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DISTINCTION OF THE STEINBERG
REPRESENTATION III: THE TAMELY RAMIFIED
CASE

by Francois COURTES' (*)

ABSTRACT. Let F' be a nonarchimedean local field, let E be a Galois qua-
dratic extension of F' and let G be a quasisplit group defined over F'; a conjecture
by Dipendra Prasad states that the Steinberg representation Sty of G(F) is then
x-distinguished for a given unique character x of G(F'), and that x occurs with
multiplicity 1 in the restriction of Stg to G(F'). In the first two papers of the series,
Broussous and the author have proved the Prasad conjecture when G is F-split
and E/F is unramified; this paper deals with the tamely ramified case, still with
G F-split.

RESUME. —  Soit F' un corps local non archimédien, soit E une extension ga-
loisienne quadratique de F' et soit G un groupe quasi-déployé défini sur F'; d’apres
une conjecture de Dipendra Prasad, la représentation de Steinberg Sty de G(F)
est alors x-distinguée (relativement & G(E)/G(F)) pour un unique caractére x de
G(F), et x apparait avec multiplicité 1 dans la restriction de Sty & G(F'). Dans
les deux premiers articles de la série, Broussous et I'auteur ont démontré la conjec-
ture de Prasad pour G F-déployé et E/F non ramifiée; cet article traite le cas
modérément ramifié, toujours avec G F-déployé.

1. Introduction

Let F' be a nonarchimedean local field with finite residual field, let E be
a Galois quadratic extension of F' and let G be a reductive group defined
over F. Let Gg (resp. GF) be the group of E-points (resp. F-points) of G
and let m be a smooth representation of G g; we say that 7 is distinguished

Keywords: p-adic algebraic groups, Steinberg representation, distinguished representa-
tions, tame ramification.
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with respect to the symmetric space Gg/Gp if the space Homg, (7, 1),
where 1 is the one-dimensional trivial representation of G, is nontrivial.
This article deals with the important particular case of the distinction of
the Steinberg representation of Gg.

In [16], Dipendra Prasad has proved that when G = G Lo, the Steinberg
representation Stg of Gg is not distinguished with respect to Gg/Gp; on
the other hand, if we set x = ep,podet, where e/ p is the norm character of
E*/F*, the space Homg,. (Stg, x) happens to be of dimension 1. For that
reason, the definition of distinguishedness will be extended the following
way: let x be any character of Gp; we say that w is x-distinguished with
respect to Gg/Gp if Homg, (7, x) is nontrivial.

In [17], Prasad has stated a conjecture about the distinction of the Stein-
berg representation which generalizes his result of [16]; the conjecture, as
initially stated, concerns quasisplit groups, but can be extended to any
connected reductive group (see [18]). Let G be the adjoint group G/Z,
where Z is the center of G, and let x4 be some given character (depending
on E/F) of the group G4 of F-points of G, called the Prasad char-
acter (see [17] for the definition of the Prasad character in the case of a
F-quasisplit group, and [18] for its extension to the general case. Note that
since this article only deals with F-split groups, we will simply use [17] as
a reference for its definition.) We then have:

CONJECTURE 1.1 (Prasad). — The representation Stg is Xqq-distin-
guished with respect to G(F), and Homgaa(py(StE, Xaa) is one-
dimensional. Moreover, Stg is not x’-distinguished for any character x’
of G*(F) distinct from Y,q.

It is not hard to see that the above conjecture is equivalent to the same
one with G,4 replaced with G and x,q with the Prasad character x of
Gr. The result has been proved for G = GL,, and F of characteristic 0 by
Anandavardhanan and Rajan ([1]), and more recently by Matringe for G
being an inner form of GL,, and F of characteristic different from 2 ([15]).
It has also been proved for any F-split G by Broussous and the author
([5] and [10]) when E/F is unramified; the present article deals with the
tamely ramified case. More precisely, we prove the following results, which
are the respective analogues of [5, Theorems 1 and 2]: let x be the Prasad
character of G relative to E/F’; we have:

THEOREM 1.2. — Assume G is split over F' and E/F is totally and
tamely ramified. The Steinberg representation Stg of Gg is then x-distin-
guished with respect to Gg.
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THEOREM 1.3. — With the same hypotheses, the character x occurs
with multiplicity at most 1 in the restriction to Gg of Stg, and Stg is not
x'-distinguished for any character X' of G distinct from x.

By the previous remarks we do not lose any generality by assuming that
G is semisimple and adjoint. To make proofs clearer, we even assume that
G is simple, the general case of semisimple groups being easy to deduce
from the simple case.

The proof uses the model of the Steinberg representation that was already
used in [5]: the Steinberg representation can be viewed as the space of
smooth harmonic cochains over the set of chambers of the Bruhat—Tits
building of Gg, with G acting on it via its natural action twisted by a
charater ¢ (defined in Section 3), whose restriction to Gr happens to be
trivial when E/F is ramified (Proposition 3.2). To prove Theorem 1.2, we
thus only need to exhibit a (G, x)-equivariant linear form on that space, as
well as a test vector for that form. This is done in Subsections 7.2 and 7.3.
We prove the convergence of our linear form and the existence of a test
vector with the help of the Poincaré series of affine Weyl groups (see [14,
§3]), which allows us to get rid of the condition on ¢ we had to impose in [5]:
the trick should work in the unramified case as well, which would lead to
a simpler proof than the one given in [5] and [10]. The author thanks Paul
Broussous and Dipendra Prasad for suggesting him to use these series.

To prove Theorem 1.3, as in [5, §6], we prove the equivalent result that
the space of G r ger-invariant harmonic cochains on the building X g, where
GF der is the derived group of G, is of dimension at most 1 (Sections 5
and 6). We will proceed by induction on the set Chg of chambers of Xg,
as in [5], but since it turns out that contrary to the unramified case, the
support of our harmonic cochains is not the whole set Chg, the induction
we use here is quite different from the one of [5].

We start by partitioning the set of chambers of Xg into F-anisotropy
classes the following way: set I' = Gal(E/F'). For every chamber C, there
exists a I'-stable apartment A of Xg containing C' and an E-split F-torus
T attached to A (Proposition 4.1, see also [12]); A and T are not unique,
but the F-anisotropy class of T' does not depend on the choice of A (Corol-
lary 4.9), and we define the F-anisotropy class of C' as that class. Our goal
is to prove Theorem 1.3 with the help of an induction on these classes.

Contrary to the unramified case, when F/F is ramified, the building X
of G is not a subcomplex of the building X g of G, but if we consider their
respective geometric realizations Br and Bg, the former is still the set of I'-
stable points of the latter, at least when E/F is tamely ramified, and we can
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thus consider the set C'hy of chambers of X whose geometric realization
is contained in Bp; that set is obviously Gp-stable, but in the ramified
case, it contains more than one Gpg-orbit of chambers. We thus first have
to prove that the restrictions of our G'r ge,-invariant harmonic cochains to
Chy are entirely determined by their value on some given element of Chy.

It quickly turns out that we have to treat the case of groups of type
Ag, separately from the other cases. In the case of type Ag,, the G ger-
invariant harmonic cochains are identically zero on C'hy outside a particular
orbit of chambers that we call Ch. (Corollary 5.3). We then use an induc-
tion (similar in its basic idea to the one of [5, §6], but technically quite
different) to prove that these harmonic cochains are entirely determined by
their constant value on Ch,., which proves Theorem 1.3 in this case (Corol-
lary 5.17). In the proof of Theorem 1.2, our linear form A has its support
on Ch,., and our test vector is the Iwahori-spherical vector ¢¢ relative to
some given chmnber C' in Ch.; we also compute explicitly the value of
A éc) (Proposition 7.5).

In the case of groups of type other than As,, the G g4 -invariant har-
monic cochains are identically zero on the whole set Chy (Corollary 5.3
again). In fact, it turns out that we can prove with our induction that
these cochains are identically zero on the whole set Chg outside a unique
F-anisotropy class Ch,, on which the induction fails; that class corresponds
to the E-split tori of G whose F-anisotropic component is of maximal di-
mension (Corollary 5.16); we thus may use as a starting point for a new
induction the subset ChQ of the elements of Ch, which contain a I'-fixed
facet of X of the greatest possible dimension; we prove in a similar way
as in [5, §6] that the G g 4, -invariant harmonic cochains are entirely deter-
mined by their values on Ch? (Corollary 5.6), then we check that the space
of the restrictions to Ch? of our G F,der-invariant harmonic cochains is of
dimension at most 1 (Section 6). That part of the proof is rather technical
because ChY does not consist of one single G ge,-orbit in general; it is also
the reason why, to prove Theorem 1.2, the test vector we choose in Sub-
section 7.3 is not an Iwahori-spherical vector. (Note that at the end of the
paper (Corollary 7.33), we prove that an Iwahori-spherical vector attached
to some given element of Ch? works as well, but using it as a test vector
in the first place leads to a more complicated proof.)

The model used in this article and the previous ones can probably be
used as well for the remaining cases. For groups whose E-rank and F-
rank are the same, the induction should work the same way. For groups
whose E-rank and F-rank are different, the induction has to be modified
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to take into acccount the fact that the apartments of Br are now proper
affine subspaces of the apartments of By, but the same basic principle still
applies.

The author also expects it to be possible to use the same model and a
pretty similar proof to prove the Prasad conjecture in the wildly ramified
case as well, but in that case, additional technical problems arise. The
main two are the following ones: firstly, it is not true anymore that every
chamber of X is contained in a I'-stable apartment; that problem can be
adressed by considering, for chambers which do not satisfy that condition,
I'-stable parts of apartments instead of whole apartments, but we still need
to extend the result of Proposition 5.5 to these bad chambers. Secondly, in
the tamely ramified case, the geometric realizations of the I'-fixed subspaces
of such apartments are always contained in Bg; this is not true anymore
when E/F is wildly ramified, which makes dealing with the values of the
harmonic cochains on ChY even more complicated than it already is in the
tamely ramified case.

This paper is organized as follows. In Section 2, we define the notations
we use throughout the paper. In Section 3, we give the definition of the
Prasad character x, and we check that the x-distinction of the Steinberg
representation is equivalent to the y-distinction of the natural representa-
tion of G on the space of the smooth harmonic cochains over its Bruhat—
Tits building Xg. In Section 4, we separate the set of chambers of Xg
into F-anisotropy classes. In Section 5, we determine the support of the
G F,der-invariant harmonic cochains, and we prove Theorem 1.3 in the case
of a group of type As,; for other types, we reduce the problem to a similar
assertion over ChQ. In Section 6, we deal with ChQ and finish the proof of
Theorem 1.3 for groups of type different from As,. In Section 7, finally, we
prove Theorem 1.2.

2. Notations

Let F' be a nonarchimedean local field with discrete valuation and fi-
nite residual field. Let E be a ramified Galois quadratic extension of F;
E/F is totally ramified, and is tamely ramified if and only if the residual
characteristic p of F' is odd.

Set I' = Gal(E/F); we denote by ~ its nontrivial element. We denote by
Ng/p : « = xy(x) the norm application from E to F.

Let O (resp. Op) be the ring of integers of F' (resp. F), and let pp
(resp. pg) be the maximal ideal of Op (resp. Of). Let kr = Op/pr
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(resp. kg = Og/pr) be the residual field of F (resp. E); since E/F is
totally ramidied, kg and kp are canonically isomorphic. Let ¢ = g = qp
be their common cardinality.

Let wg be a uniformizer of E, and set wp = Ng,p(wg). Since E/F is
totally ramified, wpg is a uniformizer of F'.

Let v = vp be the normalized valuation on F' extended to E; we have
v(F) = ZU {400} and v(E) = 1Z U {+o0}.

Let G be a connected reductive group defined and split over F. We fix
a F-split maximal torus Ty of G and a Borel subgroup By of G containing
To; By is then F-split too. Let ® be the root system of G relative to Tp; in
the sequel we assume @ is irreducible. Let ®* be the set of positive roots
of ® corresponding to By, let A be the set of simple roots of ®* and let
ap be the highest root of ®*. We also denote by ® the set of coroots of
G /Ty, and by W the Weyl group of ®.

A Levi subgroup M of G is standard (relatively to Ty and By) if To € M
and M is a Levi component of some parabolic subgroup of G containing By.
A root subsystem @’ of ® is a Levi subsystem if it is the root system of some
Levi subgroup of G containing Ty; ®' is standard if that Levi subgroup is
standard, or in other words if ®’ is generated by some subset of A.

For every algebraic extension F’ of F and every algebraic group L defined
over F’, we denote by Lg/ the group of F’'-points of L.

For every algebraic extension F’ of F, let Xp: be the Bruhat—Tits build-
ing of Gp:: Xp/ is a simplicial complex whose dimension is, since G is
F-split, the semisimple rank d of G. We have a set inclusion Xp C Xg
compatible with the action of Gr, but contrary to the unramified case,
that inclusion is not simplicial. (Note that there exist isomorphisms of sim-
plicial complexes between X g and X g, but these isomorphisms are neither
canonical nor useful for our purpose.) For that reason, we work most of the
time with the geometric realization By (resp. Bg) of Xp (resp. Xg).

We have an inclusion By C Bg, and for every x € Xp, x has the same
geometric realization in both Br and Bg. Once again, the inclusion is not
simplicial: a facet of Bp is usually the (disjoint) union of several facets
of Bg of various types. Moreover, when E/F is tamely ramified, Bp is
precisely the set of I'-stable points of Bg; this is not true when E/F is
wildly ramified.

For every facet D of X (resp. XF), we denote by R(D) its geometric re-
alization in Bg (resp. Br). Similarly, if A is an apartment of X g (resp. Xr),
we denote by R(A) its geometric realization in Bg (resp. Br). Note that D
can be a facet of both X and Xy at the same time only if it is a vertex,
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and A cannot be an apartment of both Xz and X at the same time, hence
there is no ambiguity with the notation.

Since Gg and Gr have the same semisimple rank, every apartment A4
of Br is also an apartment of Bg. Note that the apartments Ag of Xg
and Ar of X whose geometric realization is A are different; we though
have the (nonsimplicial) set equality Ap = Ag N Xpr. We denote by Ay the
apartment of Br (and also of Bg) associated to T, and by Ao g (resp. Ao r)
the apartment of Xg (resp. Xr) whose geometric realization is Ay.

For every subset S of Bg, let Kg g (resp Kg ) be the connected fixator of
S'in Gg (resp. Gr); this is an open compact subgroup of Gg (resp. Gp). If
D is a facet of Xg (resp. Xr), we also write Kp g (resp. Kp, r) for Kg(p) g
(resp. Kg(py,r). If now X is any subset of Xg (resp. Xr), we define Kx
(resp. Kx ) as the intersection of the K g (resp. K; r), ¢ € X it is easy
to check that this definition is consistent with the previous one when X
is a facet. Finally, if T is a maximal torus of G defined over E (resp. F),
we denote by Kp g (resp. K ) the maximal compact subgroup of Tg
(resp. TF); it is easy to check that if Ag (resp. Ap) is the apartment of X
(resp. X ) associated to T, we have K g = Ka, g (vesp. Kpp = K4, F).

We say that a vertex x of Xg (resp. Xp) is E-special (resp. F-special)
if x is a special vertex of Xg (resp. Xp), or in other words, if the root
system of the reductive quotient K, p/K? o (resp. K, r/K} p) relative to
some maximal torus, where K g, r (resp. K 2’ ) is the pro-unipotent radical
of K, g (resp. K r), is the full root system ® of Gg (resp. Gr). Special
vertices always exist (see [3, §3, Cor. to Proposition 11] for example). We
also say that a vertex of Bg (resp. Br) is E-special (resp. F-special) if it
is the geometric realization of some E-special (resp. F-special) vertex of E
(resp. F).

It is easy to prove that every F-special vertex of Xp is also E-special,
but the converse is not true: E-special vertices of X are not necessarily
F-special, and some E-special vertices of X do not even belong to Xp.

We fix once for all a F-special vertex xg of Ag g. We can identify Ay
with the R-affine space (X.(T)/X.(Z)) ® R, where Z is the center of G,
by setting the origin at x(; the elements of ® are then identified, via the
standard duality product < .,. > between X*(7T") and X, (T), with affine
forms on A, and the walls of 4y as an apartment of Br (resp. Bg) are
the hyperplanes satisfying an equation of the form a(x) = ¢, with a € ®
and ¢ € Z (resp. ¢ € 3Z). Moreover, every facet D of Ag r (resp. Ao g) is
determined by a function fp from ® to Z (resp. %Z) the following way: for
every a € ®, fp(a) is the smallest element of Z (resp. 1Z) which is greater
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or equal to a(z) for every x € R(D). If D is a facet of Ay p (resp. Ao g),
fp satisfies the following properties:

e fp is a concave function, or in other words:
— for every a € @, f(o) + f(—a) > 0;
— for every a, 8 € ® such that a+ 3 € @, f(a+) < f(a)+ f(B).
o for every a € @, f(a) + f(—a) <1 (resp. 3);
e if D is a F-special (resp. E-special) vertex, then for every a € ®,
f(a) + f(—a) = 0. If D is a chamber of Xp (resp. Xg), then for
every a € ®, f(a)+ f(—a) =1 (resp. 1).

Note that if D is a FE-special vertex of Xg belonging to Xz but not
F-special, the functions fp attached to D as a facet of respectively Xg
and Xp are different. For these particular vertices, we have to denote by
respectively fp g and fp r these two functions. In all other cases, either
D is a facet of only one of the two buildings or the concave functions are
identical, and there is then no ambiguity with the notation fp.

We denote by Cp r the chamber of X such that K¢, ,. is the standard
Iwahori subgroup of Gg (relative to Ty, ®* and zg), or in other words
the chamber of AY whose associated concave function fco. is defined by
f(a) =0 (resp. f(a) = 1) for every positive (resp. negative) a. We also set
Co,r = R(Co,r).

For every a € @, let U, be the root subgroup of G attached to «, and let
¢o be the valuation on U, g defined the following way: for every u € U, g,
¢a(u) is the largest element of 17 such that u fixes the half-plane a(z) < @q
of Ay pointwise. (By convention, we have ¢, (1) = +00.) Obviously, the
valuation on U, r defined in a similar way is just the restriction of ¢,
to Uq,r, hence there is no ambiguity with the notation. The quadruplet
(G, Ty, (Un)acd, (Pa)acs) is a valued root datum in the sense of Bruhat—
Tits (see [7, L. 6.2]).

Now we give the definition of the harmonic cochains that we will be using
throughout the whole paper. Let Chg be the set of chambers of Xg, and let
H(X ) be the vector space of harmonic cochains on Chg, or in other words
the space of applications from Chg to C satisfying the following condition
(called the harmonicity condition): for every facet D of codimension 1 of

Yo fe)=o.

CeChy,DCC

The group Gg acts naturally on H(Xg) by g.f : C — f(g71C). For ev-
ery subgroup L of Gg, we denote by H(Xg)Y the subpace of L-invariant
elements of H(Xg). We also denote by H(Xg)> the subspace of smooth

X g, we have:

ANNALES DE L’INSTITUT FOURIER



DISTINCTION OF THE STEINBERG REPRESENTATION III 1529

elements of H(Xg), which is the union of the H(Xg)X, with K running
over the set of open compact subgroups of G.

3. The characters y and ¢

Let x be the character of G defined the following way: let p be the half-
sum of the elements of ®*. By [4, §I, Proposition 29], for every element
aV € VY, < p,a¥ > is an integer, hence < 2p,a" > is even; we deduce
from this that for every quadratic character i of F* the character n o 2p
of (Tp)F is trivial on the subgroup of (Tp)r generated by the images of
the oV, which is the group (To)r N GF,der, Where Gp g4er is the derived
group of Gr; no2p then extends in a unique way to a quadratic character
of (I0)rGraer = Gr; it is easy to check that such a character does not
depend on the choices of Ty, By and ®+.

Let eg/p be the quadratic character of F™* associated to the extension
E/F: for every v € F*, eg/p(z) = 1 if and only if x is the norm of an
element of £*. Let x be the character eg,r o 2p extended to Gp.

PrOPOSITION 3.1. — The character x of G is the Prasad character of
G relative to the extension E/F.

Proof. — According to [10, §2], the Prasad character is of the form
ep/F © Xo for some xo € X*(G), and we deduce from [10, Lemma 3.1]
that xo is trivial if and only if p € X*(T'). On the other hand, since eg/p
is of finite order, eg/r o xo factors through a subgroup of finite index Gy
of Gp, and in particular the proposition holds when the quotient Gr/Gq
is cyclic. By [4, plates I to IX, (VIII)], that condition is satisfied as soon as
® is not of type Dy with d even,

Assume then @ is of type Dy, with d = 2n being even. By [4, plate IV,
(VID)], we have:

p= <z_: (2ni — i(i ; D a¢)> + @(agnq + agp).

When n is even, p belongs to X*(T') and y is then trivial, hence the propo-
sition holds again. Assume now n is odd. Then by [10, §5], we have for
every g € Gp:

x(9) = €g/F © (Q2n—1 + @2,)(9),

TOME 67 (2017), FASCICULE 4
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and using the above expression of p, we obtain, given that e, p is quadratic:
2n—2
ep/ro2p(9) =€p/r o Z (4ni —i(i — 1))ai(g)
i=1
+ep/Fo ’17,(27’L - 1)(0[27171 + agn)(g)

=EE/F° (an—1 + az2,)(9).
Hence x and g, F o xo are equal, as desired. g

Note that, since we are dealing with a ramified extension here, the sub-
group Gy of Gp we are using in the above proof is not the same as in [10],
but this is of no importance: once we are reduced to a finite group, that
group, up to a canonical isomorphism, depends only on ¢ and not on E
and F, and the proof works exactly the same way in the ramified and
unramified cases.

Let now e be the character of Gg defined the following way: let g be
an element of Gg and let C' be a chamber of Xg. Since X is labellable
(see for example [6, IV, Proposition 1]), there exists a canonical bijection
A between the vertices of C' and the vertices of gC, and the application
x +— gA\~!(z) is then a permutation of the set of vertices of gC. We set
£(g) to be the signature of that permutation; it is easy to check (see [5,
Lemma 2.1(i) and (ii)]) that € is actually a character of Gg and that it
does not depend on the choice of C.

Let (mg,H(XE)™) be the representation of Gg defined the following
way: for every g € Gg and every f € H(Xg)*, we have:

75(g)f : C € Chp — e(g)f(g70).
By [5, Proposition 3.2], the representation (7g, H(Xg)>®) of Gg is equiv-
alent to Sty ® €. On the other hand, when E/F is ramified, we have:

PROPOSITION 3.2. — The character ¢ is trivial on Gp.

Proof. — Let K, r be the maximal compact subgroup of (Tp)p, and
let X7, r be the subgroup of T, whose elements are the {(wr), with
¢ € X,.(Tp). From the decomposition F* = w?0% of F*, we deduce the
following decomposition of (Tp)p:

(To)r = K1y, r X1y, F-
Since Gp = G 4er(To)F, we finally obtain the following decomposition:

Gr = Graer K1y, r X1, F-

Now consider the restriction of the character € to Gp. Since Gp ger is
contained in Gg der, € is trivial on G ger; since K, g fixes every chamber
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of (Ap)g pointwise, ¢ is also trivial on that group, and in particular on
K, r; finally, X, p is generated by the {(wp), £ € X..(Tp); since wp is
the product of w? with some element = of O%, for every ¢ € X.(Tp), we
have £(wp) = {(wr)?é(x)), and since £(x) € K1, p and ¢ is quadratic and
trivial on K, g, we obtain €(¢(wp)) = 1. Therefore, ¢ is trivial on X, r,
hence on Gy and the proposition is proved. O

COROLLARY 3.3. — The restriction to Gp of the representation m'

given by the natural action of Gg on H(Xg) is isomorphic to the restriction

COROLLARY 3.4. — For every character x of Gp, Homg,.(Stg, x) and
Homg,, (n'z, x) are canonically isomorphic.

This last corollary proves that when E/F is ramified, the y-distinctions
of Stg and 7/, with respect to Gg/GF are two equivalent problems. For
that reason, in the sequel, we work with 7, instead of Stg.

4. The anisotropy class of a chamber

In this section, we classify the chambers of Xg according to the F-
anisotropy classes of E-split F-tori of G, at least when E/F is tamely
ramified.

First we have to prove that for every chamber C, there exists a E-split
maximal F-torus of G such that C is contained in the apartment of Xg
associated to T'; this is an immediate consequence of the following result,
which is the tamely ramified equivalent of [5, Lemma A.2]:

PROPOSITION 4.1. — Assume E/F is tamely ramified. Let C be any

chamber of Xg; there exists a I'-stable apartment of X containing both
C and v(C).

Proof. — This is simply a particular case of [12, Proposition 3.8]. |

Note that the result of [12] is also valid when E/F is unramified, but
only when the residual characteristic of F' is odd; this is the reason why we
used a different proof for [5, Lemma A.2], which works for any F'.

