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FINITENESS OF GIBBS MEASURES ON
NONCOMPACT MANIFOLDS WITH PINCHED
NEGATIVE CURVATURE

by Vincent PIT & Barbara SCHAPIRA

ABSTRACT. We characterize the finiteness of Gibbs measures for geodesic
flows on negatively curved manifolds by several criteria, analogous to those pro-
posed by Sarig for symbolic dynamical systems over an infinite alphabet. These
criteria should be useful in the future to find more examples with finite Gibbs
measures. As an application, we recover Dal’bo—Otal-Peigné criterion of finiteness
for the Bowen—Margulis measure on geometrically finite hyperbolic manifolds, as
well as Peigné’s examples of geometrically infinite manifolds having a finite Bowen—
Margulis measure.

RESUME. — Nous donnons plusieurs critéres caractérisant la finitude des me-
sures de Gibbs pour le flot géodésique sur les variétés a courbure négative, analogues
a ceux proposés par Sarig pour les sous-décalages sur des alphabets infinis. Ces cri-
téres effectifs devraient permettre de trouver davantage d’exemples de mesures de
Gibbs finies. En application, nous retrouvons le critére de Dal’bo—Otal-Peigné sur
la finitude de la mesure de Bowen—Margulis pour des variétés hyperboliques géomé-
triquement finies, ainsi que les exemples de Peigné de variétés a courbure négative
géométriquement infinies possédant une mesure de Bowen—Margulis finie.

1. Introduction

Hyperbolic dynamical systems are, heuristically, so chaotic that all be-
haviours that one can imagine indeed happen for some orbits. From the
point of view of ergodic theory, this can be expressed by the existence of
Gibbs measures. When the space is compact, choosing any regular enough
“weight function”, called a potential, i.e. usually a Holder continuous map
on the space, we can find an invariant ergodic probability measure which
gives, roughly speaking, large measure to the sets where the potential is

Keywords: Gibbs measures, thermodynamic formalism, geodesic flow, geometrically in-
finite manifolds, Kac lemma.
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458 Vincent PIT & Barbara SCHAPIRA

large, and small measure to those where the potential is small. This is a
quantified way of saying that all behaviours that one can imagine, repre-
sented by the choice of a potential, indeed happen for a hyperbolic dynam-
ical system.

Such measures are called Gibbs measures, and their existence for Holder
potentials and uniformly hyperbolic flows was proved by Bowen—Ruelle [6].
Thermodynamical formalism, i.e. the study of the existence and proper-
ties of these measures, has been extended to noncompact situations in two
main cases. In symbolic dynamics, Sarig ([17, 18]) studied thermodynami-
cal formalism of shifts over a countable alphabet. In the context of geodesic
flows of noncompact negatively curved manifolds, the measure of maximal
entropy, which is associated with the constant potential, now commonly
called the Bowen—Margulis measure, has been extensively studied, first by
Sullivan on geometrically finite hyperbolic manifolds [19], and later with
his ideas by many others. Among them, let us cite Otal-Peigné who ob-
tained an optimal variational principle in [12], and Roblin [16] who estab-
lished an equidistribution result of measures supported by periodic orbits
towards the Bowen—Margulis measure. Generalizations of their results to
Gibbs measures with general Holder potentials have been proved in [14].

All these results hold if and only if the Gibbs measure associated with
the potential is finite. It is therefore very important to be able to charac-
terize, or at least to give sufficient conditions for the finiteness of Gibbs
measures. Some partial results and examples have already been proved in
the past. In [17, 18], in a symbolic context, Sarig established two finite-
ness criteria for the measure associated with a Holder potential F. Tommi
and its collaborators extended this study to suspension flows over such
shifts, in [4, 11]. In the case of geodesic flows on the unit tangent bundle
of noncompact manifolds, the first criterion appeared in [8]. In the par-
ticular case of geometrically finite manifolds, Dal’bo—Otal-Peigné showed
that the Bowen—Margulis measure is finite if and only if a series involving
the parabolic elements of the fundamental group converges. This criterion
has been extended later by Coudeéne [7] to Gibbs measures on geometrically
finite manifolds. Finally, Peigné constructed in [15] the first examples of ge-
ometrically infinite hyperbolic manifolds whose Bowen—Margulis measure
is finite. His proof, once again, involved the convergence of a certain series.
Ancona [2] also obtained such examples, but through harmonic analysis.

Our main motivation is to give a unified way to check whether a Gibbs
measure is finite, not specific to a certain class of manifolds, and allowing
the recovery of all results mentioned above, the geometric ones as well as
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FINITENESS OF GIBBS MEASURES 459

Sarig’ symbolic criteria. We will provide three equivalent criteria for the
finiteness of Gibbs measures, all involving the convergence of some series,
two of them being the geometric analogues of Sarig’s criteria in terms of
lengths of periodic orbits, the other one being a reformulation in terms of
the action of the fundamental group I' of M on its universal cover, which
is more convenient in our geometric context.

To this end, we will not rely on having a symbolic coding for the geodesic
flow, which cannot be ensured in the general case, but on geometrical esti-
mates and Kac’s Lemma. Recall that this lemma asserts that if a measure p
is conservative and A is a measurable set with positive finite measure, then
the measure of the whole space equals >_ -, nu(A,), where A, denotes
the subset of points of A that return in A after exactly n iterations of the
dynamics. Therefore, the finiteness of u is equivalent to the convergence
of a certain series. However, Kac’s Lemma is in general more an abstract
result than an useful criterion, due to the difficulty of estimating the mea-
sure of the sets A,, but the geometry of negatively curved manifolds will
allow us to convert it into an explicit efficient criterion.

Let us first give some notations in order to state our results. We are
interested in the geodesic flow (g') on the unit tangent bundle T*M of a
complete manifold with pinched negative curvature. Our results also hold
when M is a negatively curved orbifold, that is the quotient of a complete
simply connected negatively curved manifold by a discrete nonelementary
group I which can contain torsion elements. We study this flow in restric-
tion to its nonwandering set ). We denote by P the set of periodic orbits,
by Pyy the set of periodic orbits which intersect some set W C T M, and
by Pj,, the subset of primitive periodic orbits. For a given periodic orbit
p € Py, we denote by I(p) its length, and by nyy(p) the “number of times
that the geodesic p crosses W” (see Section 3 for a more precise definition).
We consider a potential F': T'M — R, i.e. a Holder continuous map, and
denote by F : T*M — R its lift and P(F) its pressure. It is shown in [14]
how one can build a Gibbs measure mp associated with the potential F'.

The Hopf-Tsuji-Sullivan Theorem (see [14, Theorem 5.4]) asserts that
a Gibbs measure mp is either ergodic and conservative (possibly finite or
infinite) or totally dissipative, depending on whether the Poincaré series of
(T, F) is respectively divergent or convergent. Therefore, before investigat-
ing the finiteness of a Gibbs measure, we investigate when it is ergodic and
conservative.

DEFINITION 1.1 (Recurrence). — A potential F : T'M — R is said to
be recurrent when there exists an open relatively compact subset W of
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T' M, which intersects the nonwandering set €2, such that

> mw@)els TP Jo,
peEP

By analogy with the recurrence property for potentials on infinite sub-
shifts developed in [18], where a periodic orbit may be made of several
periodic points beginning with the same letter, this integer nyy(p) can be
interpreted as how many changes of origins are possible along the geodesic
orbit p so that the parametrization starts in W.

Our first result is a reformulation of the divergence of the Poincaré series
in terms of periodic orbits.

THEOREM 1.2 (Ergodicity criterion). — Let M be a negatively curved
orbifold with pinched negative curvature, and F : T'M — R a Hélder
continuous potential with P(F) < +oo. Then the Gibbs measure mp is
ergodic and conservative if and only if F' is recurrent.

Unfortunately, this equivalence is unlikely to be very useful in practice.
The main interest of Theorem 1.2 is to enlighten the very strong analogy
between our results on geodesic flows on noncompact manifolds and Sarig’s
work in symbolic dynamics over a countable alphabet, despite the fact
that no general coding result of the geodesic flow by a symbolic dynamical
system is known in this context.

DEFINITION 1.3 (Positive recurrence for the geodesic flow). — Let M
be a negatively curved orbifold with pinched negative curvature. A Hélder
continuous potential F : T'M — R with P(F) < +oo is said positive
recurrent relatively to a set W C T'M intersecting ) and the integer
N > 1 if it is recurrent and

> l(p)efp(F_P(F)) < +00

PEP;,
nw (p) SN

Our main finiteness criterion is the following result, which is the geomet-
ric analogue of the symbolic criterion of Sarig [18].
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THEOREM 1.4 (First finiteness criterion). — Let M be a negatively
curved orbifold with pinched negative curvature, and F : T'M — R a
Hélder continuous potential with P(F') < 4+o00. Denote by mp its associ-
ated Gibbs measure.

(1) If F is recurrent, and there exists an open relatively compact set
W C M meeting 7(§2) such that F is positive recurrent with respect
to W = T'W and some N > Kyy (where Ky depends only on the
geometry of W and M ), then mp is finite.

(2) If mp is finite, then F' is recurrent, and positive recurrent with
respect to W = T'W and any N > 1 for every open relatively
compact set W C M meeting m(2).

We shall see in the proof that when M is a manifold, and W is a small
open ball, the constant Ky, equals one.

In particular, when F' is recurrent, then F' is positive recurrent with
respect to W = T'W for some open relatively compact set W which in-
tersects m(€2) and for some N > Ky if and only if it is positive recurrent
relatively to any such set.

The proof of Theorem 1.4 follows from Theorem 1.6 below, which ex-
presses the finiteness of mp in terms of the action of ' on M instead of
periodic orbits on T'M. This criterion does not appear in Sarig’s work
because it has no meaning in a purely symbolic setting. However, it is very
useful in our geometrical context.

We start by introducing the following notation. Given a subset WcM ,
denote by
Jy,y €W, [y 1N gW #0 = wnew 8 }
or YW NgW £ 1)

FW:{’YEF

the set of elements v such that there exists a geodesic starting from W and
finishing in v that meets the orbit I'W only at the beginning or at the
end.

DEFINITION 1.5 (Positive recurrence in the universal cover). — The pair
(T', F) is said to be positive recurrent with respect to a set W C M such
that W = T'W intersects ) if F' is recurrent and

Iz e M, Z d(x,vx)efz (F=PI) 4 oo

T~
vel~
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THEOREM 1.6 (Second finiteness criterion). — Let M be a negatively
curved orbifold with pinched negative sectional curvature. Let F : T*M —
R be a Hélder continuous potential with P(F) < +oo, and denote by mp
the associated Gibbs measure on T M.

(1) If F is recurrent, and if (T', F) is positive recurrent with respect to
some open relatively compact set WcM meeting w(ﬁ), then mp
is finite.

(2) If mp is finite, then F is recurrent, and (T', F) is positive recurrent

with respect to any open relatively compact set WcM meeting
m(Q).

In particular, when F' is recurrent, then (T, ﬁ) is positive recurrent rela-
tively to some open relatively compact set W which intersects () if and
only if it is positive recurrent relatively to any such set.

n [17], Sarig proved a finiteness criterion, established earlier than the
symbolic analogue of Theorem 1.4. This criterion seems less practical than
his later work. However, we wanted to show a complete analogy between
the symbolic and our geometric settings, so we established the same crite-
rion in our situation. The proof is different from the previous criteria and
relies on equidistribution of weighted periodic orbits. This criterion requires
the assumption that the geodesic flow is topologically mixing on 2. This
extremely classical assumption is satisfied in most interesting situations,
even if its validity is open in general.

DEFINITION 1.7. — The potential F' is said to be positive recurrent in
the first sense of Sarig [17] if there exists an open relatively compact subset
W of T' M meeting Q, and constants ¢ > 0, to > 0 and C' > 0 such that

1 _
Yt > to, e < E nw(p)efp(F P(F)) <C.
pEP

t—e<l(p)<t

THEOREM 1.8 (Third finiteness criterion). — Let M be a negatively
curved complete orbifold, with pinched negative curvature. Assume that
its geodesic flow is topologically mixing. Let F : T'M — R be a Hélder
continuous potential with P(F') < +o0, and denote by mp its associated
Gibbs measure on T'M. Then mp is finite if and only if F is positive
recurrent in the first sense of Sarig with respect to some open relatively
compact set W meeting €.

