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MEASURE PRESERVING PSEUDOGROUPS
AND A THEOREM OF SACKSTEDER

by J.F. PLANTE

Introduction.

A classical theorem of Denjoy says that a minimal set of a C2

diffeomorphism of the circle is either a periodic orbit or the entire
circle. In [7, 8] Sacksteder proved a generalization of Denjoy's result
which has been extensively exploited by authors studying codimension
one foliations. For example, in [3] and [6] it is shown that C2 codi-
mension one foliations whose leaves have non exponential growth
cannot have exceptional minimal sets. The proof uses Sacksteder's
theorem as well as the generalization for codimension one foliations
of the Poincare-Bendixson theorem. In the present note we will obtain
this as well as other applications of Sacksteder's result directly, that
is, without using topological results such as the Poincare-Bendixson
theorem. For example, we show that a finitely generated solvable
group of C2 diffeomorphisms of the circle cannot have an exceptional
minimal set. Our approach is based on the problem of finding invariant
measures for a pseudogroup of homeomorphisms defined on a compact
Hausdorff space.

1. Definitions and Sacksteder's theorem.

Let X be a compact Hausdorff space and let F be a collection of
homeomorphisms for which the domain and range are open subsets of
X. If 7 G r then the domain and range of 7 will be denoted by 0(7)
and R(7), respectively.
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DEFINITION. - r is said to be a pseudogroup of (local) homeo-
morphisms of X if the following conditions are satisfied

Differ then T-^er and D(7-1) = R(7), R(7-1) = 0(7).
2 ) / / 7 i , J^r and j : D(7i)UD(72) ^ R(7 i )UR(7^ ) /^

homeomorphism such that 7(x) = 7,(x) (f = 1, 2) whenever x E D(7^.)
r/?^ 7er.

3) If 7i, 72 G r r/^M 7^ o 7^ GT w/zere

D(7i ° 72) == 7^1(R(72) n D(7i)) .

4) // 7 G r a^d U C D(7) is an open subset then 7 | U £ F.
5) The identity map of X is an element of F.
The orb it F(x) of a point x G X is defined by

r ( ;c)={70c)^X|7^r} .

A set S C X is invariant if it is a union of orbits. A minimal set for F
is a non-empty closed invariant subset of X which is minimal with
respect to these properties. A minimal set is said to be exceptional if
it is nowhere dense but is not a finite orbit. F is finitely generated
with respect to a compact subset K C X if there exist 7^ , . . . , 7^ G F
which generate every element of F via the operations 1), 2), 3), 4)
above and such that each of the subsets D(7^.) H K is compact
a = i , . . . .k).

If X is a differentiable manifold and r consists of Ck diffeomor-
phisms, then F is called a pseudogroup of C^ diffeomorphisms.

DEFINITION. - Let r be a pseudogroup of homeomorphisms ofX.
7 ̂  r has a contracting fixed point at x G X ;/ there is neighborhood
U of x such that U C 0(7) and

i) 7(U) C U
ii) n T^(U)={^} .

n>0

The following is a result of Sacksteder [7 ,8 ] which generalizes
earlier results of Denjoy and Schwartz.

1.1. THEOREM. — Let r be a pseudogroup of C2 diffeomorphisms
of S1 w/nc/z is finitely generated with respect to an exceptional mi-
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nimal set^L. Then there exists 7^F, .yGOTZ- such that ^(x)=xand
\ f y l (x ) \ < 1. In particular, 7 has a contracting fixed point at x.

2. Invariant measures.

Let F be a pseudogroup of homeomorphisms of a compact
Hausdorff space X and let ju be a Borel measure on X.

DEFINITIONS. — /x is said to be r-invariant if for every 7 G F and
every Borel set B C D(7), ^Cy(B)) = ju(B). JLI is said to be normalized
if JLI(X) = 1. The support offi (denoted supp (p.)) is the complement
in X of the union of all open sets having ^-measure zero.

2.1. LEMMA. — / / jn is a normalized r-invariant Borel measure
and 7E r has a contracting fixed point at x G supp (/x), then F(x)
is finite.

Proof. — Let U be a neighborhood of x such that 7(U) C U and
H 7"(U) ={x} . Since x E supp (fi) we have ^i(U) > 0. By F-

n > 0

invariance of jn,

^( ^ T^u^^aTO^aj)
\n>0 /

so p({x}) > 0. Since jn is a finite measure this implies that F(x) is
finite.

2.2. PROPOSITION. - Let F be a pseudogroup of C2 diffeomor-
phisms of S1 which is finitely generated with respect to every nowhere
dense minimal set. If ju is a normalized r-invariant Borel measure on
S1 then either

1) supp(M)= S1

or 2) supp (jLi) contains a finite orbit.