Note also that the above proposition is not true when E/F is wildly ram-
ified. As a counterexample, consider a I'-stable chamber C' of Xg whose
geometric realization is not contained in Bp; such chambers actually ex-
ist when E/F is wildly ramified. Let A be a I'-stable apartment of Xg
containing C; since I' fixes a chamber of A, it fixes A pointwise, which
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implies that A is associated to some F-split torus of G, and we must then
have R(A) C Bp; since R(C) C R(A) is already not contained in Bp by
hypothesis, we reach a contradiction.

We now classify E-split F-tori of G according to the roots of G inter-
vening in their anisotropic component. Recall that two elements o and 3
of ® are said to be strongly orthogonal if they are orthogonal (or in other
words, if < o, 8Y >=0) and « + 8 is not an element of ®. First we prove
some lemmas.

LEMMA 4.2. — Assume « and 3 are strongly orthogonal. Then —« and
[ are also strongly orthogonal.

Proof. — If @ and 8 are orthogonal, then —«a and [ are orthogonal as
well. Moreover, let s, € W be the reflection associated to «; we have
sa(a@+ 8) = —a+ 3, and since a + 8 € ¢, —a + 8 cannot belong to ®
either and the lemma is proved. O

LEMMA 4.3. — Let a, 8 be two elements of ®. If a and 8 are orthogonal
and at least one of them is long, then they are strongly orthogonal.

Remark. — By convention, if ® is simply-laced, all of its elements are
considered long.

Proof. — It is easy to check (it is nothing else than the good old
Pythagorean theorem) that when « and § are orthogonal, o+ 3 is strictly
longer than either of them. Hence since ® is reduced, o + [ can be a root
only if o and 8 are both short. The lemma follows. O

LEMMA 4.4. — The following assertions are equivalent:
e there exists w € W such that w(a) = —« for every o € ®;
e there exists a subset ¥ of ® whose cardinality is the rank d of ® and
such that two distinct elements of ¥ are always strongly orthogonal.

Moreover, when Y exists, it is unique up to conjugation by an element
of W.

Proof. — Assume w € W is such that w(a) = —a for every o € . We
prove the first implication by induction on the rank d of ®; we prove in
addition that, if X satisfies the conditions of the second assertion, we have:

w = H Sas
aEX
where for every «, s, is the reflection associated to «. Note that since the
elements of X are all orthogonal to each other, the s, commute, hence the
above product can be taken in any order.
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The case d = 0 is trivial: assume d > 0. Let ag be the highest root in ®+;
by [4, Proposition 25(iii)], ag is always a long root. Consider the elementary
reflection s,, € W associated to ap; the set ®,, of roots 3 of ® such that
Saow(B) = —p is precisely the set of elements of ® which are orthogonal
to ap, hence strongly orthogonal to ap by Lemma 4.3. Moreover, ®,, is a
closed and symmetrical subset of ®, hence a root subsystem of @, of rank
strictly smaller than d, and for every 8 € ®*, we have s,,w(3) = —f+ <
B,ay > ag, which is negative if and only if 8 € ®,,; we can thus apply
the induction hypothesis to ®,, and s,,w to obtain a subset X' of @,
satisfying the conditions of the second assertion relatively to ®,, and such

that we have:
SaoW = H 3.
pex’

Finally, we set ¥ = ¥/ U {ap}.

Note that ®,, may be reducible; in such a case, we apply the induction
hypothesis to each one of its irreducible components and take as ¥’ the
union of the sets of roots we obtain that way, given that two elements of
®,, which belong to different irreducible components are always strongly
orthogonal.

It only remains to check that 3 contains d elements. Since these elements
must be linearly independent, 3 cannot contain more than d of them. As-
sume it contains less than d elements; there exists then § € ® which is
not a linear combination of elements of ¥. On the other hand, it is easy
to check (for example by decomposing it into a sum of terms of the form
$a(8")— B’ (which is a multiple of «), with a € ¥ and 8’ € ®) that w(8)—g
is a linear combination of elements of 3; we then cannot have w(8) = -3,
hence a contradiction.

Conversely, let ¥ be a subset of ® satisfying the conditions of the second
assertion; set:

w=T] s

Since the elements of ¥ are all orthogonal to each other, we must have
w(a) = —a for every o € L. Moreover, since the cardinality of Y is d
and its elements are linearly independent, they generate X*(7) ®Q as a Q-
vector space, and every element of ® is then a linear combination of them,
which implies, since w extends to a linear automorphism of X*(T) ® Q,
that we have w(«a) = —« for every a € @, as required. O
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By [4, plates I to IX, (XI)], the conditions of the above proposition are
satisfied for every ® except the following ones:

o ¢ of type Ay with d > 1;
e & of type Dy with d odd;
o O of type Fs.

Now we separate the F-split maximal tori of G into F-anisotropy classes.
The reductive subgroups Ly and L of G that we introduce in Proposition 4.5
and its proof will be of some use later (see Section 6).

Assume E/F is tamely ramified. Let A be a I'-stable apartment of Bg.
Since E/F is tamely ramified, A" is contained in Br; by [7, I. Propo-
sition 2.8.1], there exists an apartment A’ of Br containing A", and by
eventually conjugating A by a suitable element of G, we can assume
A’ = Ay. Let T be the E-split maximal torus of G associated to A; the
F-split component T of T' is then contained in Tj.

PROPOSITION 4.5. — Let a be the dimension of the F-anisotropic com-
ponent of T. With the above hypotheses, there exists a unique (up to
conjugation) subset X of ®, of cardinality a, such that:

e T is Gp-conjugated to some maximal torus of G contained in the
reductive subgroup Lo of G generated by Ty and the root subgroups
Uiqn, a € Xp, and F-elliptic in Lo;

e if o, € Xp, then a and (8 are strongly orthogonal.

Conversely, for every ¥ C ® satisfying the second condition, there exists
an FE-split maximal torus T of G defined over F such that we can choose
S =3

Proof. — Let A" be the affine subspace of I-fixed points of A; since Tj
contains the split component of T, every facet of maximal dimension of AT
is contained in the closure of some chamber of A°. Let D be such a facet:
by eventually conjugating T by a suitable element of G, we can assume
that D is contained in the closure of R(Cy r).

Moreover, T is contained in the centralizer Zg(Ts) of Ts in G, hence if
Y7 exists, we can assume that the root subgroups U, o € ¥, are also all
contained in Zg(Ts). Hence by replacing G by Zg(Ts)/Ts, we can assume
that T is F-anisotropic, which implies that D is a vertex of B contained
in Br. (Note that D is not necessarily a vertex of Bp.) The existence of a
subset X7 of ® of cardinality d satisfying the strong orthogonality condition
is then a consequence of Lemma 4.4, but we still have to prove that such a
Y satisfies the first condition as well.
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Since T is E-split, there exists ¢ € Gg such that ¢Tg~' = Tp; the
~! sends then ® to the root system of G relative to T.
Since A" consists of a single point, the action of the nontrivial element ~

conjugation by g

of I' on A is the central symmetry relative to that point. This means in
particular that for every a € ®, v(Ad(g~1)a) = —Ad(g~ 1)

Let Ly be the subgroup of G generated by 7y and the root subgroups
Uta, @ € Xp. Set L = gLog™'; L is then the subgroup of G generated
by T and the root subgroups gUi,g~ !, @ € Yp. This group is a closed
E-split reductive subgroup of G of type (A1)?; moreover, for every o € X,
since v(Ad(g~Ha) = —Ad(g7V)a, we have v(gUng™ ') = gU_ng™'; we
deduce from this that L is I'-stable, hence defined over F'. To prove the
first assertion of the proposition, we only have to prove that L and Ly are
G p-conjugates.

We first prove the following lemma:

LEMMA 4.6. — The group L is F-split.

Proof of Lemma 4.6. — Since the elements of Y1 are all strongly orthog-
onal to each other, L is F-isogeneous to the direct product of d semisimple
and simply-connected groups of type Ay, namely the groups generated by
the Ut 4(g)a for every a € X; moreover, since for every o € 3, v swaps
Ad(g)a and —Ad(g)a, every such component is I'-stable. On the other
hand, by [20, 17.1], there are exactly two simply-connected groups of type
A, defined over F': the split group SLs, and its unique nonsplit F-form,
whose group of F-points is isomorphic to the group of the norm 1 elements
of the unique quaternionic division algebra over F' (these groups are the
only inner F-forms of SLy by [20, Proposition 17.1.3], and by the remark
made at the beginning of [20, 17.1.4], SL,, can have outer forms only if
n > 3). Let F’ be the unique quadratic unramified extension of F'; these
groups are both F’-split, which proves that L must be F’-split as well.

Let T" be a maximal F’-split F-anisotropic torus of G contained in L and
let K7 p be the maximal compact subgroup of T%. By [11, Theorem 3.4.1],
there exists a pair (K, T'), with K being a maximal parahoric subgroup of
Gr and T’ being a maximal kp-torus in the quotient G = K/K°, kp-
anisotropic modulo the center of G, such that K7 p C K and T is the
image of K7 r in G; moreover, the dimension of the kp-anisotropic com-
ponent of T’ is the same as the dimension of the F-anisotropic component
of T, which implies that G is of semisimple rank d and T’ is kp-anisotropic.

Consider now the image L of Ly N K in G; L is the group of kp-points
of a reductive kp-group kp-isogeneous to the direct product of d kg -split
simply-connected groups of type Aj. Since by [8, 1.17], every group over
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a finite field is quasisplit, and since the only quasisplit simply-connected
group of type A; over any field is SLo, which is split, L is isogeneous to a
kp-split group, hence is kp-split itself and contains a kp-split maximal torus
T”. Let I be an Iwahori subgroup of G contained in K whose image in G
contains T”; considering the Iwahori decomposition of I (or alternatively,
using [11, Theorem 3.4.1] again), we see that there exists a maximal torus
T" of G whose maximal compact subgroup K7~ is contained in I and such
that T” is the image of K7 in G, and T"” must then be F-split. Hence L
is F-split, as desired. O

Now we go back to the proof of Proposition 4.5. We prove L is Gp-
conjugated to Lg, and also the unicity of ¥ up to conjugation. By eventu-
ally conjugating L by some element of G, we can assume that it contains
Toy; L is then generated by T and the UL, with a belonging to some set
Y satisfying the strong orthogonality condition, and L and Lg are Gg-
conjugated by some element n of the normalizer of T in G, which implies
that Y7 and ¥’ are W-conjugates. Moreover, since G is F-split, it is pos-
sible to choose n as an element of G, hence L and Ly are G p-conjugates
as well and the first assertion of Proposition 4.5 is proved.

Now we prove the second assertion. Let ¥ be any subset of ®T such that
every a # [ € X are strongly orthogonal. The reductive subgroup L of G
generated by Tp and the Uy,, a € 3, is then of type A{, where a is the
cardinality of X; by quotienting L by its center and considering separately
every one of its irreducible components, we are reduced to the case where
L is a simple group of type Aj, hence isogeneous to SLs; according to a
well-known result about SLs, since E/F is quadratic and separable, L con-
tains a 1-dimensional E-split F-anisotropic torus, as required (for example,
when F/F is tamely ramified, the group of elements of SLs of the form
(—Cz;b 2), where w is an uniformizer of F' which is the square of some
uniformizer of E). O

More generally, since every F-split F-torus T of G is G p-conjugated to
some torus T’ whose F-split component is contained in Ty, by the previous
proposition, we can attach to T a subset X7 of ®T, defined up to conjuga-
tion, which is the subset attached to 7" by that proposition. The class of
Y is called the F-anisotropy class of T.

Note that, although the F-anisotropy classes are parametred by the con-
jugacy classes of subsets of strongly orthogonal elements of ®, in the se-
quel, by a slight abuse of notation, we will often designate an F-anisotropy
class by one of the representatives of the corresponding conjugacy class;
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more precisely, we will say “the F-anisotropy class ¥” instead of “the F-
anisotropy class corresponding to the conjugacy class of subsets of strongly
orthogonal elements of ® which contains 3"

Note also that, as we will see later, two E-split F-tori belonging to the
same F-anisotropy class are not necessarily G p-conjugates; we though have
the following result:

PROPOSITION 4.7. — Assume E/F is tamely ramified. Let T, T" be two
E-split maximal F-tori of G belonging to the same F-anisotropy class 3
and let A (resp. A’) be the T'-stable apartment of Bg associated to T
(resp. T"). Then the affine subspaces A" and A" are G g0,-conjugates.

Proof. — Since E/F is tamely ramified, A" and A" are contained in
Br, and by eventually conjugating T' and T” by elements of G ge, We can
assume that they are both contained in Ag; they are then conjugated by
some element n of the normalizer of Ty in Gg 4er. Moreover, since Tj is
F-split, every element of the Weyl group of G/T, admits representatives
in Gr, and even in G ger since the Weyl groups of Gr and G g4er are
the same; hence by eventually conjugating T again, we may assume n €
ToNG g der- Finally, we have ToNG g der = (K1), ENG B, der ) (X1, ENG B der ),
where X7, g is the subgroup of Tj generated by the {(wg), £ € X.(Tp),
and K7, p fixes A" pointwise; we thus may assume that n belongs to
X1,,8 N GE,der, Which is, since Gger is simply-connected, the subgroup
of Xr, r generated by the a¥(wg), ¥ € ®V. In such a case, the split
components of T and T’ are both contained in Ty and conjugated by an
element of Tj, hence identical; we thus can assume that X is contained in
the root subsystem of the elements of ® whose restriction to that common
split component is trivial.

We now prove the result with n being of the form o (wg) for some a;
the general case follows by an easy induction. If < 8,a" >= 0 for every
B €%, then A" = A" and there is nothing to prove. If < 3,a" > is odd
for some B € ¥, then either A" or A", say for example A", is contained in
some hyperplane of Ay which is a wall in Br and whose associated roots
are +3; on the other hand, if L is the reductive subgroup of G associated
to T as in Proposition 4.5 and if Lg is the subgroup of L generated by the
root subgroups Uyg, TN Lg is then split, hence T is of anisotropy class
strictly contained in ¥, which leads to a contradiction. Hence < 3,a" >
must be even for every 5 € 3.

Assume now < 3, > is even for every 3 € ¥ and nonzero for at least
one J3; that nonzero < 3, " > must then be equal to £2. As a consequence,
there exists a wall H of the apartment Ay of By which separates A" from
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AT and contains neither of them; if we assume the converse, we reach
the same contradiction as above. Let sy; be the orthogonal symmetry with
respect to H; we obviously have sy (A") = AT. On the other hand, H
being a wall in the building B, the element of the affine Weyl group of Tj
corresponding to sy admits representatives in G g ge,; the result follows. [

Note that the above proof does not work in the wildly ramified case
because A" and A" are then not contained in B in general. The author
conjectures that Proposition 4.7 still holds in that case, though.

Now we want to divide Chg into F-anisotropy classes as well. Of course
the I'-stable apartment containing C, hence also the F-split maximal F-
torus associated to it, is not unique, but we can still prove the following
result:

PROPOSITION 4.8. — Assume E/F is tamely ramified. Let C be any
chamber of X and let A and A’ be two I'-stable apartments of X con-
taining C. Then the pairs (C, A) and (C, A’) are G ger-conjugates.

Proof. — When R(C) is contained in Br, R(A) and R(A’) must also be
contained in Bp, and [7, I. Proposition 2.3.8] implies that they are then
always G ger-conjugates. Assume now R(C) is not contained in By and let
g be an element of Gg g such that gC = C, gy(C) = v(C) and gA = A’;
such an element exists by [7, I. Proposition 2.3.8] again. Moreover, we
also have v(g9)C' = C, hence g € Kcny(co),p, and v(g)A = A'; if we set
h =~71(g)g, we then have hC' = C' and hA = A, which implies, if T is the
E-split maximal torus of G attached to A, that h € K7 g.

Since C'U~(C) contains a chamber of A, Kcuy(cy,r is contained in an
Iwahori subgroup of G'g, and since it contains K g, we have Kcyuy (o), g =
K°Kr g, where K is the pro-unipotent radical of Kcuy(c),e- By multiply-
ing g by a suitable element of K7 g on the right, we may assume g € KY,
which implies h € K° N K7 . On the other hand, by [9, Corollary 1], the
cohomology group H'(I', K° N K7 ) is trivial, which implies that since
h = ~y71(g)g satisfies hy(h) = 1, and thus defines a 1-cocycle of T’ = {1,~},
it also defines a 1-coboundary of that same group, hence must admit a
decomposition of the form h = ~(h/)h/~!, with A’ being an element of
Kr g N K% hence gh' = ~(gh'), which implies that gh’ is an element of
G der such that gh'C = C and gh' A = A’, as desired. O

Note that the tame ramification hypothesis is needed for the above proof
because it is used by [9, Corollary 1], but the author believes that in the
wildly ramified case, a similar result should hold for chambers of Xz con-
tained in at least one I'-stable apartment.
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COROLLARY 4.9. — Assume E/F is tamely ramified. Let C and A be
defined as in Proposition 4.8, let T' be the maximal E-split F-torus of G
associated to A and let ¥ be a subset of ® attached to T as in Proposi-
tion 4.5. Then up to conjugation, L1 does not depend on the choice of A.

Proof. — This is an obvious consequence of Proposition 4.8. g

In other words, the F-anisotropy class of the torus T associated to a
I'-stable apartment A of X containing C' does not depend on the choice
of A. We can now state the following definition:

DEFINITION 4.10. — Let C be a chamber of Xg. The F-anisotropy class
of C is the F-anisotropy class of the E-split maximal torus of G associated
to any ['-stable apartment of Xg containing C'.

5. The support of the G 4. -invariant harmonic cochains

In this section, we start the proof of Theorem 1.3. In the unramified
case (see [5, §6]), in order to prove a similar result, we fix a chamber Cj
of Xr C Xg and then, for every C' € Chg, we prove by induction on the
combinatorial distance between C and X that for every f € H(Xpg)Crder,
f(C) depends only on f(Cp). In the ramified case, a similar approach would
be to start from a chamber of X whose geometric realization is contained
in Bp; it turns out that although that kind of approach works in the case
of a group of type As,, in the other cases, f is identically zero on the set of
such chambers and we have to find another starting point for our induction.
For that reason, we start by determining the support of the elements of
H(Xg)EFder. In particular, when @ is not of type As,, we prove that their
support coincides with some given anisotropy class of Chg, namely the one
given by Proposition 5.10.

5.1. The class Chy

First we consider the trivial F-anisotropy class Chy of Chg, or in other
words the F-anisotropy class corresponding to X = (). When E/F is tamely
ramified, a chamber C belongs to the trivial anisotropy class if and only
if its geometric realization is contained in an apartment A of Bgr whose
associated torus is F-split, which is true if and only if A C Br. When
E/F is wildly ramified, we also define Chy as the set of chambers of Xpg
satisfying that property.
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Contrary to the unramified case, the action of Grger on Chy is not
transitive, and we thus have to check that the space of the restrictions of
elements of H(Xg)Erder to Chy is of dimension at most 1. We start by the
following lemma:

LEMMA 5.1. — Let f be an element of H(Xg)®"dr, and let C be a
chamber of Xg such that R(C) is contained in Br and that the geometric
realization of at least one of its walls is contained in a codimension 1 facet
of Bp. Then f(C) = 0.

Proof. — Let Cp (resp. D) be a chamber (resp. a codimension 1 facet)
of Xp such that R(CF) contains R(C) (resp. R(Dp) contains some wall
R(D) of R(C)), and let S be a set of representatives in Gpger of the
quotient group Kp, r/Kc, r. Since C (resp. D) and Cp (resp. D) have
the same closure in Bp, we have K¢, p = Kco,p (resp. Kp, r = Kp p);
moreover, since E/F is totally ramified, Kp, r/Kcp.r = Kp r/Kc,F is
isomorphic to Kp g/Kc g, hence the chambers gC, g € S, are precisely
the chambers of Xg containing D; by the harmonicity condition, we then
have des f(gC) = 0. On the other hand, since f is G ger-invariant, we
have f(gC) = f(C) for every g € S, hence the result. O

Now we determine which chambers of C'hy do or do not satisfy the con-
dition of the previous lemma.

PRrROPOSITION 5.2. — The following conditions are equivalent:

e There exists a chamber C in Chy such that none of the walls of
R(C) is contained in a codimension 1 facet of Bp. Moreover, every
chamber of B contains a unique chamber of Bg satisfying that
property;

e The root system ® is of type As,, with n being a positive integer.

Proof. — Let C be any element of Chy, and set C = R(C). Assume C
satisfies the condition of the proposition; since for every g € G, gC satisfies
it too, we can assume that C is contained in Cy r. Let fc be the concave
function on ® associated to C' and let A}, be the extended set of simple
roots of @ associated to C, which is the set of elements of ® corresponding
to the d + 1 half-apartments of Ay whose intersection is C. Since the walls
of C are not contained in any codimension 1 facet of Br, we must have
fola) € Z+ 3 for every o € Al;. On the other hand, let A = {of,...,a}}
be a set of simple roots of ® contained in A}, and let oy = — Z?Zl Aia; be
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the remaining element of Af; we have, with an obvious induction:

d d

folag) + > Aifela)) = felag) + fe (D Nia)
i=1 i—1

1

= folag) + fo(—ap) = 3

For every i € {0,...,d}, we have fc(o;) € Z+ %, which implies:

1 S

5 € Z+(1+;)\i)§,
hence the integer 1+ Z?Zl A; must be odd. By [4, §1, Proposition 31], this
integer is the Coxeter number of ®, and by [4, plates I to IX, (III)], it is
odd if and only if ® is of type A, for some n; the first implication of the
proposition is then proved.

Now assume G is of type Ay, for some n. We prove that Cy r contains
exactly one chamber of Bg satisfying the required condition; since that
property translates by the action of G, every chamber of Bp satisfies it
as well.

Let A’ be an extended set of simple roots of ® and let C’ be the geometric
realization of the chamber C’ of Ay defined by the concave function f such
that:

e fla) = % for every element « of A’ different from some given one
ap, and f(ap) = & —n;

e for every 3 € ®, writing 8 = ) g a for a suitable proper subset S
of A’ (since ® is of type Ag, such a subset exists, and it is unique),

we have f(8) = > cq f(a).

Since f(a) is not an integer for any a € A’; none of the walls of C’ are
contained in codimension 1 facets of Bp. The chamber C’ is generally not
contained in Cp p, but is always conjugated by an element of G to some
chamber C contained in Cy p which satisfies the same property.

Now we prove the unicity of C. We use the notations of [4, plate I] (see
also [4, §4.4]): ® is a subset of a free abelian group X, of rank 2n + 1
generated by elements €1, ..., &9,41 (this is the group denoted by Ly in [4];
we rename it here to avoid confusion with the group Lg of Proposition 4.5),
the elements of ® are the ones of the form o;; = &; —¢; with ¢ # j €
{1,...,2n+ 1}, the elements of ®* being the ones such that i < j, and W
acts on Xy by permutation of the &;. (The group Xy is isomorphic to the
character group of a maximal torus of GLs,, 11, and W is isomorphic to the
symmetric group Sa,41.)
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Let C = R(C) be a chamber of By contained in Cy r and satisfying the
required condition, and let fo be the concave function associated to C.
Since C is contained in Co , for every a € ®*, we have fo(a) < 0 and
fe(—a) < 1. On the other hand, we have fc(a) + fo(—a) = 1, which
implies fc(a) € {—1,0} and fo(—a) € {3,1}.

Let A’ be the extended set of simple roots associated to C; since for
every a € A’, we have fc(a) € Z+ %, we must have fo(a) = -1 if >0
and fo(a) = 3 if & < 0. On the other hand, the sum of the fo(a), a € A/,
is %; A’ must then contain exactly n positive roots and n+1 negative roots.

Now we examine more closely the elements of A’. Since W acts transi-
tively on the set of all extended sets of simple roots of G, there exists an
element w of W such that A’ is the conjugate by w of the standard extended
set of simple roots {a12, @23, ..., 2n4+1,1}, or in other words there exists a
permutation o of {1,...,2n + 1} such that A" = {a;1)0(2); % (2)0(3)s - - - »
Qg (2n4+1)a(1) }-

Assume that for some i (with cycling indices), Ay (i)o(i+1) A0d Qg(it1)o(i+2)
are both positive. Then fo(ao(iyo(it2)) = —% —% = —1, which is impossible
by the previous remarks. Hence there must always be at least one negative
root between two positive ones in the extended Dynkin diagram attached
to A, which is a cycle of length 2n + 1. Since A’ contains n + 1 negative
roots and n positive roots, positive and negative roots must alternate on
the diagram, except for two consecutive negative roots at some point. We
can always choose ¢ in such a way that the consecutive negative roots are
Og(2n+1)o(1) a0d (1) (2); in that case, aq(;)o(i+1) 18 positive if and only if
1 is even. We then easily obtain, for every ¢ < j:

e if i and j are either both even or both odd, fo (s ()0 (j)) = 0, hence
Qo (i)o(j) 18 positive, which implies (i) < o(j);

e if i is even and j is odd, fo(s(i)e(s)) = —%, hence ,(i)q(;) is
positive, which implies (i) < o(j);

e if i is odd and j is even, fo(ao(iyo(j)) = %, hence a,(;)s(;) is nega-
tive, which implies o (i) > o (j).