When this theorem holds, F' is actually positive recurrent in the first
sense of Sarig with respect to any open relatively compact set W meeting Q.
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The structure of this paper goes at follows. Section 2 introduces the
background on geometry and thermodynamic formalism, including some
elementary lemmas of hyperbolic geometry stated in a convenient way for
our purposes. In particular, Lemma 2.4 plays a crucial role in the proof.
Section 3 introduces the notion of number of returns of a periodic orbit,
which is used to state Theorem 1.2, 1.4 and 1.8. The proof of Theorem 1.2
is given in Section 4. Theorem 1.6 is proved in Section 5, from which an
intermediate Theorem 6.1 is derived in Section 6, and Theorem 1.4 is itself
derived in Section 7. In Section 8, we state and prove a couple of equidistri-
bution results for nonprimitive periodic orbits, and derive from it the proof
of Theorem 1.8. Finally, we show in Section 9 how to retrieve previous
finiteness results from ours.

We believe that these criteria will lead to new examples of interesting
manifolds with finite Gibbs measure. This will be done in the future.

2. Preliminaries
2.1. Geodesic flow in negative curvature

In the following, M is a Hadamard manifold with pinched negative sec-
tional curvature —b% < k < —a? < 0, T is a discrete group of isometries
preserving orientation of M , M = 1"\]\7 is the quotient orbifold (mani-
fold whenever T' has no torsion elements), and T M = I‘\Tlﬁ is its unit
tangent bundle. Observe once and for all that Riemannian/differential con-
cepts are still well defined on M or T'M by defining objects first on the
universal cover, and then going down to M. With a slight abuse of notation,
we denote by 7 : T*M — M or 7 : T'M — M the canonical projection,
and by Pr: T'M — T'M or Pr : M — M the quotient maps.

The geodesic flow of T2 M and of T M is denoted by (9")ter- The bound-
ary at infinity 8001\7 is the set of equivalence classes of geodesic rays staying
at bounded distance from each other. If v € M , we denote by vy the posi-
tive and negative endpoints of the geodesic it defines.

The limit set A(T) is the set of accumulation points in .M of the I'-
orbit of any point in M. We will only consider the nontrivial case where
I' is nonelementary, that is A(T") is infinite. Eberlein [9] proved that the
nonwandering set € of the geodesic flow coincides with the set of vectors
v € T*M such that vy € A).

The Hopf coordinates relatively to any base point x¢ € M are given by

veT'M — (v_, v, Byt (z0, (V).

TOME 68 (2018), FASCICULE 2
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where the so-called Busemann cocycle B,+(xg,v) is the limit of
d(zg,m(g9'v)) — d(m(v), m(g'v)) when t — +oo. They induce an extremely
useful homeomorphism between T M and (90 M x s M) \ diagonal x R.
The geodesic flow acts by translation on the real coordinate, so that all
dynamically relevant sets can be expressed nicely in terms of these coordi-
nates.

The set of periodic orbits (respectively primitive periodic orbits) of the
geodesic flow is denoted by P (respectively P’). Recall that each periodic
orbit of the geodesic flow corresponds to exactly one conjugacy class of
hyperbolic elements of I'. More precisely, let I', be the set of hyperbolic
(or loxodromic) isometries of I', and I'} those which are primitive. By
definition, such a v has two fixed points in GOOM , one repulsive and the
other attractive. It acts by translation on the geodesic line of M joining
them so that the geodesic orbit of T’ 1M from the repulsive to the attractive
endpoint induces on T'M a periodic orbit of the geodesic flow. We will
denote by () for v € T'y,, or equivalently I(p) for p € P, the period of this
orbit.

2.2. Thermodynamical formalism

In this section, we recall briefly some facts about thermodynamical for-
malism on negatively curved manifolds, which are either classical or can be
found in [14].

Let F: T'M — R be a Holder continuous map (or potential), and F
be its T-invariant lift to T M. Tts topological pressure is defined as the
supremum

P(r) = sup (0 + [ Fau),
nemM
where the supremum is taken over the set M of all invariant probability
measures, and h(u) is the Kolmogorov—Sinai entropy of p.
A dynamical ball B(v,T,¢) is the set

B(v,T,e) =Pr {w € Tlﬁ‘ d(m(g"(9)),7(g" (w))) < e forall 0 < t < T}.

Here, there is a slight abuse of notation : we use the distance d on M instead
of a distance on T'M , for example the Sasaki metric. However, standard
results about geodesic flows in negative curvature show that these two
points of views are equivalent. We refer to [14] for details. An invariant
Radon measure p satisfies the Gibbs property (see [14, Section 3.8]) if for
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all compact subsets K C T*M, there exists a constant Cx > 0, such that
for all v € K and T > 0 such that g7 (v) € K, one has
(2.1)
iefoT F(gt(v)) dt—TP(F) < u(B(,T,e)) < CKef F(g' (v)) dt=TP(F)
Ck
The careful reader will observe that this definition is slightly simplified
compared to [14], but describes the same measures.

When P(F) is finite, the Patterson-Sullivan-Gibbs construction, de-
tailed in [14], allows to build a measure mp, which satisfies the above
Gibbs property, whose lift g on T'M has the following nice expression
in the Hopf coordinates

1
2.2 dinp(v) = dplet(vo) dpk (vy) dt,
( ) F( ) DF—P(F)7w0(U—7U+)2 H 0 ( ) H 0( +)
where ¢ is the flip map ¢ : v — —v, pZ , 18 the so-called Patterson—Sullivan—
Gibbs conformal density on the boundary, and Dp is the F-gap map from
x defined as

Dra(€,1) = exp (Llﬂo/m~ /h/ )

This map is continuous and positive on O M x 8o M \ {diagonal}, and
therefore bounded away from 0 and 400 on all compact sets of &X,M X
BOOM \ {diagonal}. Moreover, the point xg being arbitrary, the Patterson—
Sullivan-Gibbs conformal densities (uZ )i form a family of measures
that have full support in A(T") and are I'-quasi-invariant.

The Gibbs measure mp satisfies the following alternative, known as the
Hopf-Tsuji-Sullivan Theorem, proved by Roblin [16] in full generality when
F = 0, and whose proof has been adapted to Gibbs measures in [14]. First,
recall that the pressure P(F') is also the critical exponent of the following
Poincaré series

Prar(s)=) e L=,
verl

This Hopf-Tsuji—Sullivan—Roblin theorem for Gibbs measures illuminates
how the convergence or divergence of the above series for s = P(F) is a
crucial point for the ergodicity of the Gibbs measure mpg.

THEOREM. — Let M be a negatively curved orbifold with pinched neg-
ative curvature, and F : T'M — R a Hoélder continuous map with finite
pressure. Then the measure mp is ergodic and conservative if and only if

TOME 68 (2018), FASCICULE 2
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the Poincaré series Pr , p(s) diverges at s = P(F), i.e.
'YTO F P ))
S e,

and the measure mp is totally dissipative otherwise.

In fact, one can show that “the” measure mp built in [14] is well defined
if and only if the above series diverges. As this is the only interesting case
for us, we do not care about this problem of terminology.

When a Gibbs measure mpg is finite, it is automatically ergodic and
conservative. However, of course, the converse is not true, and it is precisely
the purpose of this paper to propose criteria of finiteness.

2.3. Some exercises in hyperbolic geometry

This section gathers some well-known lemmas about the geometry of
manifolds with pinched negative sectional curvature.

We start by recalling a very classical comparison lemma, as stated for
example in [13, Lemma 2.1], from which we will derive the next lemmas.

LEMMA 2.1. — Let (X,d) be a CAT(—1)-space. For all points x,y in X
and z in X U 0w X, and every t € [0;d(x, z)] (finite if z € 0 X ), if x4 is
the point on [x; 2] at distance t from x, then

d(x, [y; 2]) < e sinh(d(z,y)).
In particular, applying this lemma twice leads to the following lemma.

LEMMA 2.2. — Let r,r’ > 0. Let z,2’,y,y € M such that d(z,y) <r
and d(z',y’) < r'. For every t € [0;d(z,2')], denote by x; the point on
[x;2'] at distance t from x. Then

(s, [y; y']) < sinh(r)e ™t + sinh(r)el ~d(@2) +sinh(r)
Recall also the following.

LEMMA 2.3 ([14, Remark 2 following Lemma 3.2]). — For every R >
there is a constant C that only depends on F R and the bounds on the
sectional curvature of M such that for every x,z’',y,y’ in M satisfying
d(z,2"),d(y,y') < R
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2.4. Parallel geodesic segments avoiding images of a compact set

The following geometrical lemma is the key ingredient of the proof of
Theorem 1.6, from which Theorem 1.4 is derived. It asserts that, if a geo-
desic segment [y;y'] is known to avoid the T-orbit of balls B(z, R) except
maybe at its beginning or at its end, then every other geodesic segment
whose endpoints are close from y and y’ will also essentially avoid the I'-
orbit of e-shrinked balls B(x, R — ¢), provided that the guiding segment
[y;9/'] is long enough.

LEMMA 2.4 (Long range subset avoidance). — Let W be an open rel-
atively compact subset of M. For every R > 0, there exists p = p(R)
such that for all € > 0, all W' cW open relatively compact subsets with
d(W’,M\ W) > ¢, ally,y', 2,2 € M with d(y,2),d(y’,2z") < R, and all
~vel,if

iy ]1NAW =0  and  [z;2]NAW' £ 0.

then we have
min (d(% W), d(y', ’YW)) < p—loge.

Proof. — Denote by | = d(z, 2'). Let 2 be a point of [z; 2'] inside v/,
with t = d(z, z;). Without loss of generality, we can assume that t < % By
Lemma 2.2, we have

(2, [y ']) < sinh(R) (e*t i etfl+sinh(R)) <C(et+ et*l) <206t

with C' = sinh(R)es"*(®), The assumption d(z, [y;4']) > € ensures that
t < log(%) and henceforth that d(y,z;) < p — loge with p = log(2C) +

diam W. 0

2.5. About finding hyperbolic isometries

In the proofs of Theorems 1.2 and 1.4, we will need to compare sums
indexed on periodic orbits of the geodesic flows, i.e. on conjugacy classes
of hyperbolic elements of I', with sums indexed on the whole group I'. To
this end, we need some technical tools to go from the former to the latter.
We start by recalling a variant of Anosov closing lemma, which is easily
obtained by combining [10, Corollaire 8.22] with Lemma 2.2.

TOME 68 (2018), FASCICULE 2



468 Vincent PIT & Barbara SCHAPIRA

LEMMA 2.5. — Foreveryl,e > 0, there exists e’ € |0; 1] withlim._,ge’ =
0 such that for every isometry 7 of any proper geodesic CAT(—1)-space X,
for every x¢ in X, if d(xq,vxo) > | and d(xo, [fyflxo;fyxo}) < &, then v is
hyperbolic and d(zo, A,) < €, where A, is the translation axis of v in X.

Let I'y, be the set of hyperbolic elements of I'. If v € T';,, we denote by
A, C T M its axis, i.e. the set of vectors v € T M such that ¢y =y,
where /() is the minimal displacement of a point by . In other words, A,
is the set of unit vectors on the geodesic joining the repulsive fixed point
to the attractive fixed point, oriented towards the latter.

If x € M, Il > 0and U C 8OOM is open, then the angular sector at
distance | based at x and supported by U is the open set

Coa(U) = {z e J\ﬂ d(z,z) >1 and 36€ U,z € ]x;g[}.

LEMMA 2.6. — Let W C T'M be an open relatively compact set inter-
secting Q, ¢ > 0 and = € m(W) N Conv(A(T")). There exist g1,...,gc € T
and a finite set S C T such that for every vy € T'\ S, there exist i, j such that
v = g;lwgi is hyperbolic and its axis satisfies A, N wn T'B(x,¢) # 0.

Proof. — Take ¢’ = £'(e, 1) given by Lemma 2.5. Let U and V' be two
non empty open sets of 0 M with disjoint closures, both meeting A(T"),
such that any geodesic orbit of T'M from U to V meets WﬁTlB(x e’). Fix
two non empty open sets Ug, Vo C 8OOM meeting A(T') such that Uy C U
and Vo C V. There exists I’ > 1 such that for every y € U’ = C, 1 (Up)
and z € V! = C, 11 (Vp), the geodesic orbit of T'M from y to z meets
WNTB(z,&).

As T acts minimally on A(T), there exist g1,...,9p,--.,gx € I such that

P
C U g:Uo and AT C U giVo.
= i=p+1
Let Ry = sup {d(x,gi_lx) |z =1,..., k}, Ry = Ry + 2¢, and define
U’ = {y e M’B(y,Rl) - U’} and V' = {z e 1\7‘ B(z,Ry) C V’}.

Denote by U and V' their closures inside MU(’) M. Observe that 0o U’ =
Uy and 05, V" = Vj, so that we still have in MU0 M

P k
C U g:U" and A(T) C U g V".
i=1 1=p+1
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Therefore, both sets

K = Conv(A \ngU” and L = Conv(A(I))\ U V"
i=1 i=p+1

do not meet C%OJT/.f and are relatively compact in M. Therefore, S =
{yeT|y a2 €K or yoe L} is finite.

