution operator j,\+1,,e®ju+1,,n is injective
on C°(V) as can be seen after performing a Fourier transform, so that
((mrt1,-e(9) @ Tug1,—n(9)) © Hm—xom—p) f
= (Hm*/\,mfu ° (77/\,6(9) ® Wum(!])))ﬁ

The covariance of H,,—x m—, follows, at least generically in A, ;1 and hence
everywhere by analytic continuation. This completes the proof of Theo-
rem 4.1.
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For convenience in the sequel, let shift the parameters in the notation by

setting
Dy,=Hpxm—pu-

Perhaps is it enlightening to state a version of Theorem 4.1 in the compact
picture. Going back to the notation of the Introduction, the (outer) tensor
product &y [XE,, ;, can be completed to a space &y ¢, () of smooth sections
of the line bundle E) , X E, , over X x X. The operator M can also be
transferred as a continuous operator from & ¢y, (u,n) 60 Ex—1,—¢),(u—1,—1)-
Denote by I At Exe into Eg— 1, the normalized Knapp-Stein operator,
which corresponds to .7)\75 in the principal chart. The formulation to be
given below is a consequence of Theorem 4.1, using the well-known fact that
the Knapp-Stein intertwining operators are invertible, at least generically
in A, the inverse of I,\ ¢ being equal (up to a scalar) to Toum— Ae-

THEOREM 4.4. — The operator Dy ¢ (u,n) defined as

D(A,e),(/t,n) = (Ime)\fl,fe ® 12m7p71,777> oMo (I)\,e ® fy,.,n)

which, by construction intertwines mx ¢ @ Ty, and Txy1,—e ® Tyq1,—y (a8
representations of G) is a differential operator on X x X.

Let res : C®°(V x V) — C*°(V) be the restriction map defined by

res(p)(z) = p(x, z).
For any A, e and u,n in C x {£}, the restriction map intertwines the rep-
resentations my c ® 7, and Tayy en-
Let A, € C, and k € N. Let By 1 : C®°(V x V) — C°(V) be the
bi-differential operator defined by

Bk =resoDy g 1,u4k-100Dx,.

The covariance property of the operators Dy ,, and of res imply the follow-
ing result.

THEOREM 4.5. — Let (), €), (1, m) be in C x {£}. The operator By ;.1
is covariant w.r.t. (Tx,e ® Ty, Tatpt2k,en)-

A remarkable fact is that whereas the operator H) , has polynomial
functions as coeflicients, the operator B) ;. has constant coeflicients, i.e.

is of the form al+[8]
a [e%
— E Qo _— T,T
¥ = ,B (ayaazlg (»0) ( )

where aq g are complex numbers. In fact, this is merely a consequence of
the invariance of the Bj ,;, under the action of the translations (action
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of N). More concretely,this is due to the vanishing on the diagonal diag(V)
of many of the coefficients of the operators H} ,,. It seems however difficult
to find a closed formula for the coefficients of Bj ;.. except if m = 1.

5. The case m =1 and the ()-process

For m = 1, a simple calculation yields

2
(5.1) Fo f = (—te+sy)f +zy (&fay) f
1 0 o 82f
(5.2) Hoof =5 <—(t g f (s - 1)a*yf —(z— y)8968y>
1 0 0 2
) Prn = i (“896 "y Y (91‘8?}) '

There is a relation with the Q-process, which we now recall following the
classical spirit (see e.g. [15]), but in terms adapted to our situation.

Let (A, €) € Cx{+x} and let F . be the space of smooth functions defined
on R? \ {0} which satisfy

Vi S R* F(txl,tl‘g) = tiA’EF(Jfl,LEQ) .

To F' € Fy,. associate the function f given by f(z) = F(z,1). Then f is
a smooth function on R, and F' can be recovered from f by

)

at least for x5 # 0 and then extended by continuity.

Let g € SLa(R) and let g~ = <(z Z

—Xe X
F(ay,a2) = a3 ™ f(=
T2

> . The function Fog~! also belongs
to Fa,e, and is explicitly given by
Fog Yay,x2) = Flaxy + bxa, cxy + das) .

Its associated function on R is given by

+b
Fog™)(x,1) = Flaz + b,cx + d) = d)y~ref (2
(Fog™ ) = Flaa + b.co ) = (ea + ) (250

so that the natural action of G = SL(2,R) on F) . is but another realization
of the representation 7y .