In other words, the restriction of o to the subset of even (resp. odd) elements
of {1,...,2n + 1} is an increasing function, and for every i, j such that
i is even and j odd, o(i) < o(j). This is only possible if, for every 4,
0(2i) =iand 0(2i+1) =n+i+1, and A’ is uniquely determined by these
conditions. Since A’ and the fo(a), o € A’ determine C, the unicity of C
is proved. O
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COROLLARY 5.3. — When ® is not of type As, for any n, for every
f € H(Xg)Craer and for every chamber C of Chy, f(C) = 0.

When & is of type As, for some n, there exists a unique G p-orbit
Ch. of chambers of X contained in Chy and such that the elements of
H(Xg)Grder are identically zero on Chy — Ch,.

Proof. — This is an immediate consequence of Lemma 5.1 and Proposi-
tion 5.2. In the case As,, the orbit Ch, is the one described in the proof of
Proposition 5.2. 0

Let Cr be a chamber of Xg, and let C be the unique element of Ch,
whose geometric realization is contained in R(Cg). We will call C the
central chamber of Cp.

COROLLARY 5.4. — The space of the restrictions to Chy of the elements
of H(Xg)C¥Fder is of dimension at most 1.

Proof. — This is an immediate consequence of the previous corollary. [

5.2. The other anisotropy classes

Now we deal with the remaining anisotropy classes. First we prove that
for every C € Chg which does not belong to Chg, f(C) is entirely deter-
mined by the values of f on some finite set of chambers in a given I'-stable
apartment containing C'. We start with the following result:

PROPOSITION 5.5. — Assume E/F is tamely ramified. Let C' be a cham-
ber of Xg whose geometric realization is not contained in Br. Let A be
a I'-stable apartment of Xg containing C, let D be a wall of C and let
C’ be the other chamber of A admitting D as a wall. Assume that C’ is
not contained in the closure cl(C U ~(C)) and that D and (D) are not
contained in the same hyperplane of A. Let Chp be the set of chambers
of X admitting D as a wall and distinct from C; then G ger N Kcouy (o)
acts transitively on Chp.

Proof. — First we observe that since C' and v(C) are both contained in
the same half-plane delimited by the wall of A containing D (resp (D)),
thay are also both contained in the closure of C' U~(C"). In particular, we
have Kcruycny, e C Kouyo,E-

Let T be the FE-split maximal F-torus of G corresponding to A; since
R(C) is not contained in Bp, T is not F-split. Let g be an element of
Gg such that ¢Tg~! = Tp; T then acts on the root system of G relative
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to T, which is Ad(g)~'®, and its action is nontrivial. For every a € ®,
let Ugqeg)-1a be the root subgroup of G (relative to T') corresponding to
Ad(g)~ta.

Let H be the hyperplane of A containing D, and let « be the element of ®
such that the root Ad(g) o corresponds to the half-space S of A delimited
by H and containing C'; the group Ugaqg(g)-1a,c = Uad(g)-1a N Kc g then
acts transitively on C'hp; moreover, since v(H) # H, S contains both v(C)
and 7(C’), hence Uyg(g)-1a,c fixes every element of v(Chp); we deduce
from this that v(Uaq(g)-1a,c) fixes every element of Chp. Let now C” be
any element of Chp and let u be an element of the group Ugg(g)-14,c such
that uC” = C"; u (resp. y(u)) then fixes both v(C’) and v(C"”) (resp. both
C’ and C") and we obtain:

Y(w)uC" = uy(u)C' = C”

and:
Y(W)uy(C") = uy(u)y(C') = +(C"),

We deduce from the above equalities that h = u=1y(u~!)uy(u) fixes both
C" and (C"), hence belongs to K¢y (cry, - Moreover, since C” is a cham-
ber, K¢/ (cry,E is contained in an Iwahori subgroup of G, hence is pro-
solvable, and since h is a product of unipotent elements of Kciny o)k,
it then belongs to the pro-unipotent radical Kg/U'y(C’),E of Kcruyeny,e C
Keuyo).e-

Moreover, we have hy(h) = 1, hence h defines once again a 1-cocycle of
I'={1,7}in K2 1Uy(cry, p- O the other hand, since E/F is tamely ramified,
by [9, Corollary 1], the cohomology set H'(T', K 8‘/u~y(0') ) is trivial, hence
there exists h’ € Kg”U’y(C”)  such that h = h/~1y(Rh'), which implies:

™y yuy(w)y (W) VR = 1.

Set ¢’ = uy(u)y(h')~'; we obtain ¢’ = y(u)uh’~t = 4(g’), hence ¢’ €
G pder, and g’C" = C”. Since this is true for every C”, Gpger N Kcuy (o), F
acts transitively on C'hp, as required. g

COROLLARY 5.6. — Assume E/F is tamely ramified. Let A be a I'-
stable apartment of Xg, let Ch s be the set of chambers of Xg contained
in A and let f be an element of H(X g)¢# <. The restriction of f to Chy is
entirely determined by the values of f on the chambers of Ch 4 containing
a facet of maximal dimension of the set A of I'-stable elements of A.
More precisely, if C is any chamber of Chy and C’ is a chamber of Chx
containing a facet of maximal dimension of A" and whose combinatorial
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distance to C is the smallest possible, then f(C) depends only on f(C")
and conversely.

Proof. — Let C,C’ be two elements of Ch 4; assume C’ contains a facet
of maximal dimension of A. Let (Cy = C’,Cy,...,C, = C) be a minimal
gallery between C’ and C; assume also that C’ has been chosen in such
a way that r is the smallest possible. For every i, let D; = C;_1 N C;; if
D; and ~(D;) are not contained in the same wall of A, by Proposition 5.5
(applied to the chambers containing D;) and the harmonicity condition,
we have either f(C;) +q¢f(Ci—1) =0or ¢f(C;)+ f(Ci—1) = 0, hence f(C;)
is determined by f(C;_1) and conversely. Hence if for every i, D, satisfies
that condition, by an obvious induction, we obtain that f(C) is determined
by f(C’) and conversely.

Assume now there exists some i such that D; and ~(D;) are both con-
tained in some wall H of A; H is then I'-stable. Let sy be the reflection of
A relative to H, or in other words the only simplicial automorphism of A

1 is also such an auto-

fixing H pointwise; since H is I'-stable, y o sy oy~
morphism, and must then be equal to sg; in other words, the action of v on
A commutes with sp, from which we deduce that sy (C”) contains a facet
of maximal dimension of AT. On the other hand, we have sz (C;_1) = C;
hence (sg(C'),su(C1),...,su(Ci—2),Ci,...,Cr = C) is a gallery (not nec-
essarily minimal) between sy (C’) and C of length r — 1; there must then
exist a minimal gallery between them of length strictly smaller than r,
which contradicts the minimality of r. Hence D; and ~(D;) are never con-

tained in the same hyperplane of A and the corollary is proved. O

Now we prove that when G is not of type As,, the elements of
H(X )& e are identically zero on most of the F-anisotropy classes of X g
(actually all but one, as we will see later with the help of Proposition 5.11):

PROPOSITION 5.7. — Assume E/F is tamely ramified, and G is not
of type As, for any n. Let C be an element of Chpg such that Y¢ is of
cardinality d — 1 and not maximal as a set of strongly orthogonal elements
of ®*. Then for every f € H(Xg)¥rder, f(C) = 0.

Proof. — Note first that, by Lemma 4.4 and the following remark, the
condition on Y¢ in fact already implies that G is not of type Asg,. This is
also true for the second assertion of Proposition 5.8.

Let f be any element of H(Xg)%Fder let A be a I'-stable apartment of
X g containing C' and let T" be the E-split F-torus of G associated to A; by
eventually conjugating C' by some element of G we can assume that the
split component T of T is contained in Tj, and even that T is contained
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in the F-split reductive subgroup Ly of G defined as in Proposition 4.5.
Moreover, since ¢ is of cardinality d — 1 and not maximal, there exists a
unique o € ®* which is strongly orthogonal to every element of ¥c. The
root subgroups U, and U_, are then normalized by T and by every U4g,
B € ¥¢, hence by L.

Let h € Lo be such that hTyh~' = T since « is orthogonal to every
element of Y, the root Ad(h)a of T does not depend on the choice of
h. Let H, be a wall of A corresponding to Ad(h)a and containing some
facet of C, and let H!, be the wall of A corresponding to the same root «,
neighboring H, and such that C is contained in the slice between them.
Let D be a facet of maximal dimension, hence of dimension 1, of AT C Ay,
whose combinatorial distance to C' is the smallest possible; D is then the
unique edge of AT whose vertices are contained respectively in H, and HY,.
By Corollary 5.6, f(C) depends only on f(C”) for some chamber C’ of A
containing D, and conversely.

Let fp be the concave function on ® associated to D; since « is not a lin-
ear combination of the elements of X, we must have fp(a) + fp(—a) = 3,
hence either fp(a) or fp(—«a), say for example fp(«), is an integer.
Let D’ be a facet of maximal dimension of H, and let C” be the unique
chamber of A containing D’ and whose remaining vertex is on the same
side of H,, as H/,; we have Kp/ p/Kcv p C Kpr g/Kcr g. If we prove that
these two quotients are equal, then we obtain that Kp/ r acts transitively
on the set of chambers containing D’; if in addition we prove that every
class of Kp p/Kc, p contains elements of Gp ger, we then obtain by Gp ger-
invariance and the harmonicity condition that the value of f on every such
chamber is zero, and in particular that f(C"”) = 0.

We thus prove that Kp: r/Kp, p = Kpr /K p, from which the first
part of our claim follows immediately. Since Ly normalizes the root sub-
group U, of G associated to o and Kp N L is a compact subgroup of L,
we must have hUa7fD(a)h’1 = Uq.fp(a), and since fp(a) is an integer,
the quotient Uy ¢, (a)/Ua. Fo(a)+d admits a system of representatives con-
tained in G ger. Hence Ua,fp(a) 18 included in Kp/ g, and Uany(a)Jr% =
Ua,fp(a) N K%,,E. On the other hand, by the same reasoning, we have
U_a,—tp(a) C Kpr,p and U,a’,fD(a)Jr% =U_a—fp(a)N K%',E? hence the
root subgroups of KD’,E/K%QE associated to both o and —« are contained
in Kp/ p/K %,, , which is enough to prove that these two groups are equal.
Moreover, at least ¢ classes of Kp: p/Kcr p out of ¢+ 1 contain elements
of Uy C GF der, hence the quotient Kp/ p N Grger/Kcr p NG der, whose
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cardinality divides ¢ + 1, must be isomorphic to Kp/ p/Kc» p and the
second part of the claim is proved.

Now if we choose D’ in such a way that C’ is at minimal combinatorial
distance from C” among the chambers containing a facet of dimension 1 of
AL, by Corollary 5.6, we then have f(C’) = 0, and then, also by the same
corollary, f(C) = 0, which proves the proposition. a

More generally, we have:

PROPOSITION 5.8.

e Assume E/F is tamely ramified, and G is not of type As,. Let C
be an element of Chg which does not belong to Chy and let X¢
be a subset of strongly orthogonal roots of ® corresponding to the
F-anisotropy class of C. Let 4 be the set of elements of ® which
are strongly orthogonal to every element of . Then X5 is a closed
root subsystem of ®.

e Assume in addition that ¥c and Eé are both nonempty and that
¥§ is of rank d—#(X¢). Then for every f € H(Xg)CFaer, f(C) = 0.

Proof. — To prove that Eé is a closed root subsystem of ®, we only need
to prove that:

e for every a, o’ € B§ such that a +a’ € @, a + o' € BF;
e for every a € Eé, —a € Eé.

For every a € ZJC-, consider the reflection s, associated to a. Since « is
orthogonal to every element of Yo, s, fixes ¥ pointwise, which implies
that X7 is stable by s,, and in particular that it contains s,(a) = —a.
Now let «, o’ be two elements of Eé: such that a + o' is a root; since both
of them are orthogonal to every element of X, then so is a + o/. Assume
there exists 8 € X¢ such that a + o’ + 8 is a root. Then f is orthogonal
to both o and o/, which implies that a;, o/ and /3 are linearly independent;
on the other hand, we deduce from Lemma 4.3 that ® is not simply-laced
and a + o’ and 8 are both short, which also implies, since a + o/ and 3
are orthogonal, that o+ o’ + 3 is long; the roots a, o’ and /3 then generate
a subsystem ®’ of ® which is irreducible, not simply-laced and of rank 3,
hence of type either Bz or C3. Moreover, since a + o' is short, either a or
o', say a, must be short.

In both cases below, the characters €;, 1 < ¢ < d, are respectively defined
as in plates II and IIT of [4].

e Assume @’ is of type Bs. In a system of type By, the sum of two
nonproportional short roots ¢; and +e¢; is always a long root £¢;+
;. Hence a + 3 is a root, which contradicts the fact that o € Eé.
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e Assume @’ is of type C3. In a system of type Cy, two strongly
orthogonal short roots are of the form +e; £ ¢; and £e;, + g, with
i, 7, k,l being all distinct, which is obviously possible only if d > 4;
hence a and B cannot be strongly orthogonal, which once again
leads to a contradiction.

Hence such a 8 does not exist and o + o' € Zé, which proves the first
assertion of Proposition 5.8.

Now we prove the second one. Assume first Eé is irreducible. Let A, D
and fp be defined as in the proof of Proposition 5.7 and let Dy, ..., D,;1 be
the facets of D of dimension r— 1, with r = d—#(Z¢) being the dimension
of D. Let Hy,...,H,11 be the hyperplanes of A respectively associated to
the roots taq, ..., a1 of Eé which respectively contain D, ..., D,41;
the H; are then actually walls of A, and if for every i, «; is the one among
+a; which is oriented towards C, the set {ai,...,a,11} is an extended
set of simple roots of Zé. If A1,..., A\rq1 are the smallest positive integers
such that Adjaq + -+ + Arj1a041 = 0, we must have A\ fp(a1) + -+ +
Ara1fp(apyr) = %; on the other hand, if ¥ is irreducible and not of type
Asy, for any n, by [4, §I, Proposition 31], the sum of the )\; is even, which
implies that at least one of the fp(«;) must be an integer, and we finish
the proof in a similar way as in Proposition 5.7. When ¥} is reducible
and has no irreducible component of type As, for any n, considering each
irreducible component of Eé separately, the proof is similar.

Now we check that $§ cannot possibly have any irreducible component
of type As,. Assume it admits such a component. Then the set & =
YcU—YcUXS is a proper closed root subsystem of ® of rank d admitting
at least one component of type A; since X is nonempty, and at least one
component of type As,, for some n, which implies in particular that d > 3.
Assume first that ®¢ is a parahoric subsystem of ®, or in other words the
subsystem generated by A’ — {a}, where A’ is an extended set of simple
roots of ® and « is a nonspecial element of A’; its Dynkin diagram is
then the extended Dynkin diagram of & with the vertex corresponding to
« removed. By examining the diagrams of the various possible parahoric
subsystems of root systems of every type, we see that &~ can possibly have
the required irreducible components only when & is of type Fg, r = 7 and
Zé is of type Ao X As, which implies that ®¢ is of type A; x As x As. On
the other hand, if ® is of type Fg and X is a singleton, it is easy to check
that Zé must be of type E7; we thus obtain a contradiction.

Now we look at the general case. By [13, Theorem 5.5] and an obvious
induction, we obtain a tower of root systems ® = &5 O &1 O ... P, = P
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such that ®; is a parahoric subsystem of ®,_; for every i and that g
admits the required irreducible components. We deduce from the above

discussion that if ®,_; is irreducible, it must be of type FEg, which, since

Eg is not contained in any other root system of rank 8 (Ag and Dg are both

strictly contained in Fg, as well as the systems of long roots of Bg and Cfg,

which are respectively Dg and A}), implies s = 1, we are then reduced to

the previous case. Assume now ®,_; is reducible. Then in order for ®¢

to admit any component of type As,, there must exist an ¢ such that ®;

admits such an irreducible component and ®; ; does not. The possible

cases are, apart from the one which is already ruled out:

®,_; admits an irreducible component of type Eg and that compo-
nent breaks into three components of type Ay in ®;. According to
the table on page 29 of [7], every vertex of the Dynkin diagram of
a root system of type A, is special; we deduce from this that such
a root system has no proper subsystems of the same rank. This im-
plies that no component of type Ay can arise in ®4 from these three
components, hence the components forming - U —¥ & must come
from the other components of ®; ;. But then the whole component
of type Eg of ®;_1 is contained in ¥ C @, which contradicts the
fact that it is already not contained in ®;.

®,_; admits a component of type E7 which breaks into a system of
type As X As in ®;. For the same reason as above, ®;_1 must admit
components distinct from that component of type F7 and contain-
ing the whole ¥ U —Y ¢, and we reach the same contradiction.
d;_ is of type Eg and ®; is of type Fg X As. Since the only possible
way for @4 to have any component of type A; is that the component
of type Eg breaks into A; x As, we are reduced to a previous case.
®,_1 is of type Eg and ®; is of type Ay x A4. There is no way that ®g
can ever have any component of type Aj, since such a component
should come from one of these two components of type A, and we
already know that it is impossible.

®, 1 is of type Eg and ®; is of type Ag. Same as above.

®;_q is of type Fy and ®; is of type Ay X Ay. Same as above.

D, is of type G and P, is of type As. This case is ruled out by
the fact that we must have d > 3.

Since we always reach a contradiction, ¥ cannot have any irreducible

component of type Ao, and the proposition is proved. O
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Note that in the course of the above proof, we have proved the following
lemma which will be useful later:

LEMMA 5.9. — Let X be a subset of strongly orthogonal elements of ®.
Assume at least two elements of 3 are short. Then G is of type Cy, with
d > 4, and these two short elements of ¥ are of the form +¢; +¢;,+e, + ¢,
with i, j, k,l being all distinct.

The following proposition allows us to eliminate more F-anisotropy
classes from the support of the harmonic cochains:

PROPOSITION 5.10. — Assume E/F is tamely ramified. Let C,C" be
two adjacent chambers of X, and let D be the wall separating them. Let
A (resp. A') be a I'-stable apartment of Xg containing C (resp. C') and
let T' (resp. T') be the corresponding E-split maximal F-torus of G. Let ¥.
(resp. ') be a subset of strongly orthogonal roots of ® corresponding to
the F-anisotropy class of T (resp. T"'); assume that:

e (C1) there exist « € ¥’ and 8 € ® such that § is orthogonal to
every element of ¥’ except a and that < o, 8Y > is odd;
o ¥ =XU{a}.

Let Chp be the set of chambers of Xg containing D and distinct from
both C and the other chamber C" containing D and contained in A. Then
GF,der N Kcuy (o) acts transitively on Chp.

Proof. — By eventually conjugating C' and C’ by some element of Gg
we can assume that the F-split component of T" is contained in Ty. Let g
(resp. ¢’) be an element of G such that gTog~! = T (resp. ¢'Tog’ ! = T');
define X1 and Lo as in Proposition 4.5 and X7/ and Lj, in a similar way
(relative to T” instead of T), and set L = gLog™! and L' = ¢'L{g'™;
since, by Lemma 4.6, L and L' are both F-split, we obtain that L is a
G p-conjugate of some subgroup of L', and by multiplying ¢’ by a suitable
element of the normalizer of Ty in G, we actually obtain L C L’. The
roots corresponding to the hyperplane of A’ containing D are then
for every one-parameter subgroup £ of Ty orthogonal to every element of
¥, £(Op) then stabilizes Chp globally. Moreover, by (C1), there exists a
one-parameter subgroup ¢ in XV which is orthogonal to every element of
3 and such that < «, € > is odd, and by adding to £ a suitable multiple of
o we can assume that < a, & >= 1. Hence a0 is the identity on F*, and
in particular its restriction to Chp is surjective, which implies that £(O%),
which is contained in G ger U Kcruy(cv), acts transitively on Chp. O
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Now we consider the F-anisotropy classes which are not covered by the
previous induction. Actually we prove that there is no such class when G
is of type As,, and exactly one when G is of any other type:

ProrosiTION 5.11.

(1) Assume ® is not of type As, for any n. There exists a subset 3, of
®, unique up to conjugation by an element of the Weyl group of ®,
satisfying the following properties:

e for every o, 8 € ¥, a and 3 are strongly orthogonal, and ¥,
is maximal for that property;
e ¥, does not satisty (C1).

(2) With the same hypothese, ¥, is also maximal as a set of orthogonal
roots of ®.

(3) With the same hypothese once again, every subset of strongly or-
thogonal elements of ® which does not satisfy (C1) is a conjugate
of some subset of ¥,.

(4) Assume now ® is of type As, for some n. Then every nonempty
subset of strongly orthogonal roots of ® satisfies (C1). In particular,
a subset ¥, of ¥ defined as above cannot exist.

Proof. — First consider the case As,; we prove (4) by induction on n.
When n = 1, no two roots of ® are orthogonal to each other, which implies
that every nonempty subset of orthogonal roots of ® is a singleton; on
the other hand, if a, 8 are any two nonproportional roots of ®, we have
< a, Y >= =+1, hence {a} satisfies (C1). Assume now n > 1, and let X be
any subset of strongly orthogonal elements of ®. Let « be any element of ¥;
the subsystem ®’ of the elements of ® which are orthogonal to a is then of
type Ag,—2, and admits ¥—{«} as a subset of strongly orthogonal elements.
If ¥ — {a} is empty, then taking as § any element of ® which is neither
proportional nor orthogonal to «, we see that ¥ = {«a} satisfies (C1). Now
assume Y — {a} is nonempty. By the induction hypothesis, ¥ — {«} must
satisfy (C1) as a subset of ®’. Let then o € ¥ — {a} and 8 € &’ be such
that 8 s orthogonal to every element of 3 — {a, o/} and < «, 8V > is odd;
by definition of @', 3 is also orthogonal to . Hence % satisfies (C1) and
(4) is proved.

Assume now P is not of type As,; we first prove the existence of X,. First
consider the cases covered by Lemma 4.4, or in other words assume that
there exists w € W such that w(a) = —« for every o € ®; by Lemma 4.4,
there exists then a subset 3, of d strongly orthogonal elements of ®; such
a subset is necessarily maximal, and for every o € ¥, the only elements
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of ® which are strongly orthogonal to every element of ¥, — {a} are +«,
and since < o, @ >= 2 is even, X, does not satisfy (C1), as required.

Now we consider the remaining cases. Using the same algorithm as for
Lemma 4.4 (taking the highest root ag of ®* and then considering the
subsystem of the elements of ® which are strongly orthogonal to «g), we
also obtain a maximal subset ¥, of strongly orthogonal roots of ®, but
this time, since w = [[ 5.y, sp cannot satisfy w(a) = —a for every o € @,
by Lemma 4.4, 3, contains strictly less than d elements; we claim that
for every a € X, the only elements of ® which are strongly orthogonal to
every element of 3, — {a} are £« once again.

Remember that the root systems we are considering here are the types
Agy,—1 for some n > 1 (Ag, being already ruled out), Da,, 1 for some n and
Eg: since all these systems are simply-laced, by [4, §1, 10, Proposition 1],
two elements of ¥, are always conjugates of each other, which implies
that we only have to prove the claim for one given o € ¥,. By eventually
conjugating »,, we can always assume it contains «gp. In the sequel, the
simple roots aj,...,aq of @ are numbered as in [4, plates I to IX].

e Assume first ® is of type Aa,_1, n > 2. The subsystem ® of the
elements of ® which are strongly orthogonal to «y is then generated
by the «;, 2 <@ < 2n — 2, hence of type As,_3. On the other hand,
if o is an element of X, distinct from «, it is contained in ®’, and
if the assertion is true for ®, ¥, — {ag} and «’, then it is also true
fot ®, ¥, and o'; we are then reduced to the case of type As, _3. By
an obvious induction, after a finite number of such reductions we
reach the case of a system of type A;, and in that case, 3, = {ag}
obviously satisfies the required condition.

e Assume now & is of type Dg,i1, n = 2. The subsystem of the
elements of ® which are strongly orthogonal to «y is then generated
by the «;, i # 2, hence of type A; X Do, _1, the component of type
Ay being {+a;}. By eventually conjugating ¥, by the reflection
Saq, We may assume it contains a; as well as ap, and by a similar
reasoning as above (considering X, — {ap, a1 } instead of ¥, —{ap}),
we are reduced to the case of type Do, _1; after a finite number of
such reductions we reach the case of a system of type D3 = Ag,
which is an already known case.

e Assume finally @ is of type Eg. The subsystem of the elements of
® which are strongly orthogonal to «q is then generated by the
«;, © # 2, hence of type As, and we are once again reduced to an
already known case.
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Now we prove the unicity of ¥, (up to conjugation) by induction on d,
the case d = 1 being obvious. Let ¥ be any subset of @ satisfying the
conditions of the proposition. Assume ¥ contains at least one long root
(recall that by convention every root of a simply-laced system is considered
long); by eventually conjugating ¥, we can assume that root is ap, and if
U is the subsystem of the elements of ® which are strongly orthogonal to
ap, ¥ — {ap} satisfies the conditions of the proposition as a subset of ¥,
hence by induction hypothesis ¥ — {ap} and X, — {ag} are conjugated by
an element w of the Weyl group Wy of W. Since g is orthogonal to every
element of U, it is fixed by Wy, hence ¥ and ¥, are conjugated by w.