Now if v € '\ S, by construction, there exist i, j such that v~ 1z € g;U"
and yx € g;V". If v/ = gj_lfygi, then u =~"""
V", which means that 7'z satisfies

d(y'z,v) = d(z, g; 'x) < Ro < Ru,

gj_lx cU" andv =+'g; 'z €

i.c. 2z € V' and similarly v/ 'z € U’. By our choice of U’ and V',
this ensures that d(x,~'z) > [ and {fy”lx;*y’x} meets B(z,e’), so that

by Lemma 2.5, 7 is hyperbolic and its axis A, meets T B(z,¢).
Finally, let z € m(A,/) N B(x,¢). Since

d(y'z,v) <d(v'z,¥'z) + d(v'z, v) e+ Ry < Ry,

we deduce that 7'z E/V’ and likewise ~' '2 € U'. This implies that the
geodesic orbit of T'M from ~/ 2 to 7'z, i.e. Ay, also meets W. g

2.6. Shadows

If y,y' are two distinct points of M U M, let v_ (y,9) € Do M (respec-
tively vy (y,9') € Do M ) be the endpoint of the one-sided infinite geodesic
ray going from y’ to y (respectively from y to y’). The maps vy and v_ are
continuous for the usual topology on (M U s, M)? \ {diagonal}.

With the above notations, if € MU 8OOM and W is an open, relatively
compact, geodesically convex subset of M , the shadow of W viewed from
x is the set

O, W ={vy(z,y)|lye W} = {5 € 0o M

€[N W £ 0}.

We start by stating a classical lemma that asserts that, if the base point
is far enough from the set that casts the shadow, then it can be moved
around by a bounded amount almost without changing the shadow.

LEMMA 2.7. — For every r > 0, every 0 < & <r and every & > 0, there
exists lg > 0 such that for all z,y € M satisfying d(x,y) > lo and for all
z € B(y,d) we have

OyB(z,r —¢) C O,B(z,1) C OyB(z,r +¢).
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We will also need the two following lemmas about products of shadows.
Their proofs are very similar to [14, Lemma 3.17] and therefore ommitted.

LEMMA 2.8. — For all r > 0, ' > 0 and € > 0, there exists lp > 0
such that for all x,a2’ € M satistying d(z,x") > lo, for all y € B(x,r) and
y' € B(z',r"), we have

(v_(y,y"),v4(y,y") € OwB(z,r +¢) x O, B(x',7" +¢).

LEMMA 2.9. — For every r > 0, 7" > 0, and € > 0, there exists lp = 0
such that the following holds : for every x,x’ € M satisfying d(z,z") > l,
for every v_ € Oy B(z,r) and every vy € O,B(x',r'), there exist y €
B(z,r+¢) and y' € B(z',7’" +¢) such that

(va ’U+) = (’U, (Zl/, yl)7 ’U+(y, y/>) .
The next lemma states that when two balls are far enough one from each
other, their shadows relative to each other’s center cannot intersect.
LEMMA 2.10. — For every R > 0, there exists lo = 0 such that, for
every x,y € M satisfying d(x,y) > lo, one has
0,B(y,R)NO,B(z,R) = 0.

Proof. — Suppose not, and take £ in the intersection. In the triangle
(z,y,£), we would have

d(z, [y;€]) <R and  d(y, [z:£]) < R.

Triangles of M are d-hyperbolic for some positive constant ¢ depending only
on the upper bound of the sectional curvature. Therefore, this situation
is possible only if d(z,y) < 2R + 20. Thus, the lemma is proved with
lo =2R + 26. |

Measure of shadows

The Shadow Lemma, initially due to Sullivan, estimates the measure
given by Patterson—Sullivan—Gibbs densities to shadows of balls in terms
of integrals of the normalized potential. It has been proven by Mohsen in
our setting, and asserts the following.

LEMMA 2.11 (Mohsen’s Shadow Lemma, [14, Lemma 3.10]). — Let

(ul )s ci be the Patterson-Sullivan-Gibbs conformal density associated

with F', and K be a compact subset of M. There exists Ry > 0 such that,
for all R > Ry, there exists C > 0 such that for all y € I and z,y € K

1 R Y
Sl D < (0, By, R)) < cel: D,
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A careful examination of the proof of this lemma shows that the condition
R > Ry is actually only necessary for the lower bound. In the following, we
will only use this lemma for its upper bound, so we can forget about this
restriction.

However, we will also need some lower bound estimates for the mp-
measure of dynamical balls. To this end, we will use the following variant
of the Shadow Lemma for product of shadows of balls, which replaces the
restriction on the size of balls by the assumption that the ball intersects
the nonwandering set of the geodesic flow.

LEMMA 2.12 (Shadow product lemma). — Let (,uf)meﬂ and (uf‘”)me]\ﬂ;{

be the Patterson-Sullivan-Gibbs conformal densities respectively associ-
ated with F' and F o . Assume that B(xz, R) C M intersects the base of
the nonwandering set 2. Then there exist C' > 0 and S,G C I' finite such
that for every v € T'\ S there exist g, h € G such that
1 ™ F_prF oL
Sl TERED < yEe 0., Blga, R)E (O, Blyha, R))
< Cel F=PE)

Proof. — If T*B(z, R) N Q # 0, then we can find n,& € A(') distinct
such that the geodesic (¢n) intersects B(x, R). In particular there exists
e > 0 such that n € O¢B(z, R —¢) and £ € O,B(z, R — ¢€). By continuity
of the shadows, there exist two neighbourhoods U, V' of respectively £ and
7 in MU 8002\7 such that

VyeU, O¢B(z,R—¢) C OyB(z,R)
and VzeV, O,B(z,R—¢)C O,B(z,R).

By using the same technique as in the proof of Lemma 2.6, we can find
S, G C T finite such that, for every v € I'\ S, there exist g, h € G such that
g 'yreUand h™ iy lz e V.

Since the Patterson—Sullivan—Gibbs densities charge any open set that
intersects the limit set,

o = min {ufffz((’)gB(a:,R —¢€)) ’g € G} >0
and B =pt(0,B(z,R—¢))>0.

Let v € T'\ S and take g,h € G such that g7'yz € U and h ™'y~ tz € V.
By the invariance property of the densities, we have on the one hand

pr " (Ore Bgz, R)) = 1154, (Og-1,0B(2, R)) = 114, (O¢ Bz, R—¢)) > a,

gtz

TOME 68 (2018), FASCICULE 2



472 Vincent PIT & Barbara SCHAPIRA

and on the other hand
:u"fy;‘hm(OIB(Pyhm7 R)) = lu’f(ohfl'yfla:B(xv R)) 2 6
But the conformal density property of (uf’) ensures that
1y (Ox B(yha, R)) = / em O rc ) g (C),
(€0, B(yhx,R)

where Cp¢(z,y) = limy_,o0 fth F— fft F is the Gibbs cocycle associated
with F. By applying [14, Lemma 3.4] (2), we get the existence of a constant
C1 > 1 independent of v and h such that

hx ,~ F Sha ~
ief: (F—P(F)) < /;‘az (OzB(vhz, R)) < C’lefm (F=P(F)
G Hyne (Ox B(yha, R))
This implies that

hx  ~
ab JI F-p)
Cq

" < pE(Osna B, R))pk (02 B(vhar, R))

yhx =~

< Cpel. TF-PE).

Finally, after noting that d(yz,vhz) = d(z,hx) is bounded from above
independently from v, we Az}pply Lemma 2.3 to obtain a constant Cy > 0
that only depends on M, F', x and R such that

/ "E ) - |- rw)

This concludes the proof with C = ‘%e@. O

< Cy.

3. Number of returns of a periodic orbit

The aim of this section is to introduce a useful mathematical definition
of the “number of times that a periodic geodesic enters in a given set W
Observe that as soon as W is non convex, or has holes, it may be highly
non trivial and cannot be done in a naive way.

Let W be a relatively compact subset of TM. If v € Iy, we define the
number of copies of the axis of vy intersecting W as the quantity

() =#{7’6F\ngrm’=g‘1w and A, NW # (2)}.

By definition, this number depends only on the conjugacy class of v € I'y,.
Of course, it is also I'-invariant, in the sense that

ny (V) =n 5 0).
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We shall now extend this definition to relatively compact subsets of T M
in the following way. First note that if W C T'M is open and relatively
compact, then it admits an open relatively ~compact 1 lift (actually many of
them), i.e. an open relatlvely compact set W C T'M such that PF(W)
W where Pr : T'M — T'M is the covering map. Indeed, it is enough
to cover W by trivializing open sets for the covering map Pr, to take
for each of these sets the image of its intersection with W by one of the
inverse branches of Pr, and then let W to be the union of these preimages.
However, there might not exist an open lift W of W such that Pr: W — W
is 1 —1 if, for example, the base w(W) contains a ball B(x, R) whose radius
R is larger than the injectivity radius at z.

Given W C T' M open relatively compact, and any periodic orbit p € P,
this leads us to define the number of returns of p into W by

nw(p) = inf nyy; (1),

where 7, is any hyperbolic isometry in the conjugcy class associated with
p, and the infimum is taken over all open relatively compact lifts W of W
to T M. By definition, nyy(p) > 1 if and only if p intersects W.

Note that the quantities n; () and ny(p) do not depend on the mul-
tiplicity of + or p. Indeed, two isometries v and 7’ are conjugated by an
element g if and only if v* and +/ * are conjugated by this element g, for
k > 1. Moreover, the axii A, and A,Yk are equal for all £ > 1. Therefore,

we get
V=150 =n50).

Equivalently, if p € P is a periodic orbit with multiplicity whose associated
primitive orbit is pg € P’, we have

nw(p) = nw(po)-

Although there might not exist a lift of VW that realizes the number of
returns nyy (p) of p € P into W as a number of copies, the numbers of copies
of the axis of v € I'j, intersecting two distinct open relatively compact lifts
of W are uniformly commensurable with each other.

LEMMA 3.1. — Let Wl, Wg be two open relatively compact lifts to M
of an | open relatively compact set V.

If Wy C Wy, then for all v € T, we have ny (7) < ny, ().
If W1 and Wg are isometric, then for all v € T}, we have ns (v) =

Wi
ny, ().
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More generally, there is C' = Cﬁl W such that for all v € I'y,, we have
1

o, (1) Sy, () < Cngg, (7).

Proof. — The first assertions are clear. For the last one, it is enough to
show that ny () < CnV~V2 (7o) for any %A,G I, Tgilie 5 :Ag/]fl%g for
some g € I' such that there exists v € A, NW;. Since W; and W, are both
lifts of the same set W, the set

Hv:{hel“)hvewg}

is non-empty. Note that if h € H,,, then h(v) € WQQAW// where v = hy'h~!
is a conjugate of y. This ensures that

{'y/ el ’ JgeT,y =g 'yg and A, AW, # @}
C U ht {’y" el ‘ Jgel,y =g 'yg and A, AW, # (Z)}h,
heH

where H = Uvev~v1 H, depends only on Wl and WQ but not on 7. In order to
conclude, it is enough to show that H is finite. Indeed, let VNVg = VNVl U Wg.

It is a compact subset of T'M and we have

H:{her‘aveﬁl,h@e%}c{hef]ﬁgmhﬁgﬂ},

which is finite since the action of T on T M is proper. O

In particular, if one takes a relatively compact lift Wl of W, then there
exists a constant C' which depends only on W, such that for every pg € P’
and every 7y in the conjugacy class associated with py we have

1
&, (70) < 1w (po) < Cnyg; (70) -

LEMMA 3.2. — IfW C T'M is covered by a finite collection Wi)i=1,...n
of open relatively compact subsets of T'M, then there exists C =
Cwwy,...w, > 0 such that for all p € P, we have

nw(p) < CZ nw; (p)-

Proof. — We may assume that p € P’. Fix v, € I}, in the conjugacy
class associated with p. For each ¢, take an open relatively compact lift W;
of W; to T'M, as well as a constant C; independent from p and +, such
that

ng. () < Cinw, (p) -
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Observe that

=

n
Ww=p'wn(J
i=1
is an open relatively compact lift of W, and that if an axis A, meets w
then it meets at least one of the W;. Therefore
n

nw (p) < () < Dy, () < max(Cy) an (p)- 0

i
=1

4. Ergodicity of Gibbs measures for recurrent potentials

Let F : T'M — R be a Holder continuous potential on 7' M. According
to the Hopf-Tsuji—Sullivan Theorem, we know that mp is ergodic and
conservative if and only if the Poincaré series associated with F' diverges at
the critical exponent s = P(F'), in which case (T, F) is said to be divergent
following the terminology in [14]. In this section, we will prove Theorem 1.2
which asserts that it is also equivalent to the divergence of the series

S nw(p)ede TP

peEP

for W an open relatively compact set intersecting 2. F' is said to be recur-
rent relatively to YW when this series diverges.