Now let (A,€),(u,m) € C x {£} and consider the space F(y ¢, (un) Of
smooth functions F on R? \ {0} x R? \ {0} which satisfy

Vta s € R*a F(t(xbe)? S(ybyQ)) = t_)\763_ﬂ7nF((x1>x2)7 <y17y2)) .
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The group SLs(R) acts naturally (diagonally) on F
yields a realization of 7 . ® 7, . More explicitly, let

f(x,y) = F(('T7 1)7 (y’ 1)) :

Then for g € SLy(R) such that g=! = (Z Z)

.(uu,m)» and this action

Fog ' ((z,1),(y,1)) = (cx +d) ™ (cy +d)~""f <ax+b ay—|—b>.

cx+d’ ecy+d

1 Y

T2 Y2
so is the differential operator

The polynomial det ( ) is invariant by the action of SLy(R) and

62 82
2= 6%‘182}2 B 8m28y1 '
The operator  maps F(x ), (1) 10 F(A+1,—e),(u+1,—n) and yields a covariant
differential w.r.t. (mx e ® T, Tat1,—e ® Tusi,—n)-
Let F' € F(xe),(un)- As above, let f be the function on R X R obtained by
deshomogenization of F i.e. f(x,y) = F((x,1),(y,1)). The corresponding

differential operator on R x R is given by
0*f
0xdy’

annf (o)) = (OF) (0 1), (1)) = ~n 5L 4 2Z + 0 =)

independently of € and 7, so that D) , = —2imwy ,.

For k € N, let Ry, : C®(R? x R?) — C°°(R?) be the bi-differential
operator given by Ry, = reso Q¥ or more explicitely
(5.4) eV, RLF(z) = QFF(z,2)

The operator Rj commutes to the action of SL(2,R). If ' belongs to
Fixe),(u.m)» the function Ry F' is homogeneous of degree (A + i+ 2k, en). By
deshomogenization, the corresponding operator is

T sk = TESOWA k-1 putk—10" " OWry

so that By .., = (—Qiﬁ)kTA,u:k~
A classical computation in the theory of the Q-process yields an explicit
expression for ry , k

- (A= (—p—-d) 9
(5.5) Tauck = reso (k! Z (_1)]( J >< i )&Uiayj

i+i=k

The computation can be found in [16], where the indices A and p are sup-
posed to be negative integers, but the computation goes through without
this assumption.
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Two special cases are worth being reported, both corresponding to cases
where the representations 7y ¢, 7, , are reducible.
Suppose that A = k € Z. Choose € = (—1)*, so that for any t € R*, t*¢ =

t*. Then for g € G such that g~ = (Ccl Z)

T (—1r (9)f(2) = (ca+d) ™ f (w I Z) '

Let first consider the case where A € —N, say A = —I[, ] € N. Then the space
P, of polynomials of degree less than [ is preserved by the representation
T_y,(—1y Similarly, let 4 = —m for some m € N. Let p € P, q € Py,. Let P
(resp. Q) be the homogeneous polynomial on R? obtained by homogeniza-
tion of p (resp.q). For k < inf(l, m), the function Ry (P®Q) is a polynomial
which is homogeneous of degree [+m — 2k and which in the classical theory
of invariants is called the k** transvectant of P and @ usually denoted by
[P, Q)i So B_j _m: just expresses the k-th transvectant at the level of
inhomogeneous polynomials.

Now suppose that A = [,] € N. Then restrictions of holomorphic func-
tions to R are preserved by the representation m; (_1y.. Suppose also p =
m € N. Then the operators D;,, and Bj, 1, extended as holomorphic
differential operators are still covariant under the action of G. If f is an
automorphic form of degree [ and g of degree m, then the covariance prop-
erty of By . implies that By, 1 (f ® ¢) is an automorphic form of degree
I+m+2k. The operators B ., essentially coincide with the Rankin—-Cohen
brackets, as easily deduced from formula (5.5).

6. The general case and some open problems

When m > 2, the Q-process can be extended along the same lines
(see [16]). Let Fy . be the space of functions F : V x V which are de-
terminantially homogeneous of weight (), €), i.e. satisfying

VyeGL(V)  F(av,yy) = (dety) M F(z,y).

To such a function F, associate the function f on V defined by f(x) =
F(z,1,,). Then F' can be recovered from f by

(6.1) F(z,y) = (dety) M f(ay™"),

at least when y € V> and everywhere by continuity.
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The group G = SL(2m,R) acts on V x V by left multiplication, i.e. if

_fa b
9=\¢ 4
T ax + by
— = .
(9, (@,9)) —> g (y) (Cx N dy)
The determinantial homogeneity of functions is preserved by this action,

and hence the representation of G on F) . is but another realization of
T, as can be seen by transferring the action through the correspondance

F +— f given by (6.1). Using this time the polynomial dets,, (xl yl), an
T2 Y2
operator §) can be defined along the same line as in the case m = 1. As

the action of G commutes to the action (on the right) of GL(V'), Q maps
Fre @ Fy .y into Fayr,—e ® Fq1,—y and is covariant for the action of G.
Again, using the correspondence F' — f, Q lifts to a differential operator
on V x V which is covariant w.r.t. (mae ® Ty, Tat1,—e @ Tput1,—y) and
which can be used for defining the covariant bi-differential operators. It
is not clear wether the two approaches coincide, as computations get very
complicated.
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