Assume now ® is not simply-laced and ¥ contains only short roots. We
now examine the different cases:

e Assume first @ is of type Go. Then no two short roots of ® are
orthogonal, hence ¥ must be a singleton {a}. Since there are long
roots in ® which are orthogonal to «, hence strongly orthogonal by
Lemma 4.3, ¥ cannot be maximal.

e Assume now ® is of type Cy. Let e1,...,e4 be defined as in [4,
plate III]. We have already seen (Lemma 5.9) that when ® is of
type Cy and ¥ contains only short roots, these roots must be of
the form +¢; +¢; with no two indices being identical; on the other
hand, every possible index must show up in some +¢; +¢;, since if
some index k does not, the long root 2¢y is strongly orthogonal to
every element of ¥, which contradicts the maximality of ¥. Hence
d = 2n is even and the only possible ¥ is, up to conjugation: ¥ =
{e1 + €2,...,89n-1 + €2, }. On the other hand, the long root § =
2¢; is orthogonal to every element of ¥ but a = €1 + €2, and we
have < a,8Y >= 1, which contradicts the fact that ¥ must not
satisfy (C1).

e Assume now P is of type either By or Fy. In both these cases, it
is easy to check that no two orthogonal short roots are strongly
orthogonal, hence ¥ must be a singleton. Let ®’ be a subsystem of
type By = C5 of @ containing ¥; according to the previous case, 2
satisfies (C1) as a subset of ®’, hence also as a subset of ® and we
reach a contradiction once again.

In all the above cases, either ¥ is a conjugate of ¥, or we have reached
a contradiction. Hence (1) is proved.

Now we prove (2). Assume there exists o € ® which is orthogonal to
every element of X,. Then at least one element of ¥, is orthogonal but
not strongly orthogonal to «, which implies by Lemma 4.3 that & is not
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simply-laced. On the other hand, ¥, is then of cardinality strictly smaller
than d, which by Lemma 4.4 and the following remark is possible only if ®
is of type Ay, with d > 1 odd, Dy, with d odd, or Fg, hence simply-laced.
We thus reach a contradiction, hence a cannot exist and (2) is proved.

Now we prove (3). When & is simply-laced, we deduce from (1) that
every maximal subset of strongly orthogonal roots of & which does not
satisfy (C1) is conjugated to %,, and (3) follows immediately. When &
is of type Ga, it is easy to check that every maximal subset of strongly
orthogonal roots of ® must always contain one long root and one short
root, which also implies (3). When ® is of type Ba,4+1 for some n, every
subset of strongly orthogonal elements of ® contains at most one short root
(since in a system of type By, the sum of two nonproportional short roots
is always a long root), and at most 2n long roots (since all of these long
roots must be contained in the subsystem of the long roots of ®, which is
of type Ds,+1 and, as we have already seen, does not contain any subset
of strongly orthogonal elements of cardinality 2n 4 1); using the induction
of Lemma 4.4 once again, we easily see that such a subset must also be
contained in a conjugate of X,; the assertion (3) follows immediately in
that case too.

It remains to consider the cases Bs,, Cq and Fjy. In all these cases, X,
contains only long roots: this is easy to check by examining the subsystem
®; of the long roots of ®, which is of type respectively Ds,,, A and Dy; in
all three cases, ®; contains a subset of d strongly orthogonal roots which
does not satisfy (C1), and such a subset must then be a conjugate of ¥, in
®;, hence also in . If 3 contains only long roots, by replacing ® by ®;, we
are reduced to the simply-laced case. Assume now ¥ contains at least one
short root «; we prove by induction on the number of short roots it contains
that it must satisfy (C1). By induction hypothesis, if & is the subsystem
of the elements of ® which are strongly orthogonal to a, ¥ — {«a} either
satisfies (C1) as a subset of ®' or is contained in some conjugate of ¥, that
by conjugating ¥ we may assume to be ¥, itself. In the first case, by the
same argument as in the case Az,, ¥ must satisfy (C1) as a subset of ®.
In the second case, since ¥, is of cardinality d, « is a linear combination
of the elements of 3, which is possible only if there exist 81, 82 € ¥, such
that o = 1(£8; & B2). We then have:

<o, B >=+ <, By >=+1,

which proves at the same time that $; and 2 do not belong to ¥ and that
¥ satisfies (C1). Hence (3) is proved. O
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COROLLARY 5.12. — Assume ® is not of type Asg, for any n, E/F is
tamely ramified and Y. is a subset of strongly orthogonal roots of ® which
either is not maximal or satisfies (C1). Then for every f € H(Xp)Crder
and every C € Chg of anisotropy class ¥, f(C) = 0.

Proof. — Assume first X, is of cardinality d. If 3’ is a conjugate of some
subset of ¥,, then the set X't of elements of ® which are strongly or-
thogonal to ¥’ contains some conjugate of X, — X', hence is of dimension
d — #(X') and we can just apply Proposition 5.8 if ¥’ is nonempty, and
Corollary 5.3 if ¥/ is empty. Assume now X’ is not a conjugate of any sub-
set of 3,. By Proposition 5.11(3), X’ satisfies (C1) and we can proceed
by induction. Let 3, C,C’ be defined as in Proposition 5.10; if we assume
f(C) = 0, by Proposition 5.10 we have f(C’) = 0 as well. By Proposi-
tion 5.11(3), either X is a conjugate of some subset of ¥, in which case we
have f(C’) = 0 by the previous case, or ¥ satisfies (C1), in which case we
can just iterate the process; since ¥/ is finite, after a finite number of steps
we reach a situation where 3 is conjugated to a subset (eventually empty)
of X, hence by the previous case f(C) = 0, and by Proposition 5.10 and
an obvious induction, we must have f(C”) = 0. The fact that f is then zero
on the whole anisotropy class X’ of Chg follows from Corollary 5.6.

Assume now 3, is of cardinality smaller than d. Then ® is simply-laced,
hence, as we have seen during the proof of Proposition 5.11, ¥/ is always a
conjugate of a subset of ¥,. Now we examine the different cases:

e Assume P is of type Ag,_1. It is easy to check that for every a € @,
the subsystem of elements of ® which are orthogonal to « is of
type As,_3; we deduce from this that every proper subset of %,
and more generally every nonmaximal subset of strongly orthogonal
roots of ®, is contained in a subsystem of ® of type As,_3, hence
also in a subsystem of ® of type As,_o; by Proposition 5.11(4), ¥’
then satisfes (C1). We thus can apply Proposition 5.10 and an easy
induction to get the desired result.

e Assume @ is of type Dan41, and, the &; being defined as in [4,
plate IV], set ¥, = {e1 £ €2,...,60n-1 £ €2, }. It is easy to check
(details are left to the reader) that the set of W-conjugacy classes
of sets of strongly orthogonal elements of ® admits as a set of
representatives the set of subsets {¥;;|0 < i < j < n}, with
Ei’j = {81 Eeo,. .., €2i1EE2;,E0i41+E2542, ..., E251 +f32j}; in par-
ticular, X, , = 3,. When ¢ < j, setting for example o = €91 +€2;
and = €9j + €2541, we see that ¥; ; satisfies (C1). However, this
is not true for the 3;;, 0 <i < n —1, and we must then deal with
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them first. For every i < n, Xj; is a subsystem of type Dy(,—i)41 of
®, namely the set of roots which are linear combinations of the ¢;,
21+ 1 < j < 2n+ 1; its rank is then equal to d — #(X%;;), and we
can then apply Proposition 5.8 (or Corollary 5.3 if i = 0) to obtain
that f(C) = 0 in these cases. The cases X; ;, ¢ < j, then follow from
the cases 3; ; by Proposition 5.10 and an easy induction.

Assume ® is of type Fg; 3, is then contained in a Levi subsystem ®’
of type Dy of @, hence also in a Levi subsystem ®” of type Ds; we
can thus define subsets ¥; ;, 0 < i < j < 2, of that last subsystem in
a similar way as in the previous proposition, and we can even assume
they are contained in ®’. Mreover, if we assume that ® (resp. ®")
is generated by the elements aw, ..., a5 (resp. aq,...,as) of A (the
simple roots being numbered as in [4, plate V]), the elements of
W corresponding to the order 3 automorphisms of the extended
Dynkin diagram of ® act on ®' by automorphisms of order 3 of its
Dynkin diagram, and in particular permute the subsets {ao, a3},
{a2, a5} and {as, a5} of ®; we deduce from this that the sets 11 =
{a2, a5} and g2 = {as, a5} belong to the same conjugacy class of
sets of strongly orthogonal elements of ®. By Proposition 5.10 and
the previous induction applied to X9 — Xg,1 — 20,2 and then to
31,1 — 1,2, we obtain the desired result.

The corollary is then proved. O
ProrPOSITION 5.13. — In the various cases, the sets ¥, are, up to con-
jugation, the following ones:
e when G is of type Asp—1, Yo = {—€1+¢2n, —€2+E2n-1,-.-, —En+
En+1}i
e when G is of type Ba,,, X, = {—e1te9, —e3teyq, ..., —€opn_1EE2,};
e when G is of type Boy11, Xy = {—€1 £ €9, —e35t€4,...,—Eop_1 =

€2n, *€2n+1};

e when G is of type Cy, ¥, = {—2¢1,...,—2e4};

when G is of type Dy, with d being either 2n or 2n + 1, X, =
{—61 + €2, —E3 + E4yeevy—E2n—1 + Egn},'

when G is of type Eg, ¥, = {—ag, —a1 —ag —aq — a5 — ag, —ag —
q — 5, — 0}

when G is of type E7, ¥, = {—ap, —as — ag — 204 — 2a5 — 205 —
ar,—ag — ag — 204 — a5, —Qn, —Q3, —Q5, —Q7 };

when G is of type Eg, ¥, = {—ap, —2a1 — 202 — 3y — 4oy — 3as —
206 — a7, —aiy — ag — 204 — 205 — 206 — 7, —Qig — Q3 — 2014 —
5, —Qrg, —Qr3, —Qi5, — Q7 };
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e when G isof type Fy, ¥, = {—ap, —as—2a3—2a4, —as—2a3, —as };
e when G is of type Ga, X, = {—ag, —a1 }.

Proof. — The above sets X, are simply the ones we obtain by applying
the algorithm of Lemma 4.4. Details are left to the reader. 0
Note that for convenience (to be able to make the best possible use of
Lemma 6.17), we may want in the sequel to use representatives of ¥, which
contain as many negatives of simple roots as possible, and we thus obtain:

PrOPOSITION 5.14. — In the following cases, these alternative ¥, are
also valid choices:
e when G is of type Agp_1, Xg = {—a1,—asz,...,—Q2ap_1};
e when G is of type Dapi1, g = {—€2 £ e3,—e4 £ &5,...;—€9, £
Eant1};

e when G is of type Eg, ¥ = {—ay — a3 — 204 — a5, —ta, —at3, — 5 }.

Checking that these sets are also valid representatives of ¥, in their
respective cases is straightforward, details are left to the reader. In the
other cases, the representative of ¥, we pick up is still the one given by
Proposition 5.13.

In particular, we have proved the following result:

PROPOSITION 5.15. — It is possible to choose ¥, in such a way that it
is contained in a standard Levi subsystem ®' of rank #(X,) of ® and that
every one of its elements is the negative of the sum of an odd number of
simple roots of ®+ (counted with multiplicities).

Proof. — Checking that the condition of Proposition 5.15 is satisfied by
the sets ¥, given by Proposition 5.14 in the cases covered by that propo-
sition and by Proposition 5.13 in the other cases is straightforward. O

The last three results of this section are three more corollaries to Propo-
sition 5.11.

Let Ch, be the subset of chambers of X of anisotropy class ¥,, and
let ChY be the subset of the elements of Ch, containing a I-fixed facet of
maximal dimension of any I'-stable apartment containing them.

COROLLARY 5.16. — Assume ® is not of type As, for any n and E/F
is tamely ramified. Let f be an element of H(Xg)®#der; the support of f
is contained in Ch,, and f is entirely determined by its values on ChY.

Proof. — By Proposition 5.11(3), every subset of strongly orthogonal
roots of ® which is not a conjugate of X%, either is not maximal or satis-
fies (C1); the corollary then follows from Corollaries 5.6 and 5.12. O
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In the case of groups of type As,, our induction actually works on the
whole set Chg and we obtain:

COROLLARY 5.17. — Assume ® is of type Ay, for some n and E/F is
tamely ramified. Let f be an element of H(Xg)®Fder; f is then entirely
determined by its value on some given element of Ch.. In particular, The-
orem 1.3 holds for groups of type As,,.

Proof. — By Proposition 5.11(4), every subset of strongly orthogonal
roots of ® satisfies (C1); by Corollary 5.6, Proposition 5.10 and an easy
induction, f is then entirely determined by its values on the set Chy of
chambers of Xp whose geometric realization is contained in Br. On the
other hand, by Proposition 5.2, Ch, is the only G ger-orbit of chambers
satisfying that condition and on which f can be nonzero, hence f is entirely
determined by its values on Ch,. In particular, H (X g)“Fde" is of dimension
at most 1. As in [5], Theorem 1.3 follows. O

Note that we did not need to determine precisely the support of the
elements of H(Xg)EFdr to prove the above corollary, so we do it now.

For every apartment A of Xg, we denote by Chy the set of chambers
of A.

COROLLARY 5.18. — Assume ® is of type Ag, for some n and E/F
is tamely ramified. Then assuming H (X )¢ actually contains nonzero
elements, their support is the union of Ch, and of the Ch 4, with A being
a I'-stable apartment of X whose geometric realization is not contained
in Br and such that every facet of maximal dimension of A" is a facet of
some element of Ch,..

Proof. — Let A’ be any I'-stable apartment of Xg, and let ¥/ be a set of
strongly orthogonal roots of ® corresponding to the F-anisotropy class of
the E-split maximal torus associated to A’. By Proposition 5.11(4), every
nonempty subset of X' satisfies (C1). Let D be a facet of maximal dimension
of A'"'; we prove by induction on the cardinality of ¥’ that for every nonzero
f € H(Xp)CFder assuming such an f actually exists, f is nonzero on the
set of chambers of A’ containing D only if D is contained in some chamber
of Che, and f is then constant on that set. Let X, A, C, C’ and C” be
defined as in Proposition 5.10 relatively to ¥’ and A’; by that proposition
and the harmonicity condition, f(C’) = 0 if and only if f(C)+ f(C") =0,
and we have:
f(Ce)+f(C”)

feny = FoL
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On the other hand, if ¥’ is a singleton, then C' and C"” are two adjacent
chambers in Chgy, hence by definition of Ch., one of them can belong to
Ch, only if the wall separating them, which is D, is such that R(D) is
not contained in any wall of Bp, and in such a case, R(C) and R(C") are
contained in the same chamber of Br; by Proposition 5.2, if, say, C' belongs
to Che, then C" ¢ Ch.. Hence by Corollary 5.3, we have f(C)+ f(C") # 0,
which implies f(C’) # 0, if and only if D is contained in some chamber
of Che.. On the other hand, the value of f on C’ is then always equal to
the constant value of f on Ch. multiplied by %_q, hence nonzero. The fact
that f is then nonzero on the whole set of chambers of A’ is a consequence
of Corollary 5.6.

Assume now Y’ contains at least two elements. By induction hypothesis,
we have f(C) = f(C"), and they are nonzero if and only if both C' and C”
contain a facet D’ of maximal dimension of A" contained in some chamber
of Ch.. Hence if f(C') # 0, D must be contained in Ch. and we have
fcoh = 1—qu(C). Conversely, if D is contained in some chamber of Ch,,
then it is contained in some D’ satisfying the same condition and f(C’) is
then nonzero. As in the previous case, we use Corollary 5.6 to obtain that
/ is then nonzero on the whole set of chambers of A’. g

6. The spherical part

In this section, we prove Theorem 1.3 when @ is not of type As,, for any
n. From now on until the end of the paper, we assume that E/F is tamely
ramified.

Let 3, be a subset of strongly orthogonal roots of ® satisfying the con-
ditions of Proposition 5.11, let A be a I'-stable apartment of Br whose
associated torus is of F-anisotropy class ¥,, let T" be the E-split maxi-
mal torus associated to A, and let D be a facet of Xg whose geometric
realization is a facet of maximal dimension of A"; we denote by Chp the
set of chambers of Xg containing D. First we prove that the elements of
H(X g)Grder are entirely determined by their restrictions to Chp for a suit-
ably chosen D, then we prove that the space of restrictions of the elements
of H(Xg)%rF to Chp is of dimension at most 1.

To achieve that, we will continue to restrict our harmonic cochains to
smaller sets. The general strategy is the following one: starting with the
whole set Chg, we successively prove that we only have to consider the
following subsets:

e the subset Chp of the elements of Chg which contain D;
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e the subset Chp , of the elements of Chp whose F-anisotropy class
is (up to conjugation) X;

e the subset Chp 4,1 of the elements of Chp , contained in some I'-
stable apartment A of Xr whose associated torus is contained in
some given reductive subgroup L of G (namely, the one of Propo-
sition 4.5);

e the subset Chp 4,1 c, of the elements of Chp 4 1 of the form uCy
for some given I'-fixed chamber Cy of Xg containing D, where u is
a product of elements of the root subgroups of L which correspond
to elements of X,.

Finally, we compute explicitely the restrictions to Chp 4 1,c, of our har-
monic cochains; by Proposition 6.13, that set happens to be in 1-1 corre-
spondence with some cohomology group which is easier to study.

6.1. Some preliminary results

We choose D arbitrarily for the moment. First we prove the following
results:

PROPOSITION 6.1. — Assume D is a single vertex x; x is then a special
vertex'!) of X E.

By eventually conjugating it by some element of G q.r We can always
assume that x € Agy. The above statement can then be rewritten in terms
of concave functions the following way: let 3 be a set of strongly orthogonal
roots of ® conjugated to X,. Assume the cardinality of ¥ is equal to the
rank d of ® and let f be a concave function from @ to %Z such that
f(a) € Z+ 5 for every v € +% (this property corresponds to the fact that
D is a I'-fixed facet of maximal dimension of an apartment of F-anisotropy
class 3,); we then have f(a) + f(—a) = 0 for every a € X.

Let f’ be the element of Hom(X*(Tp), Q) which coincides with f on +3;
for every o € @, we have f'(a) = a(x) (remember that Ag = X, (Tp) @ R).
We then have f(a) + f(—a) =0 for every o € ® if and only if f coincides
with f/ on ®, and by definition of f, this is the case if and only if the image
of f’ is contained in %Z. Proposition 6.1 is then an immediate consequence
of the following proposition:

PRrROPOSITION 6.2. — The function f being defined as above, the image
of f' is actually contained in %Z.

(1) See Section 2 for the definition of a special vertex.
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Proof. — Let By, ..., B4 be the elements of 3, and let a be any element
of @, which we can assume to be different from the +p5;, i € {1,...,d}.
Write o = Zle Aifi, the \; being elements of Q; we then have f/(a) =
¥4\ f'(B;). On the other hand, for every i, we have:

<o, B >= N < B, B >=2),

hence \; € 3Z. Let (.,.) be a nontrivial W-invariant scalar product on
X*(T) ® Q; we also have:

d
(6.1) (a,0) =D N (Bi, Bi).
i=1
We now consider the possible cases. To simplify notations, we can assume
that the nonzero \; are the ones with the lowest indices, and are positive
(because we can always replace some of the f; with their opposites by
simply conjugating ¥ by a product of reflections sg, ).

e Assume first @ is simply-laced. Then (o, «) and the (8;, 5;) are all
equal to each other, and there is only one possibility: \; =

5 for
1<i<4and \; =0 for ¢ > 4; we then obtain:

fla) = %(f’(&) + F'(B2)+ f'(Bs) + f'(B1)) € %(2 +7Z) = %Z.

as desired.

e Assume now @ is not simply-laced and every (; such that \; # 0
is long; since there are then at least two long 3; orthogonal to each
other, we cannot be in the case G2 here. If a is long as well, we are
reduced to the previous case. If « is short, then for every i, (a, a) =
%(61-, B;) and there is again only one possibility: A\; = Ay = % and
A; = 0 for i > 2; we then obtain:

F(0) = 57 (50) + £/(82) € 5 (14+2) = 32,

e Assume now @ is not simply-laced and some of the (; such that
A; # 0 are short. We first treat the case Go; in this case, assuming
B is short and f3; is long, we have (82, 32) = 3(B1, 1), and 3A\3+\?
is either 1 (if «v is short) or 3 (if « is long). In the first (resp. second)
case, it implies \; = % and Ay = % (resp. A1 = % and Ay = %), and
in both cases, we obtain f/(a) = A1 f/(81) + Ao f/(B2) € 1 Z.

e Assume now & is not of type G, not simply-laced and f; is short.
First assume B; is the only short ; such that \; # 0. If « is
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long, this is only possible if there are three nonzero A;, A\; = 1
and Ao = A3 = %, and we then have:

F'l@) = F'(B) + 3 (7 (52) + F/(By) € 52+ 5(1+2) = L2

Assume now « is short, still with only one of the §; such that
A; # 0 being short. We deduce from the relation (6.1) that we must
have:

d
1=A7 42> N2
i=2
Since A5 is nonzero, we must have Ay = % But then the right-hand
side of the above equality belongs to i + %Z, hence cannot be equal
to 1. We are then in an impossible case.

e Assume finally that at least two of the (3; such that the \; are
nonzero are short. By Lemma 5.9, this is possible only if & is of
type Cq with d > 4. On the other hand, by Proposition 5.13, if
® is of type Cy, X, contains only long roots. Hence this case is
impossible too. O

Now we consider the cases where D is of positive dimension or in other
words the ones where Y, contains less than d elements; as we have already
seen, these cases are A4, d > 1 odd (remember that we rule out the case
Aoy, in this whole section), D4, d = 2n + 1 odd, and Es.

PROPOSITION 6.3. — Assume D is of positive dimension. Then its ver-
tices are all special.

Proof. — When G is of type A4, we see on the table of page 29 of [7] that
every vertex of Xg is special and the result of the proposition is trivial; we
then only have to consider the cases Dy, 1 and Eg.

Assume @ is of type Day,41. The facet D is then of dimension 1, and we
have, for example, ¥, = {e2 £ e3,...,62, £ €2n41}; X is then contained
in the Levi subsystem @’ of type Do, of ® generated by as, ..., as,1. Let
Y be the subgroup of X*(7y) generated by X, let f be a concave function
from ® NY to 37Z such that f(a) € Z + § for every o € +%, and let f’ be
the element of Hom(Y, Q) which coincides with f on £%; if we extend f’
linearly to X*(Tp) ® Q by choosing f’(¢1) arbitrarily in $Z, we obtain on
® a concave function satisfying f'(«) + f'(—a) = 0 for every o € ® and
associated to some vertex of A", and it is easy to check that every vertex
of A" is associated to such a concave function, hence special.
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Assume now @ is of type Fg. The facet D is then of dimension 2, and,
up to conjugation, we have X, = {ao, a3, a5, a0 + az + 2a4 + a5}; X, is
then contained in the Levi subsystem ®’ of type D4 of ® generated by
as,...,as. Once again, Y and f’ being defined as in the previous case,
we can extend f’ linearly to X*(Tp) ® Q by choosing f/(a1) and f/(«g)
arbitrarily in %Z, and we conclude similarly as above. g

Now assume the geometric realization of D is contained in Ag; let fp g
be the concave function associated to D (as a facet of Xg; we have to
specify here since D may be a vertex of both X and Xg). The following
corollary follows immediately from Propositions 6.1 and 6.3:

COROLLARY 6.4. — Let o be an element of ® which is a linear combi-
nation of elements of ¥. Then fp g(a) + fp,g(—a) = 0.

Let now A be any I'-stable apartment of Xz of anisotropy class ¥,
containing D.

PROPOSITION 6.5. — The subcomplex A" is isomorphic to any apart-
ment of a building of type A,., where r is its dimension.