Note that periodic orbits meeting W are the only periodic orbits to
consider in the above sum, because otherwise ny,(p) = 0.

THEOREM 1.2. — Let M be a negatively curved orbifold with pinched
negative curvature, and F : T'M — R a Holder continuous potential with
P(F) < 4o00. Then the Gibbs measure mp is ergodic and conservative if
and only if F' is recurrent with respect to some open relatively compact set
intersecting €.

In particular, the recurrence property does not depend on the choice of
the open relatively compact subset W.

Observe first that, for any real number k, this equivalence is satisfied for
a potential F' if and only if it is satisfied for the potential F' + k, as the
Gibbs measures mpr and mpyi are equal. We may therefore assume from
now on that P(F) = 0. We will also denote by F' the I-invariant lift of F
to T'M.
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4.1. Recurrence implies divergence

LEMMA 4.1. — If F is recurrent relatively to some open relatively com-
pact subset W of T*M which intersects €0, then (T, F') is divergent.

Proof. — Let W be an open relatively compact lift of W to T'M that
meets 2. Choose a base point = € 71'(17\//) C M. If p € P intersects W,
let vp.1,.--,%,n, € I'n be the distinct hyperbolic isometries whose axes
intersect W and project onto the periodic orbit p. According to Lemma 3.1,
there exists C' > 0 such that for every 1 < ¢ < n, one has

1
ny = 1) > ().
For each 1 <i < my, pick z;(p) € A,,, N W and let z;(p) = 7(z(p)) € M.
In particular, we have d(x,z;(p)) < diam7w(WV).
According to Lemma 2.3, there is a constant C’ > 0 that only depends

on I, on diam 77()7\7) and on the bounds on the sectional curvature of M
such that
Ip,iT __ 'Yp.'ﬂ?'i(p) - Vp,iT __
[l A=, L
D x T (P) x
Hence we have

S ek " <ce 3l <o ST,

peEP pEP i=1 yel

VpeP, Vi, <.

and the recurrence of F implies the divergence of (T, F'). |

4.2. Divergence implies recurrence

LemMA 4.2. — If (I', F') is divergent, then F' is recurrent relatively to
any open relatively compact subset W of T*M which intersects ).

Proof. — Choose an open relatively compact lift W of W to T'M. As-
sume that (T, F') is divergent. As divergence is independent from the chosen
base point = € ZTJ, consider z € QN 71'()7\7)

According to Lemma 2.6, there exist g1,...,gx € I'and S C T finite such
that

9jv 97 te =
J i F

Zef:r;g Zef:mf+z Z efm
el vES b3 y'ely
AW
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Let Ry = sup{d(z,g;x)|i=1,...,k}. Lemma 2.3 ensures that there exists
a constant C; > 0 which depends only on F', Ry and the bounds on the
sectional curvature of M such that for all 1 < 4,5 <k,

;7 —1 ’ r_—1 ’
9iv'g; T __ R VY T TE
T T gi_lm T

From this we deduce that

Yo v v~
F F F
T S A e S A
ver V€S v'€Tn
A,Y/FWW#@

<.

We can now reindex this last sum by summing first over p € P, and then
over the hyperbolic isometries v associated with p, i.e. those such that
Pr(A,) =pand {(v) = I(p), as follows.

DR Sl ST A

~yel'y, peEP ~Eely,
A, NW £ A, NW£D
P~y=P

1(v)=l(p)
Recall that for all p € P meeting W, there exist only finitely many v, 1, ...,
Yp.n, € I'n that project onto p, with (v, ;) = l(p), and whose axis intersects
W. Thus this last sum is equal to

S S

peEP i=1
But according to Lemma 3.1, there exists Cs > 0 such that for every
1 <4< ny one has

np = ny(Vp,i) < Coanw(p).

As before, pick for every 1 < i < n, a point x;(p) € 7(A4,,, N W)7 that
satisfies d(x;(p),z) < diamW(W). Lemma 2.3 gives a constant C3 > 0
which depends only on F, on diam W(W) and on the geometry of M such
that for all p € P and 1 <@ < nyp,

Vp,iT __ Vp,iT __ Vp,ili(p) ~
/ Fo / F‘ - / Fo / F
z p x zi(p)

We finally get that

Z efww F < Che®s Z ny\;(p)epr7

vyel'y, peP
A, NWHAD

< Cs.
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and the divergence of (T', F') implies the recurrence of F relatively to W. O

5. Finiteness of Gibbs measures for positive recurrent
potentials

The aim of this section is to prove Theorem 1.6. As noted the introduc-
tion, the only efficient tool to see whether a measure is finite or not is the
so-called Kac Lemma. Unfortunately, it is not very easy to use, and also
usually stated for single transformations, and not for flows. Translating this
statement in the criterion of Theorem 1.6 is the work done below.

5.1. Positive recurrence
For W an open relatively compact subset of M , we define the set

FVT/{"}/GF Wﬁﬂ/v?é@f }

or AW NgW # 0
of elements + such that some interval [y;yy'] intersects r'w only around y
or vy'. When W = B(z, R) for some 2 € M and R > 0, we shorten this
notation into I'y g = I'p(,,r)- Note that for all g € T, ngT/ = gFVT/g_l.

Jy,y € W, [y ] NgW #0 =

For any open and relatively compact set W T'M ,and any v € I', we
define the W, ~v-geodesic ball by

Uy = {véW‘Ht}O,f(v) eM/}.

When W = T'B(z,R) for some x € M and R > 0, we simplify this
notation into
Uz R~ =UT1B(2)r) -
We recall Definition 1.5 for the reader’s convenience. The pair (I, F)

is said to be positive recurrent relatively to W for some open relatively
compact set W if P(F) is finite, (T, F') is divergent and the series

Z d(z,vz)ef:z(F_P(F)) < 400

el'~
=

for some z € M. According to Lemma 2.3, the behaviour of this series does
not depend on the choice of the point z € M. By replacing F' by F' — P(F),
which does not change mp, we may also assume that P(F) = 0.
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5.2. A Kac lemma for flows

Let (X, B, u) be a measured space. If f: X — X and Y € B, the return
time map Ty to Y is defined by

Ty : 'Y — NU{+o0}
y — inf{n>1|f"(y)eY}.

We start by recalling the statement of Kac’s Lemma for measure-preserving
invertible transformations, as stated in [1] or [20]. Note that this lemma
usually requires that the transformation is conservative, but the classical
proof shows that this hypothesis can be replaced by the amost sure finite-
ness of the return time in Y.

LeMMA 5.1 (Kac’s Lemma for transformations). — Let (X, B, f, ) be
a measured dynamical system, with f invertible and conservative. Let Y
be a set with 0 < u(Y) < oco. If the return time map Ty is finite u-almost
everywhere on Y, then

S o3 = = (U ).

n>1 neZ

Let X be a locally compact topological space equipped with the Borel
o-algebra, and let (¢') be a continuous flow on X. For every W C X open
and € > 0, we define the e-hitting time of W by

VaeX,7ow(z)=inf {t > 5|gt(x) c W} € [e; +o0].

We can now derive a Kac’s lemma for flows by applying Lemma 5.1 to the
e-time of the flow. In particular, the e-“margin of error” in the definition of
the e-hitting time allows us to ignore any possible pathological behaviour
at the boundary of W. Although this proposition is the simplest analogue
of Kac’s lemma for flow that one can devise, we could not find any explicit
reference to this technique in the literature.

PRrROPOSITION 5.2 (Kac’s lemma for flows). — Let X be a locally com-
pact topological space, B its Borel o-algebra, (g*) a continuous flow on X,
and p a Borel (g*)-invariant Radon measure on X, which is conservative.
Let W be an open relatively compact subset of X with positive yu-measure.
Then for every € > 0, the set

Wa: U gis(W)
s€[0;e]

TOME 68 (2018), FASCICULE 2



480 Vincent PIT & Barbara SCHAPIRA

is open, relatively compact in X, the e-hitting time map 7. w Is finite
pu-almost everywhere on W, and
> ku({rew € [ekie(k + D N We) = u(X).
k>0
Proof. — Fix € > 0, and let
XW,k = {{,C e X | TE’W({L‘) S [Ek;E(k + 1)[}

be the set of points of the whole space X that e-hit W after a time approx-
imately k. Denote by f = ¢° the time-¢ map of the flow. We have

T € Xwy & It €ekie(k+1)], ¢'(z) €W and Vs € [g;¢k], ¢°(x) ¢ W
& 3uc0el, ffx)eg (W)
and V1<i<k—1,Vsc0e], fi(z) g *(W)
& ffa)eW. and VO<i<k—1, fi(z) ¢ We
with W, as given in the statement. This set W is open, hence measurable.
Moreover, since W is relatively compact and the flow is continuous, W, is
also relatively compact, and it contains W so it has positive py-measure.
Thus
XW,k NnNw, = {.’)3 e W, |TWE(£L') = k}
with Ty, the f-return time map to W, as defined before. Furthermore, if
we define
Xwoo ={z € X |7 w(x) = F00},
then the family of sets (Xw x)r>1 together with Xy o, form a partition of
X and
XW,oo NnNWw, = {l‘ e W, |TW6(IE) = +OO}.
Observe that u(Xw,eo N W) = 0. Indeed, it is not straightforward that f
is conservative. However, the conservativity of (¢*) ensures that p-almost
every point of W will return to W. Therefore, by definition of W, u-almost

every point of W, will return to W, at some time multiple of e. We can
now apply Lemma 5.1 to f and W, to obtain that

u (U f’“(Ws)> => kp({Tw, =k})

kEZ k>0
=> kp({rew € [ekse(k+ D[} N W),
k>0

where

U fk(Ws) - U gS(W)

kEZ seR
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coincides p-almost surely with X by conservativity of the geodesic low. O

5.3. Positive recurrence implies finiteness of the Gibbs measure

The strategy of the proof of the theorem is very natural and simple. We
approximate the return time level sets {7. w € [ek;e(k + 1)[} N W, appear-
ing in the above proposition by some products of shadows on the boundary,
whose mp-measure, thanks to Mohsen’s Shadow Lemma (Lemma 2.11),
can be expressed in terms of exponentials of integrals of F' between points
of I'z. However, as the length of the next subsections shows, the rigorous
proof of this result is technically much more involved than the intuitive
idea. Recall that we only need to prove this result for P(F') = 0.

LEMMA 5.3. — Let M be a negatively curved orbifold, and F : T*M —
R a Hoélder continuous potential such that P(F) = 0. For all x € M and
R >0, there exist C' > 0 and a finite set S C I such that for all y € T'\ S,
we have e~

F

mp (um,R,’y) < Cels
We refer to Subsection 5.1 for the definition of Uy g .
Proof. — According to Lemma 2.8, there exists [y > 0 such that for all
v € T satisfying d(z,vyzx) > lp, we have in the Hopf coordinates
Up ry C OBz, R+ 1) X Oy B(yz, R+ 1) X {1:(v) |v € Uy r~}

Given any two vectors v, w € Uy R, observe that both p,(v) and p,(w) are
in B(z, R), so that d(p, (v), pz(w)) < 2R. This implies that |7, (v)—7, (w)| <
2R and

Uz py C OygB(z, R+ 1) x Oy B(yz, R+ 1) X Isg,

where I>p is some interval of R of length 2R.

We may assume that [y is large enough so that Lemma 2.10 is satisfied
for balls of radius R+ 1. Let S = {y € I'|d(z,vz) <lp}. Fix y € I'\ S.
The set O, B(z, R+ 1) x Oy B(vyx, R+ 1) is relatively compact in Do M x
Do M \ {diagonal}, so that by continuity and positivity of the gap map,
there exists a constant C; > 0 such that

1
— < (.
DF,x(gan)2 !

Equation (2.2) defining the Gibbs measure mp implies therefore

mrUy r~) < Cr1ul (O B(z, R+ 1)) ul (O, B(yz, R+ 1))2R.

for all (§,m) € Oy B(z, R+ 1) x Oy B(yz, R+ 1),
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On the one hand, the measure uf°* is a probability measure on 8001\7 , SO

ple (0, B(x, R+ 1)) < 1. On the other hand, Mohsen’s Shadow Lemma
(Lemma 2.11) ensures the existence of a constant Cy such that
W (0. B(a, R+ 1)) < Coel T
The lemma is proved with C' = C1C52R. O

LEMMA 5.4. — Let W be an 1 open relatively compact subset of M. Fix
an open relatively compact lift W of W to M, and set W =T'W C T'M
and W = T'W C T'M. For alle > 0 and = € M, there exist R > 0 and
G C T finite such that the following holds.

For every v € W such that 1. (v) € [ek;e(k+ 1)[ with k > 3, and any
lift v of v to W there exist g,h € G and y € I’y such that v € L{~ and
ek — R <d(z,vz) <e(k+1)+ R.

NProof, — Since W is relatively compact, there exists R > 0 such that
W C B(z,R). The condition 7. w(v) € [ek;e(k + 1)[ with £ > 3 means
that there exists T" € [ek;e(k + 1)[ such that

veW and g¢g'(v)eW and Vsel[gT —¢], ¢°(v) €W,

where 0 < ¢ < T — e < T. Lift everything to M. If z, = 7(gt(v)), observe
that

20 €W and zp €W and Vse[ggT—E],zngW,

for some 7y € T'. In particular, v € U~
Let us show now that we can replace Yo by an element of I's . Define

G= {g € F’H vy €W, dly.gy') < 6},
and note that
Gy ' = {g er ‘ 3y, € %W, dly, gy') < a}.
Notice also that

gWN[z0:2:] #0= g€ G and gW N [2r_c;27] #0=g€7Gy"
Set I = {se [0;¢]
g € G with z, € gw, we have

zs € GW} There exists u € I such that for every

Vhe D, AW N [za; 2] # 0= hW N gW £ 0.

Indeed, otherwise we could find for every u € I elements g, € G and hy, €T
such that z, € g,W and

haW N [2u;2¢] #0  and huﬁﬂguﬁ =0.

ANNALES DE L’INSTITUT FOURIER



FINITENESS OF GIBBS MEASURES 483

In particular, note that h, € G since huw meets [20; zc]. Denote by ue =
supl € I. Since G is finite, we can take an increasing sequence of (uy, )y,
converging to u. such that g,, = g and h,, = h for every n. For every
n, there also exists v, € [un;e] such that z, € hWW. As h € G, v, € I
hence u,, < v, < Uso- Therefore both (u, ), and (v, ), converge to uq,, and
taking the limit as n goes to infinity yields

2y, € hﬁﬂgﬁ.

This is a contradiction. Likewise, there exists v € {s € [I'—¢&;T] | 2
Gy 1W} such that for every g € 70G70 for which z, € g*yoW we have

Vhel,hWn [zr—c;20] 0 = hﬁ//ﬁg’yoVT/;é 0.
By definition of these u and v, one can find g,, g, € G such that
Zu € guW and 2, € (Yogup )70 W -
Let 71 = (Y0900 095" = 709095 - Note that z, € ~1gsW. The previous

discussion ensures that v; € I’guV~V = 9ul' 590 L therefore

v =9y ' MYu = 95 090 €T

and we still have v € UW
gu’ng

Finally, the triangle 1nequahty gives that

|d(x,’ya:) T| ’ (xvg;1709vx) - d(207ZT)‘
< |d(gu$77ogv$) - d(zua Zv)| + 2¢
< d(guz, 24) + d(Yogux, 20) + 26 < 2R + 2¢

since z, € guw and z, € ’yogvaV Therefore ek — R’ < d(z,vx) <
e(k+1)+ R with R = 2R + 2¢. O

__PROPOSITION 5.5. — Let W be an open re]amvely compact subset of
M such that T*W meets the nonwandering set Q of gt. If (T, F) is positive
recurrent relatively to W then mp is finite.

Proof. — Let W = Pp(W), W = T'W and z € M from the positive
recurrence property. Choose R such that W c B(z,R). Fix ¢ > 0. If
v € W, there exists s € [0;¢[ such that v' = ¢g°(v) € W. Now if 7.y (v) €
[ek;e(k+1)], k > 4, then

Tew (V') € [ek — s;e(k+ 1) — s[ C [e(k — 1);ek[ U [ek;e(k + 1) .
Since we assumed that £ — 1 > 3, Lemma 5.4 gives the existence of R > 0
and G C I finite, both independent of v, such that for every lift v’ of v’ to
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W = T'W there are v €T and g, h € G such that

e(k—1)— R<d(z,72) <e(k+1)+R and vel/{ﬁ}wg

Therefore, any lift v of v to W will satisfy

ve U U U ( w hyg) = U U uz,R-‘re,h'yga
VGF‘; . g,h€G s€(0;e] ’yeF‘; . g,heG
where T'y, = {veTly [e(k—1)— R <d(z,7z) < e(k+ 1) + R}. This
ensures that

Vk>4,mp ({Tswe[é‘k’ E(k’+1 }QW Z Z mF zR+sh’yg)
’Yera;‘kghGG

According to Lemma 5.3, there exists S finite and C' > 0 (both depending
on z, R and ¢) such that

V>4 me (e € b+ D <0 S S ol TF

vy~ g,heG
Wok hygdS

By Lemma 2.3, there is a constant C’ > 0 which only depends on F , the
geometry of M and on sup {d(z, gz) |g € G} < +0o0 such that

hvgz _ Y9z _ vz
Vveﬂ/ F:/ F<C’+/ F.
z h=1z z
Hence if K = #G we get
k> 4,mpe ({rew € [ehse(k+ D nWL) < Ck2C S el
FYGF";/,/C
For all k > ko = max(6, 2£) and all v € I‘W ,» We have

d(z,vz) 2e(k—1)— R > (k—l—k>>§k

Since (T, F') is divergent, mp is ergodic and conservative (see Hopf-Tsuji—
Sullivan [14, Theorem 5.4]). Moreover, W meets {2 hence has positive m p-
measure. We can apply Lemma 5.2 to obtain

mF(TlM)gA—&—3CKe Z Z Zdzvz F,

k>ko 'yEF~ L9 heG

where A is the finite sum of the first kg — 1 terms in Kac’s lemma.
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Finally, note that for all y € I's, v € Fﬁ/’k if and only if

d(z,vz) — R k< d(z,vz)+R+1
£ £ ’

which allows at most 2? + 3 possibilities. Therefore

3CK2° [ R v
T'M) <A+ == (22 43) S d /.
mp( ) + - ( 5 + ) (z,72)e ,

I~
iS fod

and the positive recurrence of (T, F ) with respect to W implies that m g is
finite. O

5.4. Finiteness of the Gibbs measure implies positive recurrence

The aim of this section is to prove the following proposition which, com-
bined together with Proposition 5.5, will prove Theorem 1.6. The idea of
the proof, as said earlier, is very natural, even if the rigorous details take
a long time to be written.

PROPOSITION 5.6. — Let M be a negatively curved orbifold and F :
T'M — R a Hélder continuous potential such that P(F) = 0. If mp is
finite, then (I‘,Z;) is positive recurrent relatively to any open relatively
compact subset W C M that intersects ().

Recall that when mpg is finite, it is ergodic, so that (I", F') is divergent.

LEMMA 5.7. — For every & € M such that B(z, R) intersects m((2),
there exist C' > 0 and S, G C I finite such that for all v € I'\ S, there exist
g,h € G such that

mrp (ng,R,'yhgfl) > Cels F

Proof. — The proof of this lemma is similar to the one of Lemma 5.3,
but we will use Lemma 2.12 instead of Lemma 2.11.

Take € > 0 such that we still have B(z, R — 2¢) N7 (Q) # (). Lemma 2.12
applied to B(z, R — 2¢) gives us C; > 0 and S, G C T finite such that for
all v € " there exist g,h € G such that

1 vE Yo
aefz Fg 1E° (04 B(gx, R — 2¢))uk (O, B(vhx, R — 2¢) < Clefz o
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Thanks to Lemma 2.7 applied for § = sup {d(x,gz)|g € G}, there exists
lo > 0 such that if d(x,vx) >l then

O,:B(gz, R — 2¢) x OgB(vha, R — 2¢)
C OypaB(gz, R —€) X OgpB(vhx, R —¢).

But according to Lemma 2.9 (applied with § instead of €), we can assume
that [y is large enough that for all v € T' satisfying d(z,yx) > ly, one has

OynaB(g2, R —€) x Qg B(vhz, R — &) x {0} CUye p—g yhg— -

Indeed, for every v_ € O pB(gx, R —¢) and vy € Oy B(vhz, R —¢), the
geodesic (v_vy) intersects B(gx, R — §), so that v = (v_,vy,0) always
belongs to ugm,R,%’,yhg—l. This implies easily that

g €

OshaB(gz, R —€) X OggB(vhz, R — ¢) X }—5; 5

[ - ugm,Rwhg*‘ :

We may assume that [j is large enough so that Lemma 2.10 is satisfied for
balls of radius R—e. By possibly adding finitely many elements to S, we may
also assume that d(z, yz) > ly. The set Oype B(g9x, R—€) x Ogy B(vha, R—¢)
is relatively compact in 9o M x 9o M \ {diagonal}, thus continuity and
positivity of the gap map ensure the existence of C5 > 0 such that

1
,———— = (5.
DF,w(£7n)2 2

Therefore, by (2.2) of the Gibbs measure mp, we have

V(&) € OyzB(gz,R —¢€) x OgzB(vhz, R —¢)

mF (ugac,R,’yhgfl) = CQMEOL(O’Y}le(ng R - 5)):“5 (ngB(thx7 R— 5))
Gy [ F
> 22000 F 0
0

For v € T, define

& Roye = {v € T'B(z, R)

3¢ > 2, g'(v) € T'B(yz, R)
Vselet—el, ¢°(v)¢TT'B(z,R) |
The following lemma ensures that a geodesic ball U, g~ with v “close”
from I'p(,, gy is contained in a compact union of sets of the type £ r—c /¢

which, as we will see later, project to vectors with e-return time into T'W
comparable with d(z,vyz).

LEMMA 5.8. — Assume that B(z,R) C W with z € M \ ¥. For every
e € |0; R[ and every D > 0, there exist finite subsets S,G C T' and 6 > 0
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such that for every 7o € I'z; \ S, every h € I such that d(z,hz) < D, and
every v € I satistying d(~ox,vha) < D we have

Unhz,R—ey C U U U g’ (5990,R—67'y’,6)~

9€G ' €v0Gg1 s€[0;0]

Proof. — Since W is relatively compact and H is finite, we can pick
Ry > max(R, D) such that

B(z,R) C W C B(z,Ry).
By definition of 79 € T'y;;, there exist Y,y € W c B(z, Ry) such that,

if [y;v0y] intersects some gW, then gW intersects either W or 4oW. In
particular, since B(gx, R) C gW C B(gx, R1), then either d(y, gx) < 2Ry
or d(voy', gz) < 2R;.

Let ¢ € ]0; R[, and p. = p1(2R,3Ry) — loge given by Lemma 2.4 for
the open relatively compact subsets B(z, R —¢) C B(xz, R). By possibly
increasing it, we may assume that p. > 3R;. Therefore, a ball B(gz, R)
at distance greater than p. both from y and y’ cannot intersect [y;~yoy/].
Lemma 2.4 ensures that for such g € T the ball B(gz, R —¢) does not meet
any segment [z; 2] with d(y, 2), d(yvoy', ") < 3Ry.

Now take h and ~ such that d(z,hx) < D and d(vyx,vhx) < D. If
v € Ung,R,, We have for some T > 0

d(m(v),y) < Ri+ D+ Ry <3R; and d(n(g”(v)),7y') <3R;.
Thus, for 0 <t < T, g*(v) € T'B(gz, R — ¢) only if d(y, B(gx, R)) < pe or
d(voy', B(gz, R)) < pe, which implies respectively
d(z,gz) < Ri+p:.+R or d(yz,gz) < Ri+p:+R.
We denote by G = {g € T'|d(x,gx) < Ry + R+ p.}. Observe that
{g € Tld(r,g2) < Ri + R+ pe} = 70G,
hence both sets are finite and have same cardinality.

Let v € Upy,p—c s i-e. v € T*B(hz, R—¢) and g (v) € T'B(vyhz, R—¢)
for some t, > 0 satisfying
t, = d(n(v),7(g" (v))) = d(hz,vhr) —2(R—¢) > d(x,vor) —2(D+R—¢).
We recall that ¢°(v) € T*B(gx, R — €) may only happen for g € G U ,G.
If for example g € G, note that
s=d(m(v),m(¢°(v))) < d(hz, gz)+2(R—e) < D+Ri+R+p-+2(R—¢c) =0.
Since every ball of M is convex, the set

I, ={t€]0;ty[|g'(v) ETT'B(z,R —¢)}
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is open and made of finitely many connected components included in ]0; 8[U
Jty — 0;t,[. Let
S={y el |d(z,vr)<20+2(D+R—¢)},
so that 9 & S implies ¢, > 20 and these two intervals are disjoint. Fur-
thermore, we have that
(1) there exists s, € ]0;0[ such that g** (v) € T*B(g,x, R — ¢) for some
g €G;
(2) there exists u, € Jt, — 0;t,[ such that g“~(v) € T*B(h,x, R—¢) for
some h, € vG ;
(3) ¢'(v) ¢TT'B(x, R —¢) for all t € [s, + &;u, — €.
This means exactly that ¢°(v) € &; 2 r—c~,c Where 7/ is an isometry
mapping g,z to h,x. Since x ¢ i, 7/ satisfies /g, = hy, i.e. 7 € 100Gy, L.
This concludes the proof. O
For all k > 1, we define

L= {’y el ‘ d(z,yz) € [k — 1;k[}.