Proof. — Let ®p be the root system of KD)E/KOD’E, viewed as a root
subsystem of ®, and let Sy C Ty be the intersection of the Ker(a), a € ®.
Assume there exists a field F; (not necessarily related to F' in any way) on
which G is defined and a Fj-inner form G’ of G such that Sy is precisely
the maximal Fj-split subtorus of Ty in G’. Then by [2, Corollary 5.8], the
set of nonzero restrictions to Sy of the elements of ® is a root system,
which implies that A" is isomorphic as an affine simplicial complex to an
apartment of a building of the same type as that root system.

Now we check that the above assumption is true. If » = 0, then AF
consists of a single vertex and the result is trivial; assume r > 0. We then
obtain, with the help of [20, §17]:

e when G is of type As,_1, we can take F; = F, and G’ is then, up
to isogeny, the group GL,, (D), where D is a quaternionic division
algebra over F'. The group G’ is then of relative type A,_1, hence
AT is isomorphic to an apartment of type A,_1;

e when G is of type Dsy,11, G’ is isogeneous to a special orthogonal
group in 4n+2 variables defined by a quadratic form of index 1, and
F} is any field on which such a quadratic form exists (for example
R, in which case Gr = SO4n+1.1(R), but not F this time); G’ is
then of relative type Aq;
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e when G is of type Fg, G’ is the case (1, 6) of [20, Proposition 17.7.2],
and F} is any field on which such an inner form of G exists (again,
Fy = F does not work, but £} = R does according to the classifi-
cation of [21]); G’ is then of relative type A,.

The proposition is now proved. O

6.2. Restriction to Chp

Now we go back to the proof of Theorem 1.3. Let A and A’ be two I'-
stable apartments of X corresponding to tori of F-anisotropy class ¥,.
By Proposition 4.7, there exists ¢ € Ggger such that gAT = AT, If AY
(resp. A'') is a single vertex z (resp. 2’), we have Chy o = gChy. ., and
the G ger-invariance of the elements of H(Xpg)“Fder implies that their
restrictions to Chy o and Chy , are related. Assume now AY and A" are
of dimension at least 1. Then for every facet D of A" of maximal dimension,
gD is a facet of A’ T' of maximal dimension, and the restriction to Ch D,a Of
every element of H (X g)# e~ depends only on its restriction to Ch,p , and
conversely. To prove that f € H(Xg)%Faer only depends on its restriction
to Chp,q, we thus only need to prove that its restrictions to respectively
Chp o and Chps o, where D’ is any other facet of maximal dimension of
AT are related as well.

PROPOSITION 6.6. — Let D, D' be two facets of maximal dimension of
AT, Then D and D' are G ge,-conjugates.

Proof. — The result is trivial when AT consists of a single vertex; assume
it is not the case. By an obvious induction we only have to prove the
proposition wuen D and D’ are neighboring each other. Let D” be their
common facet of codimension 1, and set Gp = Kp /K ]13, p; define similarly
Gpr and Gpr. It is easy to check (details are left to the reader) that:

e when G is of type As,_1, Gp and Gp are of type A; x A; and
Gpr of type As;
e when G is of type Da,t1, Gp and Gp are of type Da, and Gp~
of type Doy y1;
e when G is of type Eg, Gp and Gp: are of type Dy and Gp~ of
type Ds.
Hence in every case (including the first one, remember that D3 = A3 and
Dy = A1 x A1), Gp and Gp/ are of type Do, and Gp~ of type Da,4q for
some r; we thus are reduced to the case Da, 41, and we may assume G is
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SO}, 4o- It is then easy to check that, depending on the case, D and D’
are conjugated by some G q4er-conjugate of either:

1
1
1
1
1 K
1
1
1
or:
w}l
1
1
1
1 )
1
1
wWF
The proposition is then proved. O

COROLLARY 6.7. — Let f be an element of H(Xg)%Fder and let D be
the facet of Xg defined as in Proposition 6.6. Then the restriction of f to
ChY is entirely determined by its restriction to Chp 4.

Proof. — Let D’ be another facet of maximal dimension of some AT If
g € Grger is such that AT = gATU. the restrictions of f to Chgp,, and
Chpr,q depend only on each other by the previous proposition and Gz ger-
invariance, and by Gp g4er-invariance again, its restrictions to Chp , and
Chgp,q are also linked. The result follows. O

6.3. The harmonic cochains on Chp ,

Now we prove that, for some convenient D, the dimension of the space
of the restrictions to Chp , of the elements of H(Xg)“Fdr is at most 1.
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We fix D arbitrarily for the moment among the possible ones contained in
Ao,g- Let ®p be the root system of KD7E/K%7E relative to KTO,E/K%),E,
viewed as a root subsystem of ®.

Let Bi,..., 0B, be the elements of some fixed representative of ¥,, and
let L be the subgroup of G generated by Ty and the Uig,, i =1,...,7; by
Proposition 4.5 we know that every E-split maximal F-torus of G of F-
anisotropy class X, is G r ger-conjugated to some maximal torus of L. Hence
we can replace Chp , by the subset Chp 4 1 of the elements C' € Chp,
contained in a I'-stable apartment of Xz whose associated E-split maximal
torus is also contained in L.

PROPOSITION 6.8. — Let C be any chamber of Ag containing D; there
exist chambers Cy, C(y of A g containing D and corresponding to opposite
Borel subgroups of KD7E/K103’E and an element w € Lg ger N KC(/)’E such
that C' = uCy.

Proof. — Since T and Tj are both contained in L, there exists h € Lg ger
such that hToh™' = T and hD = D, hence h € Kp N LEg, ger- Therefore, we
have h=1C = C; for some chamber Cy of Ap g containing D. Moreover, we
have:

LEMMA 6.9. — Let B, B’ be two opposite Borel subgroups of Lg ger
containing Ty and let U, U’ be their respective unipotent radicals. Then
Ty and T are conjugated by some element h = uu' of UgUp, where Ug
(resp. Uy,) is the group of E-points of U (resp. U’). Moreover, if h € Lg gerN
Kp g, then u and v’ also belong to Lg 4er N Kp E.

Proof of Lemma 6.9. — Let h' be any element of Lg g. such that
h'Toh'~t = T'. Using the Bruhat decomposition of Lg (see for exam-
ple [20, 16.1.3]) and the fact that both B and B’ contain Ty, we can write
h' = unu”, with u,u"” € Ug and n € N ,., (Tp), and we can even assume
that u” belongs to n=1Upn, hence v’ = nu'n~! € Ul; if we set h = h/'n™1,
then h = wu' satisfies hTyh™' = W'Toh/~t = T’, as required.

Assume now h € Kp g N Lg ger. Since the intersections of Kp g with
respectively Ug and U, are products of the intersections with Kp g of the
root subgroups respectively contained in these two subgroups, and since
these two sets of root subgroups are disjoint, we obtain that w and u’
belong to Kp g N Lg, der as well. O

Note that since Ty is split and T is of anisotropy class X,, the element n
of Nrz 4..(To) used in the above proof always corresponds to the element
of the Weyl group of L relative to Ty which sends every root of L, hence
also every root of Kp g by linearity, to its opposite (more precisely, w is
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the product of d copies of wg, where wqg is the unique nontrivial element
of the Weyl group of SLs). Since A’ has been chosen arbitrarily, we obtain
that every h € Lg 4er such that hToh™' = T” satisfies h € UgUpRTo g,
and that when h belongs to Kp g, its three components also belong to
Lg.ger NKpE.

Now we prove Proposition 6.8. According to Lemma 6.9 and the previous
remark, for every choice of Ug and U}, we have C' = uu/'Cy for some Cyp,
some u € Lg ger N Ug and some u' € Lg ger N Ug. Hence for every Cp,
if we choose Up, Uj, in such a way that the image of v’ in Kp /K9
belongs to the Borel subgroup of KD7E/K%7E corresponding to Cjy, or in
other words that v’ € K¢, g, we have in fact C' = uCy. Let then C{ be
the unique chamber of Ay g containing D and corresponding to a Borel
subgroup of KD,E/K%,E opposite to the previous one; by definition of Ug
and by Lemma 6.9, we must then have u € Lg ger ﬂKcé’E, as required. [

For every a € ®, let u, be a group isomorphism between the additive
group F and U, compatible with the valued root datum (G, Ty, (Uy)aco,
(¢a)aca); for every one-parameter subgroup & of Tj, we then have, for
every x,y € E*:

E(@)ua(y)E(2) ™" = ua(z="7y),

where < .,. > denotes the usual pairing between X*(Tp) and X. (7).

COROLLARY 6.10. — There exist elements Aq,...,\, € Of, such that
the element u of Lemma 6.9 is of the form u = [[_, ug, (wQEfD’E(ﬁi))\i) for
some choice of £, = {f1,...,Bn}-

Remark. — Since the elements of 3, are strongly orthogonal, the root
subgroups Ug, commute, hence the above product can be taken in any
order.

Proof. — Assume 3, has been chosen in such a way that for every g €
Y4, the root subgroup Ug of G is contained in the group Ug defined as in
Proposition 6.8; since, using Lemma 4.2, we can always replace some of its
elements with their opposites, this is always possible.

Since u is unipotent, it belongs to the derived group Lg 4er of Lg, and we
can work componentwise. Write u = u ... u,, where for every ¢, u; belongs
to Ug,. For every i, u; then belongs to Ky but not to K¢, hence is of the

2fD,E(ﬁ7t))\_

form ug, (wp ) for some A; € Op;; the result follows. O

Note that for every 4, since fp g(8;) € Z+ %, w'QEfD’E(ﬁi))\Z- cannot be an

element of F.
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For every chamber Cj of A containing D, let Chp 4 1,c, be the subset
of the C € Chp 4,1 such that, with C{) being defined as in Proposition 6.8,
C = uCp for some u € K¢y p. We deduce from the previous corollary
that,Chp q,r is the union of the Chp . 1,c,, With Cy being such that the
corresponding Borel subgroup of Kp /K %, g contains every root subgroup
associated to the elements of some fixed representative of 3.

Now we fix arbitrarily such a chamber Cj. For every Aq,..., A\, € OF,
where r is the cardinality of X,, let C(A1,...,A.) be the chamber
ITi_, ug, (wEfD’E(B"'))\i)CO, where the f; are the elements of ¥,. The cham-
ber C(A1,...,A) only depends on the classes mod pg of the A;, hence by
a slight abuse of notation we can consider them as elements of the residual
field k7, = k}.

ProrosITION 6.11. — The subsets Chpq,r,c, of Chp.qr are all
Kp g N GF ger-conjugates.

Proof. — Let Cy, C{) be two chambers of Ay g containing D, and let C be
any element of Chp 4,1,c,; there exists then n € Ng, .. (To) N Kp, g such
that nCy = C{. Let g € Gg ger be such that gTog~! = T and ¢gCy = C,
and set n' = gng~'; the chamber C" = n/C' then belongs to Chp a.1.c5-
We thus only have to prove that C’ is a G 4e-conjugate of some element
of ChD,a,L,CU-

By an obvious induction it is enough to prove the result when C and
C' are neighboring each other. Assume first n is the reflection associated
to some element 3; of X,; then C’ is of the form C' = C(\y, ..., \i—1, 1,
Xit1, .-+, Ap) for some p € k% distinet from A;, and the result follows.

Next we prove the following lemma.:

LEMMA 6.12. — Let n’ be any element of Ng,(T)N Kp g. Then L' =
nIn~! is F-split.

Proof of Lemma 6.12. — If we assume that L’ is defined over F, then it
is F-split by Lemma 4.6. Therefore, we only have to prove that L’ is defined
over F. Let w be the element of the Weyl group of G/T corresponding to
n: since T is of F-anisotropy class ¥,, for every a belonging to the root

system @ 1 of L’ relative to T', we have y(«) = —a, hence for every root
B of L'/T, w(pB) is a root of L'/T and:

Y(w(B)) = —w(B) = w(=p)
is also a root of L' /T. Hence L' is T'-stable, hence defined over F. O

According to this lemma, replacing L by some Kp p-conjugate if needed,
we see that the result of Proposition 6.11 holds when n is the reflection
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associated to any conjugate of any element of ¥,. Since by [4, §I, Proposi-
tion 11], two roots of ® of the same length are always conjugates, Propo-
sition 6.11 holds when ¥, contains roots of every length.

Now assume 7 is any element of Kp g N Ng, ,..(T), and let g be an
element of Gg q4er such that gCy = C. We then have:

1

C" =ngCy = g(g~'ng)Co = gnoCo,

where ng = g~'ng is an element of Kp g N Nay ., (Tp), which we can as-

sume to be in G qer since T is F-split. On the other hand, by Lemma 6.9,
g is of the form (ngung ) (nou'ng '), with u’ € K¢, and u being of the form
w=[[i_ ug (w%fD’E(ﬂi)ui), with f1,. ..,y being elements of k}.. Hence
ng 'C" = uu'Cy belongs to C(u1, . .., 1) and €’ is then G'p ge-conjugated
to some element of Chp q,1.c,-

It remains to prove that every n such that C' and nC' are neighboring
each other is a G p-conjugate of some element of Kp gNNgy ., (T). It is of
course true when n is a representative of the reflection associated to some
conjugate of some element of ¥,, hence since ¥, always contains some long
roots, we only have to consider the case where Y, contains only long roots
and n is a representative of the reflection associated to some short root of
®. Since ¢ is then not simply-laced, we deduce from the remark following
Lemma 4.4 that ® satisfies the equivalent conditions of that lemma, which
implies in particular that ®p is of the same rank as ®, and Proposition 6.1
then implies that ®p = ®. Hence n is a representative of the reflection
associated to some element of ®p, and the result follows. O

By the above proposition, to prove Theorem 1.3, we only have to prove
that the space of the restrictions of the elements of H(Xpg)&rder to
Chp.a,1,c, is of dimension at most 1 for some given D, a, L, Cy. We start by
dividing that set into L qe,-conjugacy classes, which happen to be easier
to handle than the full Gg ger-conjugacy classes.

PROPOSITION 6.13. — The Lp 4cr-conjugacy classes of elements of
Chp.a,1,c, are in 1-1 correspondence with the elements of the cohomology
group H*(T, Krn, 4..). Moreover, that group is isomorphic to (Z/2Z)",
where r is the cardinality of ¥,.

Proof. — First we compute H(I', K7nr,, ,.,)- It is obvious from the def-
initions that the group Lg 4er is F-anisotropic, hence TN L g ge, is nothing
else than the F-anisotropic component of T. Let £ be any l-parameter
subgroup of T'N Lg 4er; its intersection with Ky ., is £(O%). On the
other hand, since Im(§) is contained in T,, for every A € O}, we have
Y(EN)) = £(y(N\)71). Hence £(\) defines a 1-cocycle of T' if and only if
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¥(A)7!A =1, or in other words if and only if A € Of. (Note that it does
not mean that £(\) € Gp.) Moreover, £(\) defines a 1-coboundary if and
only if A = v(u)p for some p € OF, or in other words if and only if A is the
norm of some element of OF,, which is true if and only if its image in k7. is
a square. Since X,.(T N Lg 4er) is generated by the coroots 8y, ..., Y as-
sociated to the elements f31, ..., 8, of ¥,, we obtain that H(T, Krarg a..)
is isomorphic to a product of r copies of k% /(k%)? ~ Z/27Z.
Now we prove some lemmas.

LEMMA 6.14. — Let F' be the unique quadratic unramified extension
of F. Then the elements of Chp q.1.c, are all Lp: g.,-conjugates.

Proof of Lemma 6.14. — Let T be a maximal torus of G satisfying the
conditions of Lemma 6.15. By simply replacing F by F in the discussion
above, we obtain that when A is an element of k}, 5, £(\) defines a 1-cocycle
in Krnr,, ,.. if and only if A € k%, and a 1-coboundary if and only if A is
the norm of an element of k% g, which is true if and only if it is a square
in k}.. On the other hand, [k} : k3] = ¢ + 1 is even, hence every element
of k% is a square in kj,. O

Set E' = EF’; E'/FE is then a quadratic unramified extension, and Xg
is a simplicial subcomplex of the building Xz of Gg; the set Chp q 1,c,
is then a subset of the set of chambers of X g/ containing D. Moreover, the
extension E'/F’ is quadratic and tamely ramified.

LEMMA 6.15. — Assume C' is an element of Chg; let A be a I'-stable
apartment of Xg containing C, and let T be the corresponding E’-split
torus of G. Then we can choose A in such a way that T is defined over
F, E-split and that its F-anisotropic and F’-anisotropic components are
identical.

Proof of Lemma 6.15. — Since C' € Chg, it is possible to choose A in
such a way that A is contained in X g, which, since it is I'-stable, ensures
that T is defined over F' and E-split.

Moreover, since E'/F’ is tamely ramified, the geometrical building Bg of
G is the set of I'-fixed points of Bg, and in particular we have By NBg =
Br. Hence the affine subspaces of R(A) contained in respectively Br and
B/ are the same, which proves that the F-anisotropic and F’-anisotropic
components of T" have the same dimension. Since the second one is obviously
contained in the first one, the lemma follows. O

Now we prove the first assertion of Proposition 6.13. For every i €
e ThHoevery Aq, ... A € and every u € , whose square is an
1 A A O3, and O3 wh i
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element of OF, we have:
BZ\/(N)C(AM ey )\7) = C(}\l, ‘e 7,U,2Ai, ey )\,«)

The chamber C (A, ..., ) being stable by 5 (1 +pg) C Koy, x5
we can assume p € O%,, which implies u? € O N OF = O%. Since every
element of k% is a square in k., the image of u? in k} can be any element
of k}; we thus obtain that the subgroup L of the elements of (Tp)r such
that tC' (A1, ..., Ar) belongs to Chp 4 1,c, contains representatives of every
element of (k%./(ky)?)" ~ HYT,KrnLy ,.,); this proves that the set of
L p ger-conjugacy classes of elements of Chp 4.1,c, is in 1-1 correspondence
with H'(T', K7n Ly ,., ), and Proposition 6.13 is now proved. O

For every h = (01,...,0,) € H (7, K1 g N Lg ger), the o; being elements
of Z/27Z that we will denote by + or — signs in the sequel, let Ch(h) =
Ch(o1,...,0.) be the L 4e,-conjugacy class of chambers of X containing
the C(Aq1,..., ;) such that for every i, A; is a square (resp. not a square)
if o; = + (resp. o; = —). Of course the Ch(h) depend on the choices we
have made for D and X,.

We denote by (e1,...,e,) the canonical basis of H'(I', K7 g N L. der)
viewed as a Z/2Z-vector space. More precisely, for every i € {1,...,r},
e; is the element (+,...,4+,—,+,...,+), where the minus sign is in i-th
position, and corresponds by the above correspondence to the root 3; € ¥,
(or in other words, (o1,...,0,) € H' (T, Kr,p N Lg 4er) corresponds to
elements of Chg of the form ug, (wsz’E(ﬁi))\i)Co, where for every i, \; is
a square if and only if o; = +).

By a slight abuse of notation, for every h = (01,...,0,) € H' (I, Kr. g N
LE der) and every f € H(Xp)9Fder we write f(h) = f(o1,...,0,) for the
constant value of f on Ch(oy,...,0,).

In the whole beginning of this section, D and Cj have been chosen ar-
bitrarily among the ones satisfying the required conditions. (We did not
impose explicitely any particular conditions on ¥, either, but we of course
still assume 3, is the one given by either Proposition 5.13 or Proposi-
tion 5.14 depending on the case.) Now it is time to make more precise
choices. Let then D be such that ®p is a standard Levi subsystem of ®;
every element of ®p is then a sum of simple roots contained in ®p. Let C
be the chamber of Ay g corresponding to the following concave function:
for every a € T, define h(c) the following way:

e if ¥, contains roots of every length, then h(a) is the number of
simple roots (counted with multiplicities) « is the sum of;
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e if ® is not simply-laced and X, contains only long roots, h(«) is the
number of long roots (again, counted with multiplicities) among the
simple roots « is the sum of.

Note that we see from Proposition 5.13 that the case where ® is not
simply-laced and ¥, contains only short roots cannot happen.
Set f(a) = 7@. Set also f(—a) = % It is easy to check that f
is concave; details are left to the reader. Moreover, since f is concave and
1

f(a) + f(—a) = 5 for every «, f is the concave function f¢, associated
to some chamber Cy of Ay g. We can also easily check that the extended
set of simple roots associated to Cp is AU {—ap}. (Note that R(Cp) is not
contained in R(Cy r) in general.)

For every a < 0 which is the inverse of the sum of an odd number
of simple roots in ®T, fc,(a) is an integer, hence when ¥, = {81,..., 8-}
contains roots of every length, we see with the help of Proposition 5.15 that
feo (Bi) is an integer for every i. Now we check that it is also true when @ is
not simply-laced and ¥ contains only long roots. In that case, the assertion

is an immediate consequence of Proposition 5.15 and the following lemma:

LEMMA 6.16. — Assume ® is of type By, Cyq or Fy. Let a be a positive
long root, and write o = Zle Aicy;, with aq, ..., a4 being the elements of
A. Then for every i such that «; is short, \; is even.

Proof. — We prove the result by induction on h(«). If h(a) = 1, then
« is a long simple root and the result is trivial. Assume h(a) > 1 and let
i be such that a — «; is a root. If ¢; is long, then a — «; is also long and
positive and h(a—«;) = h(a)—1; the result then follows from the induction
hypothesis. Assme now «; is short. Then o and «; generate a subsystem
of type Bs of ®, which implies in particular, since «; is a simple root and
a # «;, that a — 2¢; is also a positive root and is long. The result then
follows from the induction hypothesis applied to o — 2¢;. O

Now we prove that for every f € H(Xg)“Fder, the f(h), h€ HYT, Kz gN
Lg ger), are all determined by f(1). We then establish relations between
the f(h) using the G ger-invariance of f and the following two lemmas:

LEMMA 6.17. — Let ¢ be an element of {1,...,r}; assume f3; is the
negative of a simple root in ®*. Then for every h € H*(T, Kr g N LE der)

and every f € H(Xg)9rder, f(e;h) = —f(h).

Proof. — Let C = C(Ay,...,\.) be an element of Ch(h). Set Gp =
KD7E/KJO37E and let P; be the parabolic subgroup of Gp generated by
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By and the root subgroup Ug,. Let K; C Kp be the corresponding para-
horic subgroup of Gg and let D} be the codimension 1 facet of Xg asso-
ciated to K;. The chambers of Xp admitting D} as a wall are precisely
the ones corresponding to the Iwahori subgroups contained in K;. Out
of these ¢ 4+ 1 chambers, two do not belong to Chp 4 1 (the chamber C =
“C(Ay - 5 Ai—1,0, N1, - .., Ar)” (with a slight abuse of notation) and C” =
s5,(C)), which implies that every element of H (X g)“Fder is zero on them,
and the remaining ¢ — 1 are the ones of the form C(A1,..., \j—1, &, Ait1,

..y Ar) with p € k%; since exactly half of the elements of k}. are squares,
the lemma follows immediately from the harmonicity condition. O

LEMMA 6.18. — Let 3;, B; be two elements of 3, satisfying the following
conditions:

«a=bich

type B2,
e « is the negative of a simple root of ®*, and fp g(«) is an integer.
Then for every h € HY(I', Ky, g N Lg ger) and every f € H(Xpg)Crder,
fleiejh) = = f(h).

Proof. — We first remark that by Corollary 6.4, we have fp g(a) +
fp,e(—a) = 0, hence if fp g(a) is an integer, fp g(—a) is an integer as
well.

Set Gp = KD,E/K%’E, let Ty be the image of K7, in Gp and let By be
the Borel subgroup of Gp containing Ty associated to ®*. The root —a,
being a simple root in ®7, is also a simple root in Gp in the set of positive
roots associated to Bg. Let P’ be the parabolic subgroup of Gp generated
by By and the root subgroup associated with —a, and let K and D’ be
defined as the K; and D; of Lemma 6.17, relatively to P’ this time. The
chambers of Xg admitting D’ as a wall are the ones of the form:

Hu [37 lCo,

where [ is an element of the Levi component M’ of ', which is the product

is a root, and B; and o generate a subsystem of ® of

of a subgroup M” of type A; by the image of K, in Gp; since K, stabilizes
Cp we can assume that [ € M”, and to simplify notations we can consider
[ as an element of GLs(kp). On the other hand, I admits representatives
in G, hence:

F(C) = futey) = FY( Hu 5:(M))ICo, ).
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Since conjugating [];_, u_g, (\;) by I leaves every term of the product but
the ¢-th and j-th unchanged, we are reduced to the case where d = 2 and
 itself is of type Bs, in which case G is the group SO5 = PGSpy.

It turns out to be more convenient to work with G = GSp4. The har-
monicity condition applied to the chambers containing D’ can then, up
to Gp-conjugation of the involved chambers, be rewritten as follows, if
h=(01,02):

Id 0
(6.2) S f Tz( 0 ale>l 14| Co| =0

lER O2WE 0

where R is a set of representatives of the right classes of GLy(kp) modulo
By. We thus have to find a set R such that for every I € R, if C] is the
chamber defined in the above sum, either C] belongs to Ch(h') for some
W e H! (F, KT,E N LE,der) or f(Cl/) =0.