LEMMA 5.9. — Let R,e > 0 and G C T finite. There are two constants
C, L > 0 such that the following holds : for every g € G and every k > 1

mp U U U 9 (Ega,r vy )

'VGFV'; . vy EvGg—1 s€[05¢]

<cmp| U o ({Ta,wB(;(m),R) eh—Lik+1+ L[})
s€[0;e]

Proof. — Take v € gy pyc Withy € Tz, g € G and v = yhg™! for
some h € G. This means that v € T'B(gz, R), g'(v) € T*B(vy'gx, R) for
some t > 2¢, and

Vselet—el,g°(v) gTT ' B(z, R).

In particular, ¢ must satisfy |t — d(gz,~'g2)| < 2R, which implies, by tri-
angular inequality,
|t —d(z,yx)| < 2(R+ Lo),

where Lo = sup{d(x,gz)|g € G}. Denote by W = T'B(Pr(x), R) the
projection of T B(x, R) in T* M. Then Pr(v) satisfies

(1) Pr(v) e W;

(2) Pr(g'(v)) e W ;

(3) Vselgt—el, Pr(g®(v)) & W.
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Therefore
Tew(Pr(v)) € [t —e;t] C [d(x,yz) — Lyd(z,yx) + L] C [k — Ly k + 1+ L]
with L = 2(R+ L) + ¢ — 1. In other words,

Pr (€gz,rye) C{Tew € [k = Lik+ 1+ L[},

where the set on the right hand side depends neither on v nor on +’. Hence

U U U 9 Emnrne

’yEFVA‘; o 'eyGg—1 s€(0;e]

cPi'| U o {rewelk—Lik+1+L[})
s€[0se|

The union on the left is relatively compact in T'M , because included in
T'B(gz, R+¢). Therefore, any w € Useroe( 97 {rew € [k—Lik+1+L[})
has finitely many preimages that lie in the union of the left hand side, their
number being bounded from above by

C=#{hel|B(gz,R+¢)NB(hgx,R+¢c) # 0},

which is actually independent of g. As mp is the measure induced by m g
on the quotient space T'M, this concludes the proof of the lemma. O

LEMMA 5.10. — Forallz € M and R > 0, there exists a constant C > 0
such that for every k > 1

S e Unrn) <Cie | | Unirs

'~ '~
e W,k Ve W,k

Proof. — Assume that v,7" € 'y, | are such that Uy ry N Uz r~ # 0.
There exist v € T'B(x, R) and t,s > 0 such that g*(v) € T'B(yz, R) and
g*(v) € T'B(y'z, R). Without loss of generality, assume that ¢ < s. We
have

d(yz,y'z) < d(yz,m(g'(v)) + s =t +d(m(g°(v)),7'z) < s —t+2R.
But on the one hand,
t =d(7(v),7(g'(v))) = d(z,y2) —2R >k —1 - 2R,
and on the other hand

s=d(7(v),7(g'(v))) < d(z,vr) + 2R < k + 2R.
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Therefore d(yz,v'z) < 1+ 6R i.e. v € vG where G = {g € T' | d(z, gz) <
1+ 6R} is finite. This ensures that

Z mr (Z/[LRW) < Cmp U uz,R,'y s
'~ T~
e W,k € w

where C' = #G. ]

We can now prove Proposition 5.6.

K

Proof. — Recall that we assumed that P(F) = 0. Since 3 is locally finite,
there exists x € W and 0 < Ry < Ry such that

T'B(z,R)NQ#0 and B(z,Ry) C B(z,Ry) C W.

Lemma 5.7 ensures that there exist finite sets S1,G; C I' and a constant
Cy > 0 such that for all v € T"\ Sy, there exist g, h € G; such that

e 1 _
efw r < amF (ugx,Rmhgfl)'

Fix k > 1. We have

R 1 ~
Z efm E < CT Z Z mr (ugfr,Rh"/hg_l)'

~ heG I~
'yEFW’k\Sl g,h€eGy1 vE v

According to Lemma 5.10, there is a constant C; > 0 which does not
depend on k such that

" Cy ~
Z efm < CT Z mpg U L{QLRIWhgq
’YEFVA[;,k\Sl g,h€Gy ’Yera;yk
Observe that if g,h € G then
d(vhg™"(gz),vz) = d(hx,x) < D = sup {d(z,gz) | g € G1} .

Therefore, Lemma 5.8 applied with R = Rs, € < Ry — R; and this D gives
the existence of finite sets Sy, Go C I and of § < Ne such that for every
g,h € G1 one has

Vye FVT/ \ S2,Ugz, Ry yhg=1 C Uga R yhg—1

C U U U g—s (gg’a:,RE,'y’,s)7

9'€G2 ' exGag’ 1 s€[0:0]
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with R. = Ry — e > R;. Assume that S; C Sa. The (g*)-invariance of mp
gives

S L

'~ \S
0iS W,k\ 2

< My +Cs Z mp U U U 9" Ega,Reye) |

~ ’ —1 .
g€G2 ’YEFW,k V' €vGag~! s€[05¢]
where
CoN C
2 2 ~
C3 = o, (#G1)® and My = o mg U Ugz R yhg=1
g,heG1 'YGFV’I; anQ

Note that My is finite, and even My = 0 for k > ko since S is finite.
Apply now Lemma 5.9 with R = R, to obtain two constants Cy, L > 0
such that

Sl F

'~ \S
vE W‘k\ 2

< My, + C3Ca#tGomp | | 97" ({rew € k= Lik+ 1+ L[}) |,
s€[0;e]

where W = T'B(x, R.) D T'B(x, Ry). If we denote by C5 = C304#G>
and .
pox X lF
k>1 ’YEFVA[; anQ
which is finite since Sy is finite, we get

Z d(z, Wx)ef:m r

T~
yel~

<B+Y kY JF

k>1 '~ S.
2zl qe W,k\ 2

ko

<SB+Y kM +Cs > kmp ({rew € [k — Lik + 1+ L[} N W)
k>1 k>1
ko

<B4 Y kM +Cs2L+1) Y kmp ({rew € [k + 1} nWe) .
k>1 k>1
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Since W contains T'B(x, R1), it meets the nonwandering set €2, hence
mp(W) > 0 and we can apply Kac’s Lemma 5.2 to finally obtain
Yo ko
S dlwya)el T < B4 S kM + (2L + Dmp (T'M) < +00.

el ~ k>1

Therefore (I', ) is positive recurrent relatively to w. O

6. An intermediate technical criterion of positive
recurrence in the universal cover

In this section, we prove a slightly modified version of the preceding
criterion (Theorem 1.6), which will allow us to prove Theorem 1.4 in the
next section. We introduce a notion of (T, F )-positive recurrence with mul-
tiplicity N > 1, and prove that it is still equivalent to the finiteness of
mpg.

For an open relatively compact set WcM ,and N > 1, define

I (N) = {7 el(3y,y € W#{g e T\ {id} | [y;7y] mjv?;uz)} < N}.
Of course, N +— F;T/(N ) is increasing, and for all g € T,
* _ * —1
D () = g% (Mg~

THEOREM 6.1 (Alternative criterion). — Let M be a negatively curved
orbifold with pinched negative curvature, and F : T'M — R a Holder
continuous potential with P(F) < 4o0. Let mp be its associated Gibbs
measure on T M.

(1) If F is recurrent, and if there exists an open relatively compact
subset W of M meeting w(2) such that for some x € M,

R
S el T o
~YET* (N)
w

with N > Ny = 2#{g € T\ {id} | W N gW # 0} + 1, then mp is
finite.

(2) If mp is finite, then F is recurrent, and for all x € M and N > 1,
we have

S damel T oo
~yE*_ (N)
w

for every open relatively compact subset W of M.
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As in the previous sections, we can assume that P(F) = 0, and we
will prove Theorem 6.1 as an immediate consequence of the following two
lemmas.

LEMMA 6.2. — Let W be an open relatively compact subset of M. If
(T, F ) is positive recurrent relatively to W then

V26M7VN>, Z d(z,vz)e F<+oo.
'yGF* (N)

Proof. — We shall show the convergence of this series by induction over
N > 1. ~ —
If v € P{*/T/(l)’ then there are y,3y’ € W such that [y;vyy'] only meets W

and W, which naturally ensures that v € I';. Therefore F;T/(l) CTI'ss

and the positive recurrence of (', F) relatively to W implies the conver-
gence of the series for N = 1.

We now assume that (T, F) is positive recurrent relatively to W, and that
the sum converges for some N > 1. Let v € T% (N +1) \F* (N), and pick
y,y/ € W such that [y;vy'] intersects goW = W LW, gNHW = AW
where the g; are distinct. Suppose W CB (2, R) for some R ! > 0. Except

for possibly finitely many +, one has d(z,vz) > 12R, so that wn 'yW 0.
Let

I, ={ie{l,...,N}|d(z,9:2) 2 2R and d(vz,¢;z) > 2R}.

We shall first treat the case where I, # . Pick some ¢ € I, and w €
[y; vyl N ¢;W. Then d(y,w) > 0, d(w,vy') > 0, and there are at most N
copies ng that will intersect [y;w] U [w;~y'], since they do not intersect
respectively YW and W by definition of i € I,. Therefore g; € F‘*/T/ (N) and

vg; ' e I* VT/(N)’ or in other words g; 'y € F;T/(N). Moreover, we have
gi

either
d ! d d
(2, 9:2) > d(y,w) — 2R > % _9R> % “3R> %
or similarly
1 (2,72)
d(z,9; v2) = d(giz, v2) 2 —
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Assume the former happens, for the second case can be treated similarly.
Remembering that d(g;z,7z) > 2R, and thanks to Lemma 2.3, we get

1
vz

d(zy2)e) T <aeCd(z, gizyel. Pl TF

2 C g;z 9;
< %d(z,glz)efz Fd(zvgi_lryz)efz

-1 -
vz

F

For every v such that I, # (), we can find some g, = g; € I'};, (V) such that
this estimate (or its symmetric version for g; ') holds. It follows that

Z d(z, 'yz)ef:z =

YETX (N+1)
w
0
266' fgpyz F . fg;l,yz ﬁ
< — Z d(z,gy2)el= " d(z,g; vz)el
~yETA (N+1)
w
L#0
2€C gz ;_; hz ;_:
< = Z d(z,gz)efz Z d(z,hz)efz ,
g€ (V) hel™ (N)
w w

and this upper bound is finite by the recurrence hypothesis. To go from
the second to the third line above, observe that in the above reasoning
v € I3, (N+41) can be written v = gh, so that for a given pair g, h € T'};, (N),
there is at most one v = gh in the left sum.

Now assume that I, = (. Let G = {g € " | d(x, gz) < 2R}. Reasoning as
in the proof of Lemma 5.4, we can find g € G, ¢’ € vGy~', w € gW and

w' € g'W such that

hWﬁ[u};w'] £0 = ﬁﬂﬁ#@ or ﬁﬂg',Wv#(b,

which means that ¢’¢~! € ngT/’ or in other words that v/ = g7 ¢’ € I
Moreover, note that

d(z,7'z) = d(gz,9'2) > d(z,72) — 4R > 8R.

Applying once again Lemma 2.3, we get the existence of a constant C
(depending on R) such that

vz g’z 3 vz~
d(z,'yz)efz "< UR+ d(gz,g'z))ec+fqz F< §ecd(z,'y’z)efz e
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This also ensures that the series

vz
Z d(z,yz)efz F
~yEDX (N+1)
w
I,=0
converges. Combining those two cases together, we get the convergence of
the series for N + 1. |

LEMMA 6.3. — For every WcM open relatively compact, there exists
Nﬁ/ > 1 such that if

IN > Ny AzeW, Z dzvz)wa<+oo,

YETE (N)
w

then (T, F ) is positive recurrent relatively to w.
Proof. — Set
NV~V:2#{geP\{id} WﬂgW;«é@}—i—l
Let yel'sz. lfy,y € W are such that
[y 7y 1N gW £0 = WNgW £0 or yWNgW #£0,
then clearly at most Ny copies gW with g # id can meet [y;7y'], thus

v E F;T/(NVA[;). We just showed that I', C F;A[;(NVT/), and we always have

F;T/(NVT/) C F;T/(N) when N > N, so the result is proved. O

7. Positive recurrence for the geodesic flow on the
manifold

In this section, we shall prove Theorem 1.4. We will assume once again
that P(F) = 0.

LEMMA 7.1. — Let W C M be open relatively compact, W = T'W
and fix any open relatively compact lift W of W to M so that W = T'W.
There exists a constant C' > 1 such that, for all z € M and N > 1, if

Z d(z,’yz)ef:z F < o0,

yeET'* (CN)
w

then

Z l(p)efPF < 400.

PEP;y
w(p)SN
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Proof.: According to Lemma 3.1, there exists C' > 1 which depends
only on W such that

VpeP, Znzp) <nwp) < Cny).

Pick p € Py, with ny(p) < N and 7, € I';, an hyperbolic element in the
conjugacy class associated with p. Then

0< & < Grwle) < nggln) = ngg(p) < Cry(p) < ON.

In particular, one must have at least n = ny;(v,) > 1, so fix z, € T(A,,) N

W. As ~p is primitive, the geodesic segment [zp, ~p(2p)] will meet at most n

copies gW where g # id, for each of them yields a distinct conjugate gy,g~"

whose axis meets W. This ensures that 7, € I‘%} (CN), and therefore

Vo ’szpf
Y e < Y el
PEP;, YpETRNTA (CN)
nw (P)SN w

Finally, since z, € W, which is relatively compact, there exists a R > 0
such that d(z,,z) < R for any p. In particular,

d(zp, Vpzp) < 2R+ d(z,vp2) < 2d(z,7p2)

whenever 7, does not belong to the finite set S = {’y el ‘ d(z,vz) B }
Moreover, Lemma 2.3 gives the existence of a constant C’ such that

YpZp __ RIS
/ F<0’+/ F.

p

Therefore,
’ vE L
Z l(p)efp r < A+2e¢ Z d(z, yz)efz e
PEPL, YeT (CN)
nw(p)SN w

where A is the finite sum of terms that correspond to elements v, € S.
This concludes the proof. O

LEMMA 7.2. — Let W be an open relatively compact subset of M such
that TlW meets (). For every open relatively compact lift W c M of W
to M , and for every W’ open and relatively compact subset of W, there
exists K > 0 such that for all N > 1, if

Z l(p)efPF < +00,

;DG'P{/V/
w(p)SN+K
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with W = Pp(T'W') C T'W, then

VwEM Z d(z F<+oo.
'yEF* (N)

Proof. — By a routine application of Lemma 2.3, we may assume that
the base point z lies in W N 7 (€).

Take R > 0 such that W C B(z, R). Since W’ is relatively compact
in W, e = dW’,M\ W) > 0. Lemma 2.4 gives then the existence of
pe = p1(R, R) — loge such that for every y,y’, 2,2’ € W, if g € T satisfies

;1N gW #0 and  [z2/] N gW =0,

then either d(y, gW) < pe, or d(y', gW) < pe, or gW’ does not meet [z;2].
In particular, pick v € F;T/(N)’ and y,y’ € W such that [y;vy'] meets at

most N copies gw, with g # id. Denote by K the cardinal
K =2#{g € I'|d(z,gz) < p + R},

which depends on both W and W’ but not on F, y, y and . Fix 2,2’ € W.
Then [z;v2'] can meet RW' only if either hWW meets ly;vy'], o

d(z, hz) < d(x,y) + d(y, hW) pe + R or d(yx,hz) < p:.+ R.

Therefore there are at most N + K copies W' which meet any segment
[2; 2] going from W to yW, and K only depends on W and W'
According to Lemma 2.6, there exist g1,...,9x € I' and a finite set
S C T such that for every v € I'\ S, there are i,j such that ' = g;lfygi
is hyperbolic and its axis 7(A,/) meets W', Moreover, the previous dis-
cussion ensures that if v € F;T/(N) then v € F;T/'(N + K), where the

segment going from W' to +/W' meeting y at most N + K copies W'
can be chosen as [z,;7 2] where z,, € W' N7(A,). Denote by Ry =
sup{d(z, g;x)|i=1,...,k}, so that

|d(g; "2,y 97 @) — (2,7 2y)| < d(2, 9i2) + d(z, gjz) + 2d(z, 2,)
2

<
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If C is the constant given by Lemma 2.3 for Ry = 2(R; + R), then

Z d(z,vz)e

'yEF* (N)
’YL? ° =
—1 /7 _—1 g, =
A—i—Z Z d(g; x,v'g; x)e”
i €T (NHE)NT
o+ [T F

<A+E Z (Ry+ d(zy, ' 2zy))e "5,
v ETE (N+K)NTy
W/

where A is the sum over the elements v € S. By possibly adding finitely
many elements to S, we may assume that every v & S satisfies d(x,~'x) >
Rs + 2R so that

d(zy,y'2y) = d(z,7'2) — 2R > Rs.

Therefore
R F
Z d(x,vx)efz F<A42k? Z l('y)efpv ,
YETX (N) YETA (N+K)NTy
w w/

where p,, is the periodic orbit associated with v € T'j.

Our goal is now to obtain a sum over primitive hyperbolic isometries.
Recall that v € F;V (N + K) means that [z;72,] meets ¢ copies g’
with g # id and ¢ < N + K. Therefore, if such v can be written ~{ with

Yo € I'}, and n > 1, then n must divide ¢ and furthermore 7, € F* (L) C
F;T//(N + K). This means that

S e % S i) e "

yer: (N+K)NT'y, ISnSKN+K yoel' (N+K)NTY,
w/’ w/’

For every p € Py, with nyy(p) < N+ K, there are exactly nyy (p) primitive
hyperbolic isometries v € 1";~V/(N + K) NI such that p, = p. Therefore

S e = awimel

€T (N+K)NIY, PEP,,,
w/
Ny (P)SN+K

SNHE) Y iweh”
pep(/v/
Ny (P)SN+K
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which is finite by hypothesis. Moreover, I(yg) > 1 except for maybe finitely
many g in the above sum, hence the series

Z efp.YOF <A+ (N + K) Z l(p)efPF

YoErL (N+K)NTY, PEP)y,
w Ny (D) SN+K

is convergent. This implies in particular that there exists a constant C’
such that f F < C' for every v € I‘* (N + K)NT,. Gathering all these
elements together we obtain

> l(v)ef“ !

yeTL (N+K)NT,
W/

<[ T oweve) S g

1<n<N+K el (N+K)NT),
WI

~ i

3
< (NJ;K) (N+E-1)C Z l(p)epr

pep(,v/
Ny (P) SN+K

which proves precisely the statement of this lemma. |
Let us now complete the proof of Theorem 1.4.

Proof. — First, if mp is finite, we know by Theorem 6.1(2) that F is
recurrent and that (T, F ) is positive recurrent in the sense of Theorem 6.1
forall N > 1 and x € M. By Lemma 7.1, this implies that F' is positive
recurrent in the sense of Definition 1.3.

Conversely, if F' is positive recurrent in the sense of Definition 1.3 for
some N > K where

K =2#{g €T'|d(z,gz) < p- + R},

then Lemma 7.2 implies that (T, F ) will be positive recurrent in the sense
of Theorem 6.1 for some integer greater than N — K > 1 and, since F
is assumed to be recurrent in the sense of Definition 1.1, Theorem 6.1 (1)
implies that mp is finite. O
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8. Finiteness of Gibbs measures from equidistribution of
weighted periodic orbits

8.1. An equidistribution result for nonprimitive orbits

If 7 is an hyperbolic isometry, denote by £ the Lebesgue measure along
7, that is the measure defined on T M by

7z, = [ a@@ar

for any compactly supported continuous function @ on T M , where v is
any vector of A.. This definition ignores the multiplicity of v : if v = 4§
with 7o primitive, then £, = £.,.

If p is a periodic orbit of the geodesic flow, denote by L, the Lebesgue
measure along p, that is the measure defined on T'M by

/@dﬁp = /Ol(p) (g’ (v)) dt

for any compactly supported continuous function ¢ on T'M, where v is
any vector of p. This definition takes into account the multiplicity of the
periodic orbit : if p is the k-th iterate of a primitive periodic orbit pg, then
L, = kLy,. In the following, we will denote by m(p) the multiplicity of a
periodic orbit p € P.

We remark that if I : z — p denotes the projection of locally finite
I'-invariant measures through the branched cover T'M — T'M , then for
every 7o € I'j, primitive we have

II Zﬁg‘lvog =Ly,
gel’

where pg is the primitive periodic orbit on which the axis of vy projects.

The third finiteness criterion will be derived from the next equidistribu-
tion result for weighted sums of measures supported on nonprimitive peri-
odic orbits of the geodesic flow, which itself requires the Gibbs measure to
be mixing. Note that by virtue of Babillot’s theorem (see [3, Theorem 1])
this is equivalent to the nonarithmeticity of the length spectrum, regardless
whether the Gibbs measure is finite or not. In more dynamical terms, it is
also equivalent to the topological mixing of the geodesic flow.

THEOREM 8.1. — Let M = 1"\]\7 be a negatively curved orbifold with
pinched negative curvature, topologically mixing geodesic flow, and let F :
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T'M — R be a Hoélder continuous potential. Assume that the pressure
P(F) is finite and positive. Define

F 1
vry = P(F)e @0 3 o, Ly
pEP
I(p)<t

(1) If mp is finite, then vp, converges weakly to m

(2) If mp is infinite, then vp, converges weakly to 0.

Proof. — According to the remark above, vr; can be rewritten in terms
of primitive periodic orbits as

—(56_&2 Z ekaF[,p

k=1 pep’
kl(p)<t

Since II : @ +— p is continuous with respect to the weak convergence of
measures, and I[I(mp) = mp, it is enough to study the weak convergence
of the sequence

o ﬁ ”” F
Vi, = de° g E e fzv e % g e Zv v
k21 ~eTy, YElR
kl(y)<t (vt

where 2z, € M is any point on the invariant axis of v on M. The first step of

the proof of [14, Theorem 9.11] shows that v}, , weak-star converges to ” ”

(respectively 0) whenever mp is finite (respectively infinite), therefore v,

weak-star converges to or 0 accordingly. U

_mp
[mrll

THEOREM 8.2. — Let M = I‘\M be a negatively curved orbifold with
pinched negative curvature, topologically mixing geodesic flow, and let F :
T'M — R be a Hélder continuous potential. Assume that the pressure
P(F) is finite and positive. For ¢ > 0, define

P(E) _ —p) ) JF

Chet = T———h(F) —
ot T 1 e—eP(F) P
1—e ep m(p)
t—e<l(p)<t
with the convention that ;——5 =1 when ¢ = 0.
(1) If mp is finite, then (p . converges weakly to ” for every ¢ > 0.

(2) If mp is infinite, then (g, converges weakly to O for every ¢ > 0.

Proof. — First assume that mpg is finite. It is enough to show the con-
vergence of this sequence of measures when tested against nonnegative
continuous functions with compact support in T'M. Let ¢ be such a test
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function. If [ pdmp = 0, then the support of ¢ does not meet the non-
wandering set €2, so (pc: = 0 and the result holds. Otherwise denote by
§ = P(F), set k = max(0, —d) + 1 so that 6 + x > 1 and mp,, = mp, and
let P, ={p € P|pNsuppyp # 0} as well as

f: P, — [0;400[ and g: P, — [0;400]

p — lp) Imell S F 1
b= f@d};npe M(p)fp@dﬁp'

With these notations, Theorem 8.1 applied to the potential F' + k ensures
that

; (4t RF(B) g () —
Jim (3 + m)e > e Pg(p) =1.
PEP,

fp)<t
Note that f is proper since only finitely many periodic orbits of length
smaller than some constant can meet the support of ¢. Therefore Lemma 9.5
from [14] shows that for every ¢ > 0 one has
)
Jmoreme ™ 2 )=
PEP,
t—c<f(p)<t
which means exactly that [ ¢ d(p.,. converges to [ pdmp.
Now assume that mp is infinite, and take x as before so that § + x > 0.
If ¢ is a nonnegative continuous function with compact support in T M,
note that [ ¢ d(p, is comparable with

1) 1
mm </50dVF+K,t - /SpdVF+n,t—C)

J —dt E (L(p)—1) f F_1 / s dL
-_— K P d
1—e—cd c c c m(p) p P

pEP
t—e<l(p)<t

which goes to 0 as ¢ goes to infinity following Theorem 8.1(2). |

8.2. Proof of Theorem 1.8

In this section, the assumptions of Theorem 1.8 are satisfied. The geo-
desic flow is topologically mixing, and F' is a Holder continuous potential
with finite pressure. For W C T'M, ¢ > 0 and t > 0, define

Zei(F, W) = Z nw(p)efp(F_P(F)) .

pEP
t—c<l(p)<t
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LEMMA 8.3. — If mp is finite, then for every open relatively compact
set W meeting ) and every ¢ > 0 there exist a constant C' > 0 and ty > 0
such that

Vit>ty, ZeFW)=C.