To simplify the notations, we only write down the proof of the case h = 1;

the other cases can be treated in a similar way. If [ = (Z Z) € GLy(Fy),

7 (O 1> | (ab—i—cd a2—|—62>

10 b2+d?> ab+4cd)’
which means that we only have to consider the C; such that there exists
" € B such that [l’ satisfies the condition ab + cd = 0; since that conditon
is obviously right T-invariant we can even assume that [’ is unipotent. A
simple computation shows that in this case, a? + c? and b2 4 d? are either
both squares or both non-squares, which implies that C; belongs to either
Ch(l) or Ch(@leg).

Consider first the element [, = <

then we have:

1
(1) O> . This element satisfies a2 + ¢ =

b%2+d? = 1, hence we have C;__ € Ch,(1). Moreover, none of the l,,u, with
u # 0 belonging to the unipotent radical U of By, satisfies the condition

ab+ cd = 0.

Consider now, for every y € kp, the element [, = (; (1)> of GLy(kp).

Another simple computation shows that there exists an element of [,U
satisfying the condition ab + cd = 0 if and only if 1 + 4% # 0, and that in

1 —y

that case, ( 1+1y2> is the only such element. To prove the lemma, we
T+y7

now only have to compute the number of y € k such that 1+ y? = a? + 2

is nonzero and a square (resp. not a square).
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Assume there exists e € k} such that 1+y? = e?; we then have (e +y) x
(e —y) = 1. Set A = e+ y; we then have A(A — 2y) = 1, hence A — } = 2y.
Moreover, it is easy to check that A — % =pu— i if and only if either A = p
or A\ = —i.

Assume first —1 is not a square in k}. Then 1 + y? is always nonzero,
and we only have to count the number of different y such that 1 + 3?2 is a
square. On the other hand, we never have A\ = f%, hence for every y € kp,
there are always either 0 or 2 values of A such that \ — % = 2y. Hence
the number of possible values for y is q;—l, which proves that for a suitable
choice of R, taking into account [, there are exactly %1 terms in the
sum such that C; € Ch(1) (resp. C; € Ch(e1ez)). The lemma then follows
immediately from the harmonicity condition.

Assume now —1 is a square in k}. Then each one of its square roots A
satisfies A = —+ and is its own image by A — 1(X\ — %), hence by the
previous remark is also its only inverse image by that same map. On the
other hand, every y such that y? # —1 has either 0 or 2 inverse images,
hence there are exactly % elements y such that y2 + 1 is a square, ‘%3 of
them not being roots of —1, and % elements y such that y? + 1 is not a
square. Taking into account /., once again, we conclude as in the previous

case. O

Now we use these lemmas to prove Theorem 1.3. We already know
that every f € H(Xg)¥Fdr is entirely determined by the f(h), h €
HYT, Krnr .4 )5 it then only remains to prove the following proposition:

PROPOSITION 6.19. — Let f be any element of H(X g)®Fder | viewed as
a function on H'(T', Krap, ,..)- Then f is entirely determined by f(1).

Proof. — If A1,..., A, are elements of k* such that C(Aq,...,\.) €
GrC(1,...,1), and if 1/ is the element of H' (T, KrnL, ,.,) correspond-
ing to the elements Aj,...,\., then we have f(h'h) = f(h) for every
h € HY (T, KrnL, ,..). Moreover, if i is such that 3; is the negative of
a simple root, by Lemma 6.17, setting b’ = e;, f(h'h) = —f(h) for every
h € HI(F,KTmLE,dW). Finally, if 3;, 8; are two elements of 3, satisfying
the conditions of Lemma 6.18, then by that lemma, setting b’ = e;e;, we
have f(h'h) = —f(h) for every h € HY(I', K1nr ,.,). We thus only have
to prove that the set S of all these various elements h’ always generates
HYT', KrnLp ,.,) 8s a Z/2Z-vector space.

We proceed by a case-by-case analysis. In the rest of the proof, the «;
and the ¢; are defined the same way as in [4, plates I to IX].
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e Assume first ® is of type Ay, with d = 2n — 1 being odd; by

Proposition 5.14, ®p is then the Levi subsystem of ® generated
by the simple roots asg;_1, 7 = 1,...,n, and we can set for every i
B; = —aw;_1, which is always the negative of a simple root of ®T;
by Lemma 6.17, for every i € {1,...,n}, e; € S and f(e;) = —f(1)
for every f € H(Xg)“rder. The result follows.

Assume now @ is of type By, with d = 2n being even; we have
®p = ®. By Proposition 5.13, for every i € {1,...,n}, we can set
Boi_1 = —e9i_1 — €2; and ﬂgi = —&9;_1 + €9;. The /BQi are then
negatives of simple roots of ®*, hence by Lemma 6.17, for every 4,
ei € S and f(eg;) = —f(1) for every f € H(Xg)“Fder. Moreover,
for every element of ® of the form o = e9; + €941, it is easy to check
that < f;,a" > is odd if and only if j € {2 —1,2¢,2¢ + 1,2i + 2},
hence if ¢ is an element of O% which is not a square, «¥(c) acts
on H! (T, KTOLE,dW) by multiplication by eg;41e2;€2,41€2;12, which
implies that €2;-1€2;€2;4+1€2;42 € Sand f(€2i7162i62¢+162i+2) = f(l)
for every f € H(Xg)“Fdr. We thus have obtained 2n — 1 linearly
independent elements of S; we still need one more.

We will now prove that eanii1e2, € S and f(eant1e2n) = —f(1)
for every f € H(Xg)¥Fder. Let a = ¢, be the unique short simple
root in ®*; the roots fa,—_1, B2, and « then satisfy the conditions
of Lemma 6.18, and the desired result follows.

Assume now @ is of type By, with d = 2n + 1 being odd; we have
®p = &. By Proposition 5.13, we can define the §;, i < 2n, as
in the previous case and set 83 = —e4. Then for j being either
an even integer or d, f3; is the negative of a simple root, hence by
Lemma 6.17 e; € S and f(e;) = —f(1) for every f € H(Xpg)Crder;
moreover, for every i € {1,...,n—1}, we obtain eg;_1eg;€9; 116242 €
S and f(€2¢_162i621‘+162¢+2) = f(l) for every f S H(XE)GF"’I”
by the same reasoning as in the previous case; we also similarly
obtain eq_seq_1eq € S and f(eq—2eq4—1e4) = f(1) for every f €
H(Xg)Erder. This makes 2n 4+ 1 linearly independent elements of S,
as desired.

Assume now ® is of type Cy; we have &p = ¢. By Proposition 5.13,

we can set 3; = —2¢; for every i. The root 4 is the negative of a sim-
ple root, hence eq € S and f(eq) = —f(1) for every f € H(Xg)Grder;
moreover, for every i € {1,...,d—1}, a; = &; — ;41 is a simple root

and (;, fi;+1 and «; satisfy the conditions of Lemma 6.18, hence
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eieir1 € S and f(ejeir1) = —f(1) for every f € H(Xp)Graer. We
thus obtain d linearly independent elements of S, as desired.

e Assume now  is of type Dy, with d = 2n being even; we have
®p = . By Proposition 5.13, we can choose the 3; the same way as
in the case Bg,, and it is easy to check that the first 2n — 1 linearly
independent elements of S are the same, with the same relative values
of f € H(Xg)®mr; to get one more, we simply remark that B2, 1
is now also the negative of a simple root of ®T, which implies that
€2n—1 € S and f(eanl) = _f(]')

e Assume now @ is of type Dy, with d = 2n + 1 being odd; we de-
duce from Proposition 5.14 that ®p is then the Levi subsystem of ®
generated by the simple roots a; = €; — €441, % = 2,...,d — 1, and
Qg = €q4_1+€4, and X, is of cardinality 2n. By that same proposition,
the §; are defined the same way as in the cases B, and Ds,, except
that we add 1 to every index of the ¢; (i.e. &; becomes €;1): more
precisely, we now have fo;_1 = —€9; — €9;41 and Po; = —€9; + €941
for every i € {1,...,n}. The 2n linearly independent elements of S
and the relative values of f € H(Xg)“Fdr are obtained as in the
case Dy, taking into account the shift of indices.

e Assume now ® is of type Eg; by Proposition 5.14, ®p is then the
Levi subsystem of ® generated by as, ..., as, and X, is of cardinality
4. By that same proposition, we can set 1 = —as — az — 2ay4 —
as, Pfo = —ao, B3 = —ag and B4 = —as. Then [, B3 and (4 are
negatives of simple roots, hence for every i € {2,3,4}, e; € S and
flei) = —f(1) for every f € H(Xp)Fder. Moreover, it is easy to
check that < f3;,a) > is odd for every i, hence if ¢ is an element of
O3, which is not a square, we have the following coroot action on
H' (F’ KTnLE,der):

ay (c)h = ejeseseqh.

Hence ejegeses € S and f(ejeaeses) = f(1) for every f €
H(Xp)Erder. This makes 4 linearly independent elements of S, as
desired.

e Assume now @ is of type E7; we have ®p = &. By Proposition 5.13,
we can set 81 = —ag, f2 = —Qa, B3 = —as, 1 = —ag — ag — 2ay —
2a5 — 206 — a7, 5 = —as, B = —ag —ag — 2a4 — a and By = —a.

For every i € {2,3,5,7}, 3; is the negative of a simple root, hence by
Lemma 6.17 ¢; € S and f(e;) = —f(1) for every f € H(Xpg)Crder;
on the other hand, we have:

— < Bi,af > is odd if and only if i = 1, 3,4, 6;
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— < Bi,a > is odd if and only if ¢ = 2, 3,5, 6;

— < Bi,af > is odd if and only if i = 4,5,6,7;
hence if ¢ is an element of O}, which is not a square, we have the
following coroot actions on H*(I', Krnr, ,..):

— oY (c)h = erezeqeh;

— ay (c)h = ezezesegh;

— af(c)h = esesegerh,
Hence ejeseqeq, eseseseq and egeseger belong to S; for every f €
H(Xg)Grder | the value of f on them is then equal to f(1). We thus
obtain 7 linearly independent elements of S, as desired.

e Assume now @ is of type Eg; we have ®p = &. By Proposition 5.13,

we can set 1 = —ap, B2 = —ao, B3 = —az, f1 = 201 — 20 —
3az — 4oy — 3as — 206 — a7, f5 = —as5, f5 = —an — a3z — 204 —
2a5 — 20 — 7, B = —ap and g = —as — a3 — 2a4 — as. For every

i €{2,3,5,7}, as in the case Er, §; is the negative of a simple root,
hence by Lemma 6.17 e; € S and f(e;) = —f(1) for every 4; on the
other hand, we have:

— < Bi,a) > is odd if and only if i = 3,4, 6, 8;

— < Bi,af > is odd if and only if ¢ = 2,3, 5, 8;

— < Bi,af > is odd if and only if i = 5,6,7, 8;

— < Bi,af > is odd if and only if i = 1,4,6,7;
hence if ¢ is an element of O}, which is not a square, we have the
following coroot actions on H'(I', Kpnr, ,.,):

— ay (c)h = eseqepesh;

— ay(c)h = egesesesh;

— ay(c)h = esegeresh;

— ay(c)h = ereqegerh.
Hence eseqeges, eseseses, esegeres and ejeqeger belong to S and for
every f € H(Xg)¥raer, the value of f on them is equal to f(1). We
thus obtain 8 linearly independent elements of .S, as desired.

e Assume now & is of type Fy; we have &p = &. By Proposition 5.13,
we can set 51 = —Qp, 52 = —Qa, 53 = —Q92 — 2@3 and ﬂ4 = —Q9o —
203 — 20y Since (ag, a3, ay) is the set of simple roots of a standard
Levi subsystem of type C3 of ®, with the help of the case Cy applied
to that subsystem, we obtain that ez, e3 and e4 belong to S and
fle) = —fles) = fles) = —f(1) for every f € H(X)Omr; on the
other hand, < 8;,ay > is odd for every i, hence if ¢ is an element
of O}, which is not a square, we have the following coroot action on
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H! (Fa KTﬂLE,der):

ay (c)h = ejegeseqh.

Hence ejeseses belongs to S as well, and f(ejeseseqs) = f(1) for
every f € H(Xg)¥rder. The result follows.

Assume finally ® is of type Go; we have ® p = ®. By Proposition 5.13,
we can set §1 = —ap and B2 = —ap; P71 is then the negative of
a simple root, hence by Lemma 6.17 e; € S and f(e1) = —f(1)
for every f € H(Xg)®Fder; on the other hand, < —ag,ay > and
< —aq,ay > are both odd, hence if ¢ is an element of O}, which is not
a square, we have the following coroot action on H(T', Krnr, Buder):

ay (c)h = ejeqh.

Hence ejes belongs to S and f(ejes) = f(1) for every f €
H(Xg)GFder, The result follows.

The proposition is now proved. O

COROLLARY 6.20. — Assume ® is not of type As, for any n. Then
Theorem 1.3 holds.

6.4. Action of some elements of Gg

We finish this section by summarizing the action of the simple coroots
of @ on H'(I', K1y ,..) (Proposition 6.21) and the elements of the
canonical basis of H'(I', Krnr ,.,) on H(Xg)¢Fdr (Proposition 6.22):

PROPOSITION 6.21. — Assume ® is not of type As, for any n; let h be
an element of H*(T', K1, ,..), and let ¢ be an element of k% which is not

a square. We have:

o if ® is of type Agp_1:
— a;_1(¢)h = h for every i;
— ay;(c)h = ezei1h for every i.
o if ® is of type By:
— o) (¢)h = h if either i is odd or i = d;
- Oéiv(C)h =e;_1€;€;11€;42h if i is even and < d — 1;
— oy 4 (e)h = eq_se4_1eq if d is odd.
o if & is of type Cp, o (c)h = h for every i;
o if ® is of type Dy,:
— ay_,(e)h = h for every odd i;
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— ay_;(c)h = eq_i—1€4—i€q—it1€4—it2h for every i even, positive
and such that d —i > 1;
— ay/(h) = h;
— when d is odd, oy (c)h = e1esh.
e if ® is of type Fg:
ay(c)h = h for every i < 4;
- a4( Vh = ejezeseqh;
e if & is of type E7:
af(c)h=h fori=2,3,57;
— ay(c)h = erezeqesh;
— ay(c)h = egezesegh;
— o (c)h = esesegerh,
e if & is of type Eg:
— o) (c)h = h fori=2,3,5,T;
— ay(c)h = eseqegesh;
— ay(c)h = egezesesgh;
J(c)h = esegeregh;
— ay(c)h = ejeqegerh.
o if ® is of type Fy:
— ay(c)h = ejesezeqh;
— ay(c)h = h for every i > 2;
o if ® is of type Ga, oY (c)h = h and a3 (c)h = ejezh.

-

PROPOSITION 6.22. — Assume ® is not of type As, for any n. Let f be
a nonzero element of H(Xg)%Fder; we have:

o if ® is of type Agy—1, f(e;) = —f(1) for every i;

if ® is of type By, f(e;) = —f(1) if either i = d or i is even, and
fle:) = f(1) if'i is odd and < d;

if @ is of type Cy, f(e;) = (—1)4T1=1 f(1) for every i;

if ® is of type Dy (either odd or even), f(e;) = —f(1) for every i;
if ® is of type E7, f(e;) = —f(1) for every i;

if @ is of type Es, f(e;) = —f(1) for every i;

if @ is of type Fy, f(e;) = —f(1) for every i;

if ® is of type Ga, f(e;) = —f(1) for every i.

Proof. — These relations either are already contained in the proof of
Proposition 6.19 or can be deduced from the relations established during
that proof by easy computations. Details are left to the reader. O
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7. Proof of the y-distinction
7.1. A convergence result

Now we go to the proof of Theorem 1.2. Before defining our linear form
A, we have to prove a preliminary result, which plays here the same role
as [5, Lemma 4.5] for the unramified case, except that it now works for any
value of ¢ thanks to the use of the Poincaré series.

To make notations clearer, we denote by dg(.,.) (resp. dr(.,.)) the com-
binatorial distance between two chambers of Xg (resp. Xp).

PROPOSITION 7.1. — Let f be an element of H(Xg)*°, and let O be
any G p-orbit of chambers of Xg. Then we have:

S IF(O)] < +o0.

Cceo

Proof. — Fix an element C' of O. Let Cy be an element of Chg whose
geometric realization is contained in Bp and such that dg(C, Cp) is mini-
mal, and let C'r be the chamber of X whose geometric realization contains
R(Cp). We first prove the following lemmas:

LEMMA 7.2. — Let Ar be an apartment of Xp containing Cr and
let T be the associated F-split torus of G. For every t € Tg, we have
dg(Co,tCo) = 2dp(Cr,tCF).

Proof of Lemma 7.2. — By eventually conjugating Cy and Apr by the
same element of G we may assume that Arp = Ag r. Let fo, f, fr, fr.r
be the concave functions associated respectively to Cy, tCy, Cr and tCp;
we have:

di(Co,tCo) =2 Y [ fil@) = fo(a);

acdt
F(CritCr) = > |fur() = fr(a)].
aedt

On the other hand, since t € Tr, for every «, fi(a) — fo(a) is an integer,
and we deduce from this that f; r(a) — fr(a) = fi(a) — fo(e). The result
follows immediately. O

LEMMA 7.3. — There exists an integer Ny such that for every g € G,
we have dg(C, gC) > 2dr(CF,gCFr) —

Proof of Lemma 7.3. — Let g be an element of G, let A be an apart-
ment of By containing both R(Cr) and R(gCF), let T be the corresponding
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maximal F-split torus of Gr and let Ng(T') be the normalizer of T in G;
we have gCr = nCp for some element n of Ng(T)r, hence g is of the form
nh, with h € Kcp F.

Let « be a special vertex of Cp; we can write n = tng, with ¢t € T
and ng € K, p. Set ¢ = gC, C" = nohC and C} = noCp; Cf also
admits x as a vertex. Since ngh always belongs to the open compact sub-
group K, p of G, the union of the nghC (resp. of the ngCp) is bounded,
which implies that there exists an integer N (resp. Nj) such that we
always have dg(C,C") < N” (resp. dp(Cr,C%) < Ni). Moreover, accord-
ing to Lemma 7.2, setting Cj = nohCp and C| = tC{ = gCy, we have
de(CY,C)) = 2dp(Ch,C%). On the other hand, since C” = nohC and
Cl = nohCy, we have dg(C",Cy) = dr(C,Cy); similarly, dg(C’,C}) =
dr(C, Cy). We finally obtain:

de(C,C") = dg(C',C") —dg(C",C)
> dp(Cy, CY) — dp(C',Cy) — dp(C”,Cy) — dp(C”,C)
> 2dp(Cp, Cr) —2dg(C,Co) — N”
> 2dp(Cr,Cp) — 2dF(CF7 CF) —2dp(C,Co) — N
> 2dp(Cr, Ch) — 2NV — 2dp(C, Cy) — N

We thus can set Ny = 2N§—|—2dE(C, Co)+N"; the lemma is now proved. 0O

We can now prove the proposition. We can write:

1
2 MO = o ARy 2 6Ol

CeO gEGF/KC,F

It is easy to check by induction that the number of chambers C% of Xp
whose retraction on Ao p relatively to Cr is some given chamber Cy g is
q4r(€r.C1r) By Lemma 7.3, we obtain, W’ being the affine Weyl group of
G relative to Tp:

1
9eGr /Ko, r 9€Gr/Kop, F
qu(CFﬂUCF)
= Z q2dF(CFa'LUCF)7NO.
weW’
=Y o
- {(w)—No *
weW’ q Y ’

By [14, §3], the above sum converges for every g > 1. The result follows
immediately. (|
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7.2. The case Ay, d even

Now we prove Theorem 1.2 when & is of type Ag4, with d = 2n being
even. First we have:

PROPOSITION 7.4. — Assume ® is of type Ay, d even. Then the Prasad
character x of F is trivial.

Proof. — Let p be tha half-sum of the elements of ®*. Write p =
Z?:l i, the a; being the elements of A; by [4, plate I, (VII)], we have:

i(d+1—1)
Hence ); is an integer for every ¢, and the proposition follows immediately
from [10, Lemma 3.1]. O

Now define the set Ch,. of chambers of Xg as in Corollary 5.3; by Propo-
sition 5.2, Ch, is Gp=stable and G acts transitively on it. Set:

A fEH(XE)® — Y f(O).
C€ECh,
The linear form A is well-defined by Proposition 7.1, and obviously Gp-
invariant. We want to prove that it is not identically zero on H(Xg)°.

By a slight abuse of notation, for every C,C’ € Ch,., we write dp(C, C")
for the combinatorial distance between the chambers of Xr whose geomet-
ric realizations contain respectively R(C) and R(C").

Let C be any element of Chg, and let I be the Iwahori subgroup of Gg
fixing C. A well-known result about the Steinberg representation (see [19]
for example) says that there exists a unique (up to a multiplicative con-
stant) I-invariant element in the space of Stg, hence also in H(Xg)>°. More
precisely, set:

¢c : C' € Ch — (—q) 4=,

It is easy to check that ¢¢ is I-invariant and satisfies the harmonicity
condition. Hence every I-invariant element of H(Xg)* is proportional to
oc; ¢c is called the (normalized) Iwahori-spherical vector of H(Xg)™®
attached to C. Of course ¢ depends on C.

Now we prove the following proposition, from which Theorem 1.2 follows
immediately when G is of type Agy:

PROPOSITION 7.5. — Let Cy be any element of Ch.. Then ¢¢, is a test
vector for A. More precisely, we have A(¢¢c,) = 1.
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Proof. — Let Cy r be the chamber of Xr whose geometric realization
contains R(Cyp), let Cj  be any chamber of X adjacent to Cp r and let
C} be the unique element of Ch, whose geometric realization is contained
in R(Cp p)-

Let A be an apartment of Br containing both R(Co r) and R(Cj r).
Then A also contains both R(C) and R(C’), hence also every minimal
gallery between them.

First we prove the following lemmas:

LEMMA 7.6. — The combinatorial distance between Cy and C is 3.

Proof of Lemma 7.6. — Let Ag be the apartment of Xy whose geometric
realization is A and let C be a chamber of Ag adjacent to Cp; since by
definition of Ch, none of the walls of R(Cy) is contained in a codimension
1 facet of Br, R(C) is also contained in R(Cy ), and since C{ is not
an element of Ch,, at least one of its walls has its geometric realization
contained in R(D), where D is a wall of Cy . On the other hand, since Gp
is of type Asy, the group of isomorphisms of Br which stabilize Cy g is of
order 2n+1 by [4, plate I], hence acts transitively on the set of its walls; we
can then assume without loss of generality that D is the wall between Cy
and C{ . Let C' be the chamber of Ag which is separated from C' by some
wall whose geometric realization is contained in R(D); by symmetry, C is
adjacent to Cj, Hence (Cy, C, C’, C}) is a gallery of length 3 between Cy and
C{. On the other hand, every gallery (Cy = C,C4,...,Cys = C") between C
and C' contained in A must contain two chambers C;11 and C; separated
by the hyperplane of Ap whose geometric realization contains R(Dp), and
the geometric realization of their common wall is then contained in Bp;
since Cy and C{, are both elements of Ch,, they are both distinct from
both C; and Cjy1, and the length of any gallery beween them is then at
least 3. The result follows. g

We deduce immediately from the lemma the following corollary:

COROLLARY 7.7. — Let H be the hyperplane of A containing
R(Dp). For every C € Ch, whose geometric realization is contained in
A, dg(C},C) — dg(Cy, C) is contained in {—3,—1,1,3}, and is positive
(resp. negative) if R(C) is contained in the same half-apartment with re-
spect to H as R(Cy) (resp. R(CY})).

Now we examine more closely the structure of the subcomplex Chy.

LEMMA 7.8. — There are exactly two chambers of Ag adjacent to Cy

and such that the geometric realization of one of their walls is contained

in H.
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Proof of Lemma 7.8. — Let Hg be the hyperplane of Ap whose
geometric realization is H. We already know that there exists at least one
chamber satisfying these conditions, namely the chamber C of the gallery
of length 3 between Cy and C{ defined during the proof of Lemma 7.6.
Since every such chamber contains a wall of Cy, its intersection with Cj
contains a facet D of Hg of codimension at most 2, and in fact of codi-
mension exactly 2 since by hypothesis Hg does not contain any wall of Cj.
Since exactly two walls of Cy contain D, there are also two chambers of
Apg adjacent to Cy and containing D.

Let C’ be the unique chamber distinct from C satisfying these conditions;
we now only have to prove that one of the walls of C” is contained in Hg.
Let Kp be the connected fixator of D, and let Gp be the quotient of Kp by
its pro-unipotent radical; Gp is then the group of kg-points of a reductive
group defined over kg whose root system is of rank 2 and contained in a
system of type As,, hence of type either A3 or A,, and the combinatorial
distance between two chambers containing D is equal to the combinatorial
distance between the corresponding chambers in the spherical building of
Gp. If Gp is of type A%, the combinatorial distance between Cy and C}
can be at most 2, which contradicts Lemma 7.6; hence Gp must be of type
As. Since the order of its Weyl group is then 6, Kp contains exactly 6
Iwahori subgroups of G containing the maximal compact subgroup K7 g
of Ty, where T is the maximal torus of G associated to Ag, or equivalently,
D is contained in exactly 6 chambers of Ap. Out of these six chambers,
exactly four admit as a wall some facet of maximal dimension of any given
hyperplane of Ag containing D; this is in particular true for Hg. On the
other hand, Cj is one of these six chambers, and by symmetry C{, must be
another one. Since none of these two admit any facet of maximal dimension
of Hi as a wall, then C’ must admit one and the lemma is proved. g

LEMMA 7.9. — Let C be a chamber of Ag adjacent to Cy. There are
exactly two walls of C' whose geometric realizations are contained in walls

of R(C).

Proof of Lemma 7.9. — Let C, C', D and Hg be defined as in the
previous lemma. Since C' and C’ are both adjacent to Cy and all three of
them belong to Ag, C and C’ cannot be adjacent to each other, hence their
intersection is D, which proves that the walls of C' and C’ contained in Hg
are distinct. Hence by the previous lemma, the total number of walls of
chambers of Ag adjacent to Cy whose geometric realizations are contained
in the walls of R(CF) is 2(2n 4 1). On the other hand, as we have already
seen, the group of automorphisms of Ag stabilizing Cj acts transitively on
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the set of its walls, hence also on the set of chambers of Xg adjacent to
Cy; since its action obviously preserves the number of walls of C' whose
geometric realization is contained in walls of R(CF), that number must
be two. g

Let Iy be the Iwahori subgroup of Gg fixing Cy; we have the following
lemma:

LEMMA 7.10. — The number of elements of Ch, which are conjugated
dr(Co,C)

to C' by some element of I is ¢

Proof of Lemma 7.10. — By [5, Lemma 4.2] and an obvious induction, it
is enough to prove that two elements of Ch. are conjugated by an element
of Iy if and only if they are conjugated by an element of Iy p = IpNGFp. Let
C” be an element of Ch. conjugated to C' by some element of Iy, and let
Cr (resp. C%)) be the chamber of X whose geometric realization contains
R(C) (resp. R(C")). There exists then an element of Iy p = [yNGF sending
Cr to C%, and by unicity of the central chamber in the geometric realization
of Cr (resp. C%), that element must send C' on C”. The other implication
being obvious, the lemma is proved. O

Now we prove Proposition 7.5. Let Cy be the only element of C'h,. whose
geometric realization is contained in R(Cy r), let C be any element of Ch,,
set d = dg(Co,C), and let Cy be a chamber of Ay g adjacent to C' and
such that Hg contains a wall D, of C7, First we assume that C satisfies
the following property:

(P1) There exists a minimal gallery of the form (Cy,C,...,Cs = C),

and that Cy and C are in the same half-space of Ag g with respect to
Hpg. Let Cf be the other chamber of Br admitting D; as a wall. Then
(Cy,C1,Ch,...,Cs) is a minimal gallery of length ¢ + 1, from which we
deduce by symmetry that if C’ is the image of C by the orthogonal reflection
with respect to Hg, d(Co,C") = 6 + 1. Hence we have ¢¢,(C) = (—q)°
and 6c; (C') = (—q) 1.

On the other hand, by the same reasoning, if we set &' = dp(Co, C"),
we have dp(Cy,C’) = ¢’ + 1. From Lemma 7.10, we deduce that the sum
of the f(C”), when C” runs through the set of conjugates of C' (resp. C’)

. qir(C0.0) dp(Co,C") dp(Co.OV+1 .
by elements of Iy g is B (resp. q(fq)(;“ =1 o ). Since these

two values are opposite to each other, their sum is zero. Since this is true
for every C satisfying (P1) and on the same side of Hg as Cy, we obtain
the following lemma:
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LEMMA 7.11. — The sum of the ¢¢,(C), when C runs through the set
of all conjugates by elements of Iy p of all elements of Ch, satisfying (P1)
and on the same side of Hg as Cy and of their images by the reflection
with respect to Hg, is zero.

From now on, we denote by Ch,. ¢, the set of such C.
Now let C} be the other chamber adjacent to C' and such that H contains
a wall D of C{; we have:

LEMMA 7.12. — Let C' be any element of Ch. contained in A g. The
following conditions are equivalent:

e C is either a chamber satisfying (P1) and on the same side of Hg
as Cy or the image by the reflection with respect to Hg of such a
chamber;

e there exist minimal galleries between Cy and C' containing Cy but
none containing C7.

Proof of Lemma 7.12. — Let Dq (resp. D{)) be the wall separating Cy
from Cy (resp. C7), and let Hy (resp. H{)) be the hyperplane of Ap con-
taining it. A chamber C of Ap satisfies the second condition if and only
if it is separated from Cy by Hp but not by H{. On the other hand, since
Hy, H{y and H are the only three hyperplanes of Ag containing Dy N Dy,
H{, must be the image of Hy by the orthogonal reflection with respect to
H. Both conditions are then equivalent to: R(C) is contained either in the
connected component of R(Ag) — (R(Hg)UR(Hy) UR(H})) containing Cy
or in its image by the orthogonal reflection with respect to R(Hg). The
lemma follows immediately. O

On the other hand, since Hy and H{) both contain walls of Cj and are not
perpendicular to each other, they correspond to consecutive roots in the
extended Dynkin diagram of ®. Since, ® being of type As,, its extended
Dynkin diagram is a cycle, we can label the hyperplanes Ho 1, ..., Ho2n+1
containing walls of Cj in such a way that for every ¢, with H(/Li being defined
relatively to Hp,; the same way as H| is defined relatively to Hy, we have
Hj; = Hp iy (the indices being taken modulo 2n + 1). More precisely,
for every i, let C}; be the chamber of Ag separated from Cj by Hy;, let
D; be their common wall and let Dg; be the wall of C'r whose geometric
realization contains D;. Let C{,i be the unique chamber of Ag neighboring
Co, containing a wall whose geometric realization is contained in Dp; and
distinct from C ;; such a chamber exists and is unique by Lemma 7.8.
Let H(/),i be the hyperplane of Ag separating Cy from C’Li, we then have
Hp ;= Hoit1-
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Let also Ar be the apartment of X whose geometric realization is A,
and for every i, let H; be the hyperplane of Ag whose geometric realization
contains R(Dp ), let C’hi be the chamber of A separated from Cr by Dp;
and let C ; be the unique element of Ch, whose geometric realization is
contained in Cfp ;.

Let now C be any element of C'h. contained in Ag and different from
Cy. Let Ic be the subset of the elements ¢ € Z/(2n + 1)Z such that C is
separated from Cy by Hy ;; since C' # Cy, I¢ is nonempty, and since the
closure of C'U Cy must contain at least one wall of Cy, I is not the whole
set Z/(2n+ 1)Z either. Hence the set I}, of elements i of Z/(2n+ 1)Z such
that ¢ € Ic and i + 1 ¢ I is nonempty.

For every i, set Che; = Chec, ,, and for every I' C Z/(2n + 1)Z, set
Che,rr = Niepr Che,i; for every I and every C' € Ch, contained in Ap, we
have C' € Ch, v if and only if I’ C I(,, and we thus obtain:

Y ba(C)=dc,(Co)+ Y. (—D)FIITL N 60, (0).
CeChec I'cz/(2n+1)Z CeCh, s
/40
Since ¢¢, (Co) = 1, to prove Proposition 7.5, it is now enough to prove the
following result:

PROPOSITION 7.13. — For every nonempty subset I' of {1,...,2n+1},
we have ZCthC)ﬂ ¢c, (C) = 0.

Proof of Proposition 7.13. — We already know by Lemma 7.11 that the
assertion of the proposition holds when I’ is a singleton; we now have to
prove it in the other cases.

First we remark that since for every C and for every ¢ € I/, i belongs to
Ic but i + 1 does not, a necessary condition for Ch. r to be nonempty is
that I’ does not contain two consecutive elements of Z/(2n + 1)Z. In the
sequel, we assume that I’ satisfies that condition.

For every i € Z/(2n + 1)Z, let |i| be the distance between ¢ and 0 in the
cyclic group: for example, |1] is 1, and |2n| is also 1. We have:

LEMMA 7.14. — Let i,j € I' be such that |i — j| > 3. Then all three of
Hy i, Hy,;, H; are orthogonal to all three of Hy j, Hy ;, Hj.

Proof of Lemma 7.14. — Let e1,...,e4 be elements of X*(T)®Q defined
as in [4, plate I]. Assume the ¢; are numbered in such a way that for
every i, Hp,; corresponds to the roots £(&; — €;4+1). Then Héﬂ- (resp. H;)
corresponds to the roots +(g;11 — &;42) (resp. +(g; — €;42)). The lemma
follows immediately. O
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This lemma proves that the union of the elements of the intersection
Cheijy = Chei N Chej whose geometric realization is contained in A
is symmetrical with respect to H; (or H;, for that matter); we deduce
from this, using the same reasoning as for Ch.; in Lemma 7.11, that
ZCEC}LC,“’]‘} f(C) = 0. More generally, we divide I’ into segments the fol-
lowing way: I’ = I{ U---UI], where every I} is of the form {i,i+2,...,i+
2(ly — 1)}, Iy being the length of the segment, and if ¢ € I and j € I}
with k # [, then |i — j| > 3; such a partition of I’ into segments exists
since I’ cannot contain two consecutive elements of Z/(2n + 1)Z, and is
obviously unique up to permutation of the segments. We then prove in a
similar manner as for I’ = {7, j} that we have ZCGChM, f(C) =0 as soon
as one of the I}, is a singleton.

Consider now the case where I’ is a single segment of length [ > 1, say for
example I’ = {1,3,...,2l —1}. Then if C is an element of Ch. - contained
in A, the concave function fo associated to C' (normalized by taking Cj as
the standard Iwahori) must satisfy the following conditions:

o for every i € {0,...,1 — 1}, fo(e142i — £242i) = 3;
o for every i € {0,...,1 — 1}, fo(ea42i — €342:) < 0.

Since fc(a) + fo(—a) = 3 for every a € ®, we obtain:

e for every i € {0,...,1 — 1}, fo(ea42i — e142:) < 0;.
o for every i € {0,...,1 — 1}, fo(esqai — £242i) = 3-

We can associate to C the (I + 1) x | matrix M = (m;;) defined the
following way: for every i € {0,...,l} and every j € {1,...,l}, m;; =1
(resp. my; = 0) if fo(e2; —€142i) = % (resp. < 0). For every M, let Che 11 m
be the set of C’ € Ch, ;- which are conjugated by an element of I to some
chamber contained in Ap whose associated matrix is M; we now prove that
for every M, we have ZCeChC,I/,M f(C)=0o.

We first investigate the conditions for Ch¢ r ar to be nonempty. From
the above conditions we see that we must have m;_; ; = my; = 0 for every .

We now prove the following lemma:

LEMMA 7.15. — Assume there exist 4,7, j, j' such that m;; = m; ;s = 1
and m;j = my; = 0. Then Che p y Is empty.

Proof of Lemma 7.15. — Let C be an element of Ch, 1/ as contained in
Ag. In terms of concave functions, the assertion of the lemma translates
into: fo(e2; — €142:), fo(e2jr — €142i4) = & and fo(ea; — e1y2r), fo(e2j —
€142:) < 0. We deduce from this that we have fo(e142; — €2;5)) < 0 and
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fo(e142i —e257) < 0, hence by concavity:

fo(e142i — €142ir) < fo(e142i —€25) + fo(eaj — e142i) <0,
<

<
fC(51+2i/ - 51+2i) < fC(51+2i’ - 52;") + fC(52j’ - €1+2¢) 0.

On the other hand, since C' is a chamber, we must have fo(e149; —€142i)+
fo(e1poe — €142i) = %, which is impossible given the above inequalities.
Hence Che, p,pr must be empty and the lemma is proved. O

From now on we assume that M is such that Ch. s pr is nonempty.

COROLLARY 7.16. — For every i, let Z; be the set of indices j such that
m;; = 0. Then for every 1, i/, we have either Z; C Z;y or Zy C Z;.

Proof of Corollary 7.16. — Assume there exist j, j’ such that j € Z,, —Z;
and j' € Z; — Z;. Then 1,7, 7,7 satisfy the conditions of the previous
lemma, and M cannot then be nonempty. O

Using this corollary, we define a total preorder on {0,...,l} by ¢ <ps ¢’
if and only if Z; C Z;.

LEMMA 7.17. — Let i be a maximal element for that preorder. Then Z;
is the full set {1,...,1}.

Proof of Lemma 7.17. — As we have already seen, for every j €{1,... ,n},
mj; = 0, hencej S Zj C Z;. O

LEMMA 7.18. — There exists ani € {0,...,1} such that bothi and i—1
are maximal for the order <j.

Proof of Lemma 7.18. — Let iy be any maximal element of {0,...,[}
for <ps. If either ig — 1 or ig + 1 is maximal, there is nothing to prove;
assume that none of them is maximal. Let j be an element of Z;) — Z;,41;
since m;_1,; = m;; = 0, j belongs to both Z; and Z;_;, and we then have
o+ 1 <p jandig+ 1<y j— 1. If both j and j — 1 are maximal, the
lemma is proved, if either j or j — 1 is not maximal, assuming for example
J is not, we now consider an index k not belonging to Z; and we use the
same reasoning as above to obtain that j <;; k and j <p; k — 1; since our
set of indices is finite, after a finite number of iterations we must reach an
i such that both i and ¢ — 1 are maximal, as desired. O

COROLLARY 7.19. — Assume i is such that both i and i — 1 are max-
imal for <jps;. Then the set of chambers in Che  p contained in Ag is
symmetrical with respect to Ho;_1.
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Proof of Corollary 7.19. — 1t is easy to see that for every i, replacing a
chamber C by its image by the symmetry with respect to Hy;—; is equiva-
lent to switching the columns ¢ — 1 and ¢ in M. When 7 — 1 and ¢ are both
maximal for <7, these columns are identical, hence M is preserved. O

We can now prove that ZCthM/’M f(C) = 0 the same way as when I’ is
a singleton: let 7 be an integer associated to M by Lemma 7.18, and let C, C’
be the two chambers adjacent to Cy and such that the geometric realization
of one of their walls is contained in the geometric realization of Ho; 1 (these
chambers exist by Lemma 7.8). With the help of Corollary 7.19, we can
now, by the same reasoning as in Lemma 7.11, obtain the desired result.
Since this is true for every M, we obtain that ZCGChCJ, f(C) =0 when I'
is a single segment.

We finally use, with the help of Lemma 7.14, the same reasoning applied
to any one of the segments of I’ to prove that ZCEChC,II f(C) =0 in the
general case, which proves Proposition 7.13. g

Since by that proposition, > cc oy, ¢c, (C) = dc, (Co) # 0, ¢, is a test
vector for A, which gives us Proposition 7.5. Theorem 1.2 is now proved
when G is of type Ag, O

Remark. — 1In [5], where A is defined in a similar way as in this sub-
section, since E/F is unramified, the sum defining A converges because at
every step, there are gz = ¢2 times more chambers on the building itself,
which implies that for every f € H(Xg)*°, for chambers C’ located far
away enough from the origin, at every step, f(C) is divided by ¢ and we
only have ¢ times more chambers to consider (see [5, Lemmas 4.3 and 4.4]).
In the tamely ramified case, for the groups of type Ao, we are considering
here, there are only ¢ times more chambers on the building itself when the
distance increases by 1, but at every step, the distance increases by 2 on
average (Lemma 7.2), and the sum converges for that reason. We will see
in the sequel that a similar argument applies to other types of groups as
well.

7.3. The other cases

In this subsection, we assume that ® is not of type As, for any n. Let
3o be a subset of ® satisfying the conditions of Proposition 5.11; we will
prove that there exist a linear form A on H(Xg)> with support in the
F-anisotropy class Ch, of Chg corresponding to ¥, and a test vector

TOME 67 (2017), FASCICULE 4



1592 Frangois COURTES

f € H(XEg)® such that A(f) = 0. Note that this time, our test vector will
not be Iwahori-spherical.

Let T be a E-split maximal F-torus of G of F-anisotropy class ¥, let
A be the I'-stable apartment of Xg associated to T and let D be a facet
of AT of maximal dimension. We assume that D and ¥, have also been
chosen in such a way that either Proposition 5.13 or (in cases Ag4, d odd,
Dy, d odd and FEg) Proposition 5.14 is satisfied.

As in the previous section, we denote by ®p the smallest Levi subsystem
of ® containing ¥,; ®p is also the root system of KD’E/K%E, where K9, 5,
is the pro-unipotent radical of Kp g.

Let H(Chp) be the space of harmonic cochains on Chp. First we prove
that there actually exists an element of H(Chp) with support in Chp ,
which is stable by K4 N Gg qer and not identically zero on Chp. Let ¢p
be the function on Chp defined the following way:

o the support of ¢p is Chp q;

e op(C(1,...,1))=1,and forevery A1,..., A\s €kF, op(C(A1,..., Apn))
is either 1 or —1, its values being chosen in such a way that, f = ¢p
being viewed as a function on H'(I', Krnp, ,..), the relations of
Proposition 6.22 are all satisfied;

e ¢p is Kp N GFger-stable.

First we check that the definition is consistent. The map (A1,...,A.) —
ép(C(A1, ..., Ar)) being a group morphism from (k3)" to {1}, it is enough
to prove the following lemma:

LEMMA 7.20. — For every g € KpNGp ger such that C' = gC(1,...,1)
is of the form C(Ay,...,\), we have ¢p(C') = 1.

Proof. — First we prove that we can assume g is an element of Ty N
Grpder- Let F' be the unique quadratic unramified extension of F; we de-
duce from Lemma 6.14 that there exists ¢ € Lps ger such that tC' = C,
and t obviously must belong to Kr, g. Set ¢ = gt; ¢’ is then an ele-
ment of Kp pr C Gps such that ¢'C = C. On the other hand, such
an element must satisfy ¢’y(C) = ~(C) as well, hence is contained in
KCﬁ'y(C),F’ = KT,F’K%J‘/ C Lg' N Kpﬁp/, and since fD(ﬂ) S % + Z for
every 3 € ¥4, we have Ug N Kp pr C K9, py for every 3, from which we
deduce that Ly N Kp pr C TO,F'K%7F/~ Hence we can assume g’ € Ty,
which implies that g € Ty as well.

We now assume g is an element of To N GF qer, and even that g is of the
form «V(c), with « being a simple root in &t and ¢ being an element of
O3 which is not a square.
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First we remark that when a € —%,, say a = 31 for example, we have:
aV(e)C(,...,1) =C(c31,...,1)

and since we obviously have ¢p(C(c?,1,...,1)) = 1, the result follows.
Now we deal with the other simple roots with the help of a case-by-case
analysis. Notations are the same as in Proposition 6.22.

e Assume @ is of type Ay, with d = 2n—1 being odd. Then the simple
roots ag;_1, ¢ = 1,...,n, are all contained in —3,, and when i is
even, for every j, setting 8; = ag;j_1, < B, > is —1if j is either

% or % + 1, and 0 in the other cases; we then have:

o) (0)C(,...,1)=C(1,...,c7 et 1),

the ¢! being in j-th and j+1-th position; hence in H*(T, KraLg ge0)5
we obtain o (¢) = e;ej41. By Proposition 6.22, for every Ay,..., A\,
we have:

¢p(C(A1, -5 An)) = (=1)°0p(C(1,..., 1)) = (=1)%,

where s is the number of \; which are not squares; the result follows
immediately.

e Assume @ is of type By. Then the simple roots «;, with ¢ odd,
are all contained in —3,. On the other hand, when ¢ is even and
strictly smaller than d, «; has already been dealt with in pro-
postion 6.21. I will explicit what it means in this case, the other
cases being treated similarly. By the relations we have found in
Proposition 6.21, for every such i, we have, in H'(I', Krnr, ,..),
aiv ()1 = ej_1€e;€;41€i42, and we deduce immediately from Propo-
sition 6.22 that ¢p(a)(c)C(1,...,1)) = 1; which is the expected
result. When d is odd, the result is now proved, and when d is even,
it only remains to consider ay/. We have < f;,ay >= —2 if i is
either d — 1 or d and 0 in the other cases, hence:

ay(e)C(1,...,1)=C(1,...,1,c % c?).

The result follows immediately.

o Assume @ is of type Cy. The only simple root contained in —%, is
then agq, and for every i < d, < a;, f; > is =2 if j is either s or ¢ +1
and 0 else, hence we have:

al(e)C(,...,1)=C(1,...,c%,c72%,...,1).

(3

The result follows.
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e Assume @ is of type Dy. The simple roots contained in —X, are the
a;, with d — 7 odd, and «4. The «;, with d —i even and 1 < i < d,
have already been dealt with in Proposition 6.21, and when d is odd,
we have in HY(T', Krap,, ,.,), by Proposition 6.21, oY (¢)1 = ejes.
On the other hand, by Proposition 6.22, we have:

ép(eie2) = ¢p(1).
The result follows.
e Assume @ is of type Eg. The simple roots contained in —%, are as,
a3 and as, and a4 has already been dealt with in Proposition 6.21.
Now consider ag; we have:

af(c)C(1,1,1,1) = C(c !, e, 1,1).

hence in HY(I', K71, ,.,), we have ay(c)l = ejes. On the other
hand, by Proposition 6.22, we have ¢p(ejes) = ¢p(1). The case of
ag being symmetrical, the result follows.

e Assume @ is of type Fy. The only simple root contained in —, is
ag, and «a; has already been dealt with in Proposition 6.21. On the
other hand, we have:

ay(c)C(1,1,1,1) = C(1,1,¢2, ¢ 2);
) (e)0(1,1,1,1) = C(1,c%, ¢ 2 1).
The result follows immediately.

e In the three remaining cases (F7, Fg and Gs), every simple root
either belongs to —X, or has been dealt with in Proposition 6.21;
these cases then follow immediately from that proposition.

The lemma is now proved. O

Now we check that ¢p satisfies the harmonicity condition.

PRrROPOSITION 7.21. — Let Dy be any codimension 1 facet of Xg con-
taining D; the sum of the values of ¢ p on the chambers containing D is
zero.

Proof. — If D, is not contained in any element of Chp ,, the harmonicity
condition is trivially satisfied; we can thus assume that D is contained in
some C' € Chp,, and even, by eventually conjugating it, in some C' €
Chpa.L,cy- Let D' be the unique codimension 1 facet of Cy of the same
type as D, or in other words the only one which is G'g 4er-conjugated
to Di. Let o be the corresponding simple root in <I>J15; assume first there
exists a conjugate X' of ¥, in ®p containing a. Since « is a simple root,
by definition of f¢,, we have fc,(—a) =1 € Z.
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Let ®," be any set of positive roots of ®p such that « is a simple root
in ®,*, and let C{ be the unique chamber of Ay g containing D such that
—®'5 T is the set of roots of the Borel subgroup of Kp /K  correspond-
ing to it. For every Ay, ..., A\, € O%, we define the chamber C'(Ay,...,\,) €
Chp oLy in a similar way as C(Ar,..., ). Since fc,(—a) is an inte-
ger, by Proposition 6.11, there exist Aq,..., A, such that C'(A1,...,\.) is
Kp N GF ger-conjugated to C.

Let D} be the codimension 1 facet of C'(A1,...,A,) of the same type
as D’; D} and D’ are then Gp ge-conjugates, which implies that every
chamber of X containing D] is then G ger-conjugated to some chamber of
X g containing D’; and that these conjugations induce a bijection between
these two set of chambers; the harmonicity condition for the chambers
containing D}, which follows from Lemma 6.17, then implies the hamonicity
condition for those containing D;.

On the other hand, two roots of the same length are always conjugates,
hence the condition on « holds as soon as ¥, contains roots of every length.
This is trivially true when & is simply-laced, and we see from Proposi-
tion 5.13 that it is also true for types By, d odd, and G5.