Proof. — Fix ¢ > 0, and denote by § = P(F) the pressure of F. First,
Lemma 3.2 ensures that for every W/ C W, there is a constant C; > 0 such
that

Vi>0, Zi(FEW)<CiZi(F,W).

It is therefore enough to show the result when 7(W) = B(Z, R) intersects
() but R is small enough that the I'-images of B(z, R) in M are pairwise
disjoint. Let ¢ : T'M — R be a continuous map with compact support in
W, such that f<pdmp > 0 and 0 < ¢ < 1. Since 7(W) is a small ball, the
intersection of W with a periodic orbit p of the geodesic flow is a collection
of at most nyy(p) geodesic segments of length smaller than the diameter of
W, each of them being visited m(p) times. Hence

VpeP, /(pd[ip < nw(p)m(p)2R.

According to Theorem 8.2 (1), the finiteness of mpg gives that

1 1—e
lim e~ % efPFi/Sﬁdﬁ = ——— [ ¢dmp =Cy > 0.
=¥ 2; m(p) » = Sllme]
t—e<l(p)<t

Therefore, with 6 = P(F), there is a to > 0 such that for all ¢ > ¢,

o 1
s mes ¢ 3 o) 6)7/<pd£p <2RZ,(F,W). O

2 et m(p)
t—e<l(p)<t
LEMMA 8.4. — If mp is finite, then for every open relatively compact

set W intersecting €2 and every ¢ > 0 there is a constant C > 0 such that
Vt>0, Zi . (FW)<C.

Proof. — Since the set X of singular points of M is locally finite, we
can cover YW by a finite collection of open relatively compact sets W, =
T'B(%;, R;) for which there is an € > 0 such that for each i we have

e cither z; ¢ S and the I-images of B(x;, R; 4+ €) in M are pairwise
disjoint, in which case we let s; =1 ;

e or x; € Y and B(z;,R; + ) N gB(x;, R; + ¢) if and only if g is
an elliptic isometry fixing x;, in which case we denote by s; the
cardinal of the stabilizer of z;.
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Let S = max s; < +00. Lemma 3.2 gives then a constant C such that

VpeP, nw(p) <Ciy nw,(p)

It is therefore enough to find an upper bound when W = T'B(z;, R;) for
every i. Let ¢ : T'M — R be a continuous map with compact support such
that ¢ = 1 on T B(x;, R; + €). By definition of z; and R;, the intersection
of T'B(x;, R; +¢) with a periodic orbit p that meets W is a collection of at
least nyy (p) geodesic segments of length greater than 2e, each of them being
visited m(p) times. However, at most s; copies of these geodesic segments
in the universal cover are going to project onto the same geodesic segment
of M. Hence

Vpep /@d[ﬁ S w(p)m(p), - nw(p)mp),_
) p = - = .

According to Theorem 8.2 (1), the finiteness of mp gives that

1 1—e

LS ]
t—e<l(p)<t

Therefore there is a Cy > 0 such that

1
Vi20, ZZ (W) < S el /(pdﬁpéec‘ng. O
S = m(p)

l(p)<t

The same proof using Theorem 8.2(2) instead of (1) yields immediately
the following result.

LEMMA 8.5. — If mp is infinite, then for every VW open relatively com-
pact meeting Q) and every ¢ > 0 we have

i Z, o (F,W) =0.

9. Applications

In this section, we show that our results let us retrieve some partial
finiteness criteria existing in the litterature. It is likely that our criteria will
allow to find new interesting examples where the Bowen—Margulis measure
is finite, in addition to known examples of [2, 15].
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9.1. Finiteness of Gibbs measures on geometrically finite
manifolds

Geometrically finite manifolds are the most simple negatively curved
manifolds with infinite volume. We refer to [5] for details on their geometry.
Recall simply that they can be decomposed into the union of a compact
part, finitely many finite volume ends, the cusps, and finitely many infinite
volume ends, the funnels.

Moreover, the nonwandering set 2 C T* M of such a manifold is (transver-
sally) a Cantor set completely included in the unit tangent bundle of the
compact part and of the cusps. Therefore, dynamically, we can forget the
funnels.

In [8], Dal’bo—Otal-Peigné proposed a finiteness criterion for the so-called
Bowen—Margulis measure of such manifolds which is, in our terminology,
the Gibbs measure mg associated with the zero potential F' = 0. It has
been generalized in [7] to all Gibbs measures. We refer to [14], where it was
also discussed, because the notations and construction of [7] are slightly
different (although equivalent).

Recall that for such manifolds, the lift to the universal cover of a cusp
is called a horoball, and the stabilizer of a horoball in I' is a parabolic
subgroup, denoted by II.

Let F : T'M — R be a Holder continuous potential, and F be its I-
invariant lift to 7'M . Recall that the pressure P(F) that we consider since
the beginning is the critical exponent of the Poincaré series

Sl
~el

The finiteness criterion from Dal’bo—-Otal-Peigné—Coudeéne can be stated
in this way.

THEOREM 9.1 ([7, 8, 14]). — Let M be a negatively curved geometri-
cally finite orbifold with pinched negative curvature, and F : T'M — R
a Hoélder continuous potential with finite pressure. Assume that (T, F') is
divergent (i.e. F' recurrent). Then the Gibbs measure mp is finite if and
only if the series

S die,mael )
mell
converges for every parabolic subgroup 11 < T'.

We will infer immediately this result from the following proposition.
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PRrROPOSITION 9.2. — The convergence of the series above is exactly
given by our criterion of positive recurrence of Definition 1.5 applied to a
connected lift W inside a fundamental domain of the compact part of M.

Proof. — As usual, we may assume that P(F) = 0. Let W be the lift to
the universal cover of this compact part into a connected domain inside a
Dirichlet fundamental domain for the action of I' on M. We may assume
that the frontier of W is the union of finitely many submanifolds of M of
codimension 1, so that the intersection of any geodesic segment with this
frontier is a finite union of segments.

Now recall the definition of T'y, : it is the set of elements v such that,
for some y,y' € W, the geodesic [y; vy'] will intersect W only at the
beginning and at the end. More precisely, this geodesic intersects gW if
and only if gW N W # 0 or gW N AW # (. Geometrically on M = I'\ M,
it means that except during a time bounded from above by diam(WW) at
the beginning and at the end, and maybe except for finitely many ~, the
projection Pr([y;vy’]) has to leave the compact part in the middle. This
is possible only if it enters inside some cusp C and then returns in the
compact part.

Lift this cusp to a horoball C which has a common boundary with W (and
therefore 'yW) Without loss of generality, we can assume that both y and
y' lie on this common boundary aC NOW. T herefore, there exists some
parabohc element 7 inside the parabolic subgroup II stabilizing C such
that 7ry €aC N 67W Except maybe during a bounded length (less than
2 diam W), the geodesic segments [y;vy'] and [y; 7y’] stay uniformly close
(at distance less than diam W), uniformly in 7 € II, so that ‘f;ﬂ F— fxm ﬁ‘

stay uniformly bounded by a constant depending only on F' and diam w.
vz
Thus, the series Z—yer‘; d(:v,'yx)efr T is bounded from above, up to

some constant, by the sum over the finite number of parabolic subgroups
stabilizing a horoball with a common frontier with W, of the sum
> pen Az, ﬂ'x)ef" e

Conversely, the same reasoning shows that II <T's, so that the reverse
inequality is trivial. This concludes the proof of the proposition. O

9.2. Existence of finite Bowen—Margulis measures on
geometrically infinite manifolds

We shall now apply our criteria to recover the finiteness of the Bowen—
Margulis measure mppr = mo (which is the measure of maximal entropy,
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associated with any potential cohomologous to a constant), for free prod-
ucts of Kleinian groups in Schottky position as discussed in [15].
Recall first the main result in [15].

THEOREM 9.3 (Peigné, [15]). — There exist geometrically infinite hy-
perbolic manifolds of dimension at least 4 with finite Bowen—Margulis mea-
sure mpgpyr = myg. These manifolds are constructed by taking the free prod-
uct of two Kleinian subroups of SO°(4,1) in Schottky position one of them
geometrically infinite inside some SO°(3,1) < SO°(4,1), the second diver-
gent with a larger critical exponent.

Let us briefly explain its construction. Let G and H be two Kleinian
groups, i.e. two nonelementary discrete torsion-free groups of orientation-
preserving isometries of the d-dimensional standard hyperbolic space H4+!
(d > 1) with constant curvature —1. They are said to be in Schottky
position when there exist two closed disjoint sets Fg, Fy C S? such that

G*(S*\ Fg) C Fg and H*(S®\ Fy) C Fy,

where G* = G\ {idg} and H* = H \ {idg}. Note that the limit set A(G)
of G must be a subset of Fg since the fixed points of hyperbolic elements
of G can only lie in Fg, and likewise A(H) C Fy.

A variation of the ping-pong lemma shows that the group I' generated
by G and H is equal to the free product I' = G x H of G and H, and that
the limit set A(T') of T' is included in Fg U Fy. Any v € T' has a unique
representation v = gih1...gnh, wheren > 1, g1 € G, g; € G* (j > 1),
hn, € H and h; € H* (j < n). We denote by I'c the subset of v € T’
which are written gy’ with ¢ € G* in this representation, and we define I'y
similarly, so that T is the disjoint union of I' = T'¢ U Ty U {id}.

In the following, we will readily identify G and H with their respective
images by the canonical inclusions G — G x H and H — G x H. We will
also denote by d¢, 0 and dr = P(0) the respective critical exponents of
G, H and I" = G x H, i.e. the exponents of convergence of the Poincaré

Z e—sd(r,gr)7 Z e—sd(m,hm) and Z e—sd(m,'yr) )

gea heH ~eT
THEOREM ([15, Theorem A]). — Let I' = G x H be the free product of
two Kleinian groups in Schottky position. If ¢ > dg and G is divergent,
then ér > max(dg,0n), I' is divergent and its Bowen—Margulis measure is
finite.

series

These assumptions are satisfied in particular with G a convex cocom-
pact subgroup, which is always divergent, and H a geometrically infinite
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subgroup of SO°(3,1) < SO°(4,1). By conjugating G and H, it is easy
to obtain the inequality dg > dg, and the fact that they are in Schottky
position. When d > 2, one can even assume H to be finitely generated but
non geometrically finite.

We will use the criterion from Theorem 1.6 to retrieve the finiteness of the
Bowen—Margulis measure in these examples. To achieve this, we first need
the following lemma which will help us to choose the right open relatively
compact subset.

LEMMA 9.4. — For every x € H4H!, there exists R > 0 such that
Vgelg, VheTly, [g(x);h(z)]N Bz, R)#0D.

Proof. — Take Ug and Uy two open sets of Ht! U S? respectively
containing Fo and Fp, and whose closures are disjoint. In particular, there
is a R > 0 such that

VneUg,VEEUy, dz,]n:€)) <R.

The Schottky position condition ensures that the attractive fixed point of
any element of I'¢ must lie in Fg, therefore the I'g-orbit of 2 accumulates in
F¢, and only finitely many g € I' are such that g(z) € Ug. Hence we may
assume that R is large enough so that g(z) € Ug whenever d(z, g(z)) > R,
and likewise that h(x) € Uy whenever d(x,h(z)) > R. In any case, the
geodesic segment [g(z); h(z)] will meet B(z, R). O

We now use notations from Theorem 1.6, and we take W= B(z, R) with
a fixed = and R large enough according to Lemma 9.4 and Theorem 1.6.
We will prove the following.

PROPOSITION 9.5. — For W = B(z, R) with R given by Lemma 9.4,
(T', F) is positive recurrent, and therefore mp is finite.

LEMMA 9.6. — There exists S C I' finite such that
F{/IV/ \ SCGUH.

Proof. — If v ¢ G U H, then it can be written v = ghy' or v = hgy/,
with g € G*, h € H* and hy' & G (respectively g’ & H). We only consider
the first case, the second case being similar. Note that

/ / -1 _ _
g €T5 & Wgdg Trg=T 5.
Now consider the geodesic segment

I=[g ' (@) ()] = [g7"(=); p7'g9 " (2)] .
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Both g_1W and h~y' W intersect I, but according to Lemma 9.4 W also
intersects I. Finally, there is only a finite set .S of such v for which g i
or hy'W meets W, so that if y € '3, \ S, then y € GUH. O

We can now complete the proof. Since dr > max(dg, o) we have

5™ e, e 54599 < 1o,
geG

and the same goes for H. Therefore,

S de e < oo,
yEGUH

and Theorem 1.6 ensures that the Bowen—Margulis measure mpy = my
of T'M is finite.
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