Assume now we are in one of the remaining cases (By with d even, Cy
for any d and Fj); 3, then contains only long roots, and the above proof
still works when « is long. Assume now « is short, and let 8 be a long
root belonging to ® and not orthogonal to «; o and 3 then generate a
subystem of ® of type Bs, hence either 5 4+ 2a or § — 2« is also a long
root, and that root must also belong to ®T (it is obvious for 8 + 2q; for
B—2a, as in Lemma 6.16, it comes from the fact that 5 contains at least one
simple root different from « in its decomposition, hence 3 — 2a. cannot be
negative). In both cases, « is the half-difference of two long roots belonging
to ®T, and we are then in the situation of Lemma 6.18; the harmonicity
condition for D; then follows immediately from the expression (6.2) in the
proof of that lemma. O

Now we check that ¢p is compatible with the Prasad character x, or
in other words thet ¢p(gC) = x(9)¢p(C) for every g € Gr and every
C € Chp. Let Kr, r be the maximal compact subgroup of (Tp)r and let
Xr,,F be the subgroup of (Tp) r generated by the {(wp), where £ runs over
the one-parameter subgroups of Tj.

Remember that we have a decomposition Gr = GF der K1, r X1, F, and
also that the wwr we have chosen is the norm of some element of E. The
character x is trivial on G g 4er and on X, r; the compatibility of ¢p with
X is then an immediate consequence of the following proposition:
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PROPOSITION 7.22. — Let t be any element of the maximal compact
subgroup Kr, of Ty . Then for every C € Chp and every f € H(Xg)Grder,
we have f(tC) = x(t)f(C).

Proof. — Let C be any element of Chp. If C does not belong to Chp q,
then neither does tC' and we then have f(tC) = x(t)f(C) = 0. We thus
may assume that f € Chp ,, and by eventually conjugating it, we can even
assume that C belongs to Chp q.1,c,-

We already know from Lemma 7.20 that if ¢ € G ger, f(tC) = f(C) =
x(t)f(C) since x(t) = 1. Moreover, if ¢t is a square, then its image in
H(T, KrnLg 4.,,F) is a square too, hence trivial by Proposition 6.13, and
since x is quadratic, x(t) is trivial too. Hence we only have to prove the
result when ¢ belongs to some set of representatives in Ty N G of some set
of generators of the finite abelian group Y/Y?2, where Y = (ToNGFr)/(To N
GF,der)~

Let p be the half-sum of the elements of ®*; by [4, §1, Proposition 29]
and [10, Lemma 3.1], for every t € Ty N GF, x(t) = 1 if and only if 2p(t)
is the norm of some element of E*. We refer to [4, plates I to IX] for the
expressions of Y and p we use during the case-by-case analysis below. In
the sequel, once again, c is an element of OF which is not a square.

Note first that the cases Fg, F, and G5 are trivial since we then have
Gr = GF,der- We examine the other cases.

e Assume @ is of type As,_1. Then Y is cyclic of order 2n, and
with a slight abuse of notation, the element ¢t = Diag(c, 1,...,1) of
G Loy, (F) is, for any choice of ¢, a representative of the unique non-
trivial element of Y/ Y2, hence can be used to compare two quadratic
characters of Y. Since 81 = «aq, for every h € Hl(RKTmLE,deT,F)
and every C' € Ch(h), by Proposition 6.21, the chamber ¢tC belongs
to Ch(erh), and we deduce from Proposition 6.22 that ¢p(tC) =
—¢p(C). On the other hand, we have 2p = Zle i(d+1— i)y,
hence 2p(t) = ¢, hence x(t) = (—1)%. We thus obtain ¢p(tC) =
x(t)op(C), as desired.

e Assume now @ is of type By; Y is then of order 2 and its nontriv-
ial element admits ¢t = Diag(c,1,...,1,¢7") € GSO4, | (F), where
GSO,,, is the split form of GSOa441, as a representative. We de-
note by n the largest integer such that 2n < d.

By Proposition 6.21, for every h € H'(I', K1np,, ,...r) and every
C € Ch(h), tC belongs to Ch(ejesh), hence by Proposition 6.22,
op(tC)=—¢p(C), On the other hand, we have 2p:Z?:1i(2d—i)ai;

ANNALES DE L’INSTITUT FOURIER



DISTINCTION OF THE STEINBERG REPRESENTATION III 1597

we then obtain 2p(t) = ¢!, hence x(t) = —1 and the result fol-

lows.
e Assume @ is of type Cy; Y is then of order 2, and with a slight abuse
of notation, its nontrivial element admits t = Diag(c, . ..,c,1,...,1) €

GSpaq(F) as a representative. By Proposition 6.21, for every ele-
ment h of H(T', K1, 4., ) and every C' € Ch(h), tC belongs to
Ch(ey ...eqh), hence by Proposition 6.22, we have:

d
¢p(tC) = (J[(=D* ) en(C)
i=1
d . d(d+1)

= (I=0¢n(C) = (=1)"= én(C).

i=1
On the other hand, we have:
d—1
2p = i(2d+1—1i)a; + Ld;— 1)ad;

i=1

d(d+ d(d+1)

we then obtain 2p(t) = CTI), hence x(t) = (—1)" =z . We finally
get ¢p(tC) = x(t)pp(C) once again.

e Assume now ® is of type Dy. When d is even, Y is isomorphic to
(Z/2Z)2 and is generated by the elements admitting respectively
t = Diag(c,1,...,1,¢7 ') and ¢’ = Diag(c,...,c,1,...,1), both be-
longing to GSO),(F'), as representatives; when d is odd, Y is cyclic
of order 4 and one of its generators admits ¢’ as a representative. In
both cases, we denote by n the largest integer such that 2n < d.

When d is even, by Proposition 6.21, for every h €
HY(T, KrnLp 4.,,F) and every C' € Ch(h), tC belongs to Ch(eiezh),
hence by Proposition 6.22, ¢p(tC) = ¢p(C). On the other hand, we
have:

d—2
20 = i(2d—1—i)o; +

i=1

@(O&dﬂ + aq);
hence 2p(t) = ¢??=2, from which we obtain that x(¢) = 1 and that
op(tC) = x(t)¢pp(C), as desired.

Now we consider ¢/, d being either odd or even. By Proposi-
tion 6.21, we have t'Ch(h) = Ch(ejes...ean—1h), hence by Propo-
sition 6.22, ¢p(t'C) = (—1)"¢p(C); on the other hand, using the

. . d(d—1)
same expression as above for 2p, we obtain x(¢') = (=1)" =
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To prove the result, we thus only have to check that n and @
have the same parity. When d is even, then d = 2n, and @ =
n(d—1) and n have the same parity. When d is odd, then d—1 = 2n,

d(d—1)
2

and = nd and n also have the same parity. The result follows.

e Assume now ® is of type Eg. The character £ = ayfaggagfag is
then an element of X, (T'), and if t = £(¢), we have tCh(h) = Ch(h)
for every h € H'(T', KrnLp ., ), hence ¢p(tC) = ¢p(C). On the
other hand, since the group Y is of order 3 and x is quadratic, it
must be trivial, hence x(£(c)) = 1, and the result follows.

e Assume now P is of type Er. The group Y is then of order 2; more-

\2 Vv \4

ap tag toy
2

t = &(c) is a representative of the nontrivial element of Y. By Propo-

sition 6.21, we have, for every h, £(c¢)Ch(h) = Ch(eseserh); hence,
by Proposition 6.22, ¢p(tC)) = —¢p(C). On the other hand, since
by [4, §1, Proposition 29(ii)], < p,a; >= 1 for every i, we obtain
< 2p,& >= 3, hence 2p(t) = ¢® and x(t) = —1, and the result
follows. O

Now we can define our linear form. For every C € Chp 4, let O¢ be the
G p-orbit of Chg containing C, and let R be a system of representatives of
the Gp-orbits in Chp 4. Set:

A fEH(XE)® — > > f(C)ép(C)).

CeRC’'€O¢

over, the character & = is an element of X, (T), and

Since R is a finite set, Proposition 7.1 implies that the double sum always
converges.

Now that we have a linear form on H(Xg)>, we want to find a test
vector for it. We start by the following propositions:

PrOPOSITION 7.23. — Let C' be any element of Chg. There exists a
unique element of Chp contained in the closure of C' U D.

Proof. — Since C' is a chamber, by [7, 2.4.4], the closure ¢l(C U D) is
a union of chambers of Xg. Hence D is contained in some chamber C’ of
that closure, which is then obviously an element of C'hp.

On the other hand, let A¢ be an apartment of X g containing both C' and
D; it then contains ¢l(C' U D). Consider the connected components of the
complementary in R(A¢) of the union of the walls containing R(D); each
one of them contains the geometric realization of a unique element of Chp.
Let S be the one containing R(C); its closure contains R(D), hence also
the geometric realization of ¢l(C' U D), which proves the unicity of C’. O
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PROPOSITION 7.24. — Let fy be a function on Chp satisfying the har-
monicity condition, and let f be the function on Chg defined the following
way: for every C € Chg, if Cy is the only element of Chp contained in the
closure of C'U D, f(C) = (—q)~ %) f4(Cy). Then f € H(Xg)>.

Proof. — Let K0D7E be the pro-unipotent radical of Kp g; K?),E fixes
every element of Chp pointwise. For every C' € Chg and every k € KOD, B
we then have:

F(kC) = (—q) 4RO £, (kCp) = (—q) "1 @) f5(Co) = f(C);

since K0D7  is an open compact subgroup of Gg, the smoothness of f is
proved. Now we check the harmonicity condition. Let D’ be any codimen-
sion 1 facet of Xg. Assume first that the closure of D’ U D contains at
least one chamber C7 of Xpg; it then contains exactly one element Cy of
Chp, namely the one whose geometric realization is contained in the same
connected component as R(C7) of the complementary of the union of the
walls containing R(D) in any I-stable apartment containing R(C}); on the
other hand, that closure also contains exactly one chamber C' admitting D’
as a wall. Set 6 = d(C, Cy); if C' is any other chamber of X admitting D’
as a wall, the closure of C’ N D contains D and C, hence contains also Cy,
and we have d(C’,Cy) = § + 1. Since there are g such chambers, we obtain:

> (€)= (=) fo(Co) + a(—a)~* " fo(Co) = 0.
Cc'>D!

Assume now that the closure of D’ U D does not contain any chamber.
It then contains a unique facet Dy of Xg of codimension 1 containing D;
moreover, if C is a chamber of X admitting D’ as a wall, the only element
Cy of Chp contained in the closure of C'U D must admit Dy as a wall. On
the other hand, the group Kp/yp permutes transitively the elements of
Chp admitting Dy as a wall; since there are ¢ + 1 such chambers, and
g+ 1 chambers of X admitting D’ as a wall as well, the restriction to the
second ones of the application C' — Cy must be a bijection, and all of them
are at the same distance ¢ from Chp. We then have:

Z FC)=(-9)~° Z Jo(Co).
oD/ Co>Do

Since fy satisfies the harmonicity condition as a function on Chp), the right-
hand side is zero, hence the left-hand side must be zero as well. Hence f
satisfies the harmonicity condition and the proposition is proved. O

Now let ¢ be the function on Chg derived from ¢p by the previous
proposition. We say that ¢ is the extension by harmonicity of ¢p.
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PROPOSITION 7.25. — The function ¢ belongs to H(Xg)>®, and is a
test vector for .

Proof. — The fact that ¢ € H(Xg)> is an immediate consequence of
propositions 7.21 and 7.24. Now we prove that ¢ is a test vector for .
First assume D is a single vertex x; we then write Chy, Chy 4, ¢ instead
of Chp, Chp g, ¢p. We first prove the following lemma:

LEMMA 7.26. — Let C be an element of Ch® such that ¢(C) # 0. Then
C € Chyyg.

Proof of Lemma 7.26. — Assume C ¢ Chy 4; there exists then another
vertex ' of X whose geometric realization is in Br, belonging to C' and
such that C' € Chy 4. Let Cy be the only element of C'h, contained in the
closure of C'U{x}; the closure of Cy must then contain a facet of dimension
at least 1 of the closure of {x,2'}, whose geometric realization is contained
in Br. Hence Cj cannot belong to Chy ,, which implies that ¢(Cp) must
be zero, and ¢(C) is then also zero by definition of ¢. a

According to this lemma, we have:

Mo)= D, #(C)0(C)= Y 1=#(Chsa).
CEChy 4 CEChy 4
Since Chy , is nonempty, A(¢) # 0 and the proposition is proved.

Now we deal with the cases where D is of nonzero dimension. As before,
we denote by ®p the root system of Gp, which is also the Levi subsystem
of ® generated by X, or equivalently the set of elements of ® which are
linear combinations witn coefficients in Q of the elements of X,.

Remember that Ch? is the set of chambers of anisotropy class ¥, con-
taining a I'-fixed facet of the same dimension as D.

LEMMA 7.27. — Let C be an element of ChY such that ¢p(C) # 0,
and let D' be the I'-fixed facet of C of maximal dimension. There exists a
I'-stable apartment A of X containing both D and C, hence also D', and
D and D’ are then facets of maximal dimension of A'.

Proof of Lemma 7.27. — Let Cj be the only element of Chp contained in
the closure of C'U D; by definition of ¢p, we must have Cy € Chp ,, which
implies that the intersection of Cy and v(Cyp) is D. Moreover, C is also the
only element of Chps contained in the closure of CyUD’; hence v(C) is the
only element of Chp: contained in the closure of v(Co U D’) = ~(Cy) U D".

Consider now the closure of (Cp) U C; it contains both v(Cp) U D’ and
C' U D, and by the previous remarks it must contain Cy and (C) as well,
hence also the closure of CyU7(C); by symmetry, these two closures are then
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equal. We have thus obtained a I'-stable subset of Xz which is the closure
of the union of two facets; by [7, Proposition 2.3.1], that set is contained
in some apartment A’ of Xg, and by the same inductive reasoning as in
Proposition 4.1, we obtain a I'-stable apartment A containing it, which
must then satisfy the required conditions. O

Let A be a I'-stable apartment of Xg containing at least one chamber
belonging to Chp, and let D', D" be facets of maximal dimension of AT,
We denote by dr(D’, D"”) the combinatorial distance between D’ and D"
inside the subcomplex A" of Xg.

LEMMA 7.28. — Let D', D" be two distinct facets of maximal dimension
of AT, and let C' be a chamber of A containing D’.
e The parahoric subgroups Kp: g and Kp» g of Gg fixing respec-
tively D' and D" are strongly associated (in the sense of [11, Defi-
nition 3.1.1]).
e There exists a unique chamber C" of A containing D" and such that
no minimal gallery between C' and C" contains any other chamber
containing either D' or D".

Proof of Lemma 7.28. — Since D' and D" both generate A" as an
affine subcomplex of Xp, the finite reductive groups Kp: g/K% 5 and
Kpi g/Kp g are both canonically isomorphic to Kur g/Kyr 1 , and we
have:

Kp g =Kar 5K} g,
from which we deduce:
(Kp,g NKpr p)Kpy gy D Kar p K}y p = Kpi .

The other inclusion being obvious, we obtain in fact an equality. By switch-
ing D’ and D" in the previous reasoning, we also obtain:

(Kp/.s N Kpr g)Kpn = Kpr .

Hence Kp/ g and Kp~ g are strongly associated, as desired. It implies in
particular that Kp/ p/Kp, g and Kpr g/K}. p are canonically isomor-
phic to each other. '

Now we prove the second assertion. We first observe that the image of
Kep C Kp g in KD’,E/K%/7E is a Borel subgroup of KD/’E/K%,VE. Let
now C” be the chamber of A containing D” and such that the image of
Kor g in KDH’E/K%,,)E is (up to the aforementioned canonical isomor-
phism) that same Borel subgroup. Assume there exists a minimal gallery
(Ch=10C",C1,...,CL=C") between C" and C” such that C] contains ei-
ther D' or D", say for example D’, for some ¢ € {1,...,r—1}. Then Ko g
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is contained in Kpr g, and its image in Kp/ g/K}, 5 is a Borel subgroup
which must be different from K¢v /K9, g since Cf # C'; hence C' and
C! are separated by at least one hyperplane H of A containing D’. Such a
hyperplane must then contain the whole subcomplex A", and in particular
D", and since H then also separates C! from C”, the gallery has to cross
it at least twice, which contradicts its minimality.

Now let C"” be another chamber satisfying the conditions of the second
assertion. Since D’ and D" are distinct, we must have C""” # C’. On the
other hand, let H be an hyperplane separating C” from C"”. Since both C”
and C" contain D", H must contain D" as well, hence Ko g/K, p is a
Borel subgroup of KD”,E/K%//7E which is different from KcuﬁE/K%,,’E o~
Ko g/K OD,7 ; we deduce from this that there must exist a minimal gallery
between C’ and C"” containing C”, and this is possible only if C"" = C”.
The lemma is now proved. O

LEMMA 7.29. — Let D', D" be two facets of maximal dimension of AT,
let C' be a chamber of A containing D' and let C" be the only chamber of
A containing D" and contained in the closure of C'UD". Then % is

a positive integer vy which does not depend on the choice of D', D" and C'.

Proof of Lemma 7.29. — It is easy to prove (by for example [5, Lem-
ma 42] and an obvious induction) that qd(C',C”) = [KC',E : KC’UC”,E] =
[Kcr.g : Ko g N Ker gl; moreover, we deduce immediately from the first
assertion of Lemma 7.28 that [KC',E : KC/,E n KC”,E] = [KD’,E : KD’,E n
Kpr g]. We thus only have to relate that last quantity to dr(D’, D").

As usual, we can without loss of generality assume that A" is contained
in Ap . Assume first D’ and D" are adjacent. Let ®p/ be the Levi subsys-
tem of ® corresponding to the root system of KD/7E/K%,7E, which we can
without loss of generality assume to be standard, and let o be any positive
element of ® corresponding to an hyperplane of Ag separating D’ from D"’;
the set of such hyperplanes is then precisely the set of elements of ®* con-
tained in a+ X pr, where Xp/ is the subgroup of X*(7}) generated by ®p.
We thus only have to check that the cardinality of ®p/ pr = &N (a+ Xpr)
is always the same.

e When @ is of type Ag,_1, the simple roots contained in ®p/ are
the a; with ¢ odd. We then have ®p/ pr = {@a;, agi—1 + Qo4 2; +
Q2i41,Q2—1 + Q2; + ag;41} for some ¢, and in particular ®ps pr
always has 4 elements.

e When @ is of type Da,11, every simple root in ®* except a; is
contained in ®p. The set ® s p is then the full set of the elements
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of &+ which do not belong to ®p; there are 4n such roots, which
are precisely the roots of the form 7 +¢;, 2 <i < 2n+ 1.

e When @ is of type Ejg, the simple roots contained in ®p. are the
oy with 2 < 4 < 5. The set ®p/ pr then contains every positive
element of the Levi subsystem of ® generated by ®p/ and «;, with
7 being either 1 or 6, which do not belong to ® . Since in both cases
this Levi subsystem is of type D5, we are reduced to the previous
case with n = 2, and we obtain in particular that the cardinality of
(I)D’,D” is always 8.

In all these cases, the cardinality of ®p/ p~ is an integer r; which does not
depend on the choice of D’ and D”.

Now we prove the general case by induction on dr(D’,D"). Assume
dr(D',D") > 1 and let D" be a facet of maximal dimension of A" distinct
from D’ and D" and such that dp (D', D") = dp(D', D") + dp (D", D");
D' is then contained in the closure of D’ N D", hence also in the closure of
C’'NC", and that closure must then contain an element C""" of Chp:, which
implies that d(C’,C") = d(C’,C"") + d(C"',C"). By induction hypothesis
we have d(C’,C"") = ridr(D’,D") and d(C"",C") = r1dr (D", D"), hence
d(C’,C") = ridr (D', D") and the lemma is proved. O

LEMMA 7.30. — Let D’ be a facet of maximal dimension of A'. There
exists an integer ro such that for every facet of maximal dimension D"
of AU, the number of Kp/ p-conjugates of D" is precisely q”dF(D/Dﬁ),
Moreover, we have ry < 1q.

Proof of Lemma 7.30. — The number of Kp/ p-conjugates of D" is
precisely equal to [Kps g : Kp/ p N Kpr g, which cannot be greater than
[Kp.g:Kp gNKprgl= g9 (D)D) Hence we already know that if ro
exists, then ro < 7q.

By the same induction as in Lemma 7.29 we are reduced to the case where
D’ and D" are adjacent. We define ®p/ pr the same way as in that lemma.
Let fps be the concave function on ® associated with D'; Kp/ p/(Kp/ g N
Kpr p) is then generated by the images of the root subgroups of Kp/ p
corresponding to elements a of ® s pr such that fps(«) is an integer, which
by definition of Cy and D’ is true if and only if « is the sum of an even
number of simple roots of ®*. We thus only have to examine the different
cases:

e when @ is of type As,_1, ®p/ pr always contains two such elements
(either aipj—1 + i, args + 241 OF gy, g1 + iz + g4 1, depending
on D');
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e when @ is of type Dapy1, the elements of ®ps pr satisfying that
condition are the e 4 &; with ¢ being of some given parity (which
depends on D’), and there are 2n such roots;

e when @ is of type Eg, we are once again reduced to the case D5 and
®p/ pr then contains 4 elements satisfying the required condition.

Hence in all these cases, ro exists and is strictly smaller than 7, as
required. O

Remark. — In all cases, we have r; = 27y, which is a predictable result
since the ramification index of [E : F] is 2. We will not use this fact in the
sequel, though.

Now we prove Proposition 7.25. By Lemma 7.29, for every D’ and every
C’" € Chps, if C is the only element of Chp contained in the closure of
DU C’, we have:

¢p(C") = (—q) PP (0),
hence:

Y ép(C) = (—g) PPN gp(0),

C'eChpy CeChp

Let d’ be the dimension of D; we have the following lemma:

LEMMA 7.31. — Let W’ be the affine Weyl group of G relative to Ty;
the sum of the Poincaré series for a group of type Ay is:

1— gd'+1
3 gl = T
weW’
Proof of Lemma 7.31. — According to a formula given in the proof
of [14, Corollary 3.4], we have:
dl
1 — gmitl
Z l'l(w) = H (1 — x)(l — x'n”)’
weWw’ i=1
where my, ..., mg are the exponents of W’ (see [3, §6.2]). On the other
hand, according to [4, plate I (X)], we have m; = i for every i. The lemma
follows then by an easy computation. O

We see immediately from this lemma that as soon as |z| < 1, the sum in
the left-hand side cannot be zero. Denote by s(z) that sum.
By Proposition 7.1, the sum:

Z l¢p(O)|

CeChl
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converges, and we obtain, using lemmas 7.29 and 7.30 and taking into
account the fact that r; and ro happen to be always even:

S 60(C) = #(Chpa)s(@™ ™).

CeChl

Since ry < rq, the right-hand side is obviously nonzero. The proposition is
now proved. O

7.4. An Iwahori-spherical test vector

In this last section, we prove that it is always possible to use a suitably
chosen Iwahori-spherical vector as a test vector. For every chamber C' of
XEg, we still denote by ¢¢ the corresponding Iwahori-spherical vector.

We start by the following lemma, which is the equivalent for Iwahori-
spherical vectors of the harmonicity condition:

LEMMA 7.32. — For every codimension 1 facet D of Xg, we have:
> dc=0.
CDOD

Proof. — Let D be such a facet, and let C’ be any chamber of Xg: we

have:

> bc(C) =) (—g) ",

CcoD CoD
Consider the closure c/(DUC"); by [7, I, Proposition 2.3.1], it is contained
in an apartment A of Xpg, and even in one of the two half-apartments
of A delimited by the wall containing D. Hence there exists exactly one
chamber C” containing D and contained in ¢l(D U C"). Set 6 = d(C",C");
if C"" is another chamber of Xg containing D, the closure of C" U C’
must then contain C”, and since C"” is neighboring C”, we must have
d(C",C") = § + 1. Hence we have:

> ¢c(C) = (-0 +a((—9) ") =0.
CDD
The lemma is then proved. O

Now we check that we can use some well-chosen Iwahori-spherical vector
as a test vector when G is not of type As,. In the case of type As,, we
already know by Proposition 7.5 that it is true.
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PROPOSITION 7.33. — Assume G is not of type As,. Let A\ be any
nonzero element of H(X )"
Co be any element of Ch and let ¢, be the Iwahori-spherical vector
associated to Cy. Then ¢¢, is a test vector for A.

X, viewed as a linear form on H(Xg)>. Let

Proof. — We use the same argument as in [10, Proposition 6.2]: since
Stg is an irreducible representation, it is generated by any of its nonzero
vectors, for example an Iwahori-spherical vector ¢. We deduce from this
that H(Xg)®° is generated as a C-vector space by the G g-conjugates of ¢,
which are the Iwahori-spherical vectors ¢ attached to every chamber C'
of Xg.

By Lemma 7.32, the Iwahori-spherical vectors satisfy relations between
each other which are similar to the harmonicity condition. Let A be a
nonzero (G, x)-equivariant linear form on H(Xg)*. Assume \(f¢,) = 0.
Then we prove in a similar way as for elements of H(Xg)%rder, using
Corollary 5.16 and propositions 6.6, 6.11 and 6.19, that A(¢¢) = 0 for every
C € Chg as well, which implies A = 0, and we thus reach a contradiction.
Hence ¢¢, is a test vector for A and the corollary holds. O
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