Proof. — Suppose that neither of 1), 2) holds, Le., suppose
that supp (^i) is not all of S1 and contains no finite orbits. Since JLI is
r-invariant, supp (ja) is a closed, non-empty, r-invariant set which
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must contain a minimal set OH which is an exceptional minimal set
since it is not finite. By ( 1 . 1 ) 3R, contains a point x at which 7 € F
has a contracting fixed point. This, however, contradicts the conclusion
of (2.1) since r(;c) is not finite and, thus, completes the proof of
(2.2).

If r is a pseudogroup of homeomorphisms of a compact Hausdorff
space X we say that F is topologically conjugate to a pseudogroup of
isometrics if there exists a compact metric space M and a homeo-
morphism h : X -> M such that the map h ° 7 ° h~1 is an isometry
for every 7 E F.

2.3. PROPOSITION. - Let r be a pseudogroup of C2 diffeomor-
phisms of S1 which is finitely generated with respect to nowhere
dense minimal sets and suppose that jn is a normalized F-invariant
Borel measure on S1. // F has no finite orbits then it is topologically
conjugate to a pseudogroup of isometrics. If, in addition, every element
of r is orientation preserving then V is conjugate to a pseudogroup of
rotations,

Proof. - If r has no finite orbits, then by (2.2) supp (^) = S1.
Now let M denote the real numbers mod 1.

We will now define a homeomorphism h : S1 -> M. Fix XQ G S1

and an orientation of S1, and for x €: S1 (x =^ XQ) let [XQ , x} denote
the closed interval from x to XQ in the positive direction, h is now
defined by

h(x)=
0 if x = XQ
^([XQ , x ] ) if x ^ XQ .

It is easily checked that h is a homeomorphism and, clearly, the
induced pseudogroup on M consists of isometries. Since the only
orientation preserving isometries of M are translations (mod 1) the
proof of (2.3) is complete.

3. Some sufficient conditions for the existence of an
invariant measure.

Let r be a pseudogroup of homeomorphisms of a compact
Hausdorff space X. In this section we give examples of conditions on
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r which guarantee the existence of a normalized r-invariant Borel
measure on X.

For the moment we assume that X is a metrice space.

DEFINITION. — r is said to be equicontinuous at x G X ;/ given
e > 0 there exists 5 > 0 such that d(j(x), ^(y)) < e whenever
d(x , y ) < 6 where x, y G 0(7), j E F.

The following is a result of Sacksteder which is proved in [7].

3.1. THEOREM. — Let r be a pseudogroup of homeomorphisms
of X which is equicontinuous at x G X. Then there exists a r-invariant
normalized Borel measure fi on X such that supp (p.) C F(;c).

Now let us consider the case where X is merely a compact
Hausdorff space and the pseudogroup F is finitely generated by a
finite subset FQ . Furthermore, assume that FQ is symmetric in the
sense that 7 E F^ implies j~1 E Fg . We now define analogues of the
growth functions considered in [5].

DEFINITION. — For x G X, n a positive integer we define F^(x) as
follows.

r^ (x) = { y G X | y = 7, o . . . o 7, 00 /or 5ow^ fc < n

and some 7,^ . . . . ,7^0^}.

Letting \V^(x)\ denote the cardinality of F^(x) we say that F has
exponential growth at x if there exist positive numbers A, a such
that | r ^Oc) |>A exp (an). Otherwise, we say that r has non-
exponential growth at x. If F has exponential (non-exponential)
growth at every x E X, then F is said to have exponential (non-
exponential) growth.

3.2. THEOREM. - Let r be a finitely generated pseudogroup of
homeomorphisms of a compact Hausdorff space X. // r has non-
exponential growth at x € X with respect to some symmetric finite
generating set FQ then there exists a normalized r-invariant Borel
measure jn on X such that supp (p.) C FOc).
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Proof. - By the Riesz representation theorem it suffices to
define an invariant functional on the space of continuous real valued
functions defined on X. Let ̂  -> oo be a sequence of positive integers
such that

.. l^ iW-F i(x)|
hm ——-——————*k^ ir^Mi
,. ' - n^+ iv^ "M . - lY^ I
hm ————————k———— = o r*^fc-^oo ir rvM u ' (*)

where | | denotes cardinality. This can be done since F has non-
exponential growth at x. Now let / : X -^ R be continuous and
define the functional 1̂  by

^'TT-WT s /00-I^W J'er^(x)

Clearly the measures corresponding to the 1̂  are normalized and by
compactness of the set of normalized measures in the weak* topology
there exists k, -^ oo such that !„ converges to a normalized functional
I as / -» co^Qearly, if ^ is the Borel measure corresponding to I,
supp (^) C F(x). It remains to show that n is F-invariant. To do this
it suffices to show that if jG r,, and / : X ^ R is continuous such
that {x G X | f(x) ̂  0} C R(7) then !(/) = !(/ ) where /, is defined
by

f^^ ^W)) ^D(7)
0 otherwise

Now, letting n, denote the sequence n^_ ,

I(/)-I(/,)=^[^.(/)-I^.(/,)]

= /!"l Ti———7 S ^<>') - /(TOO)]
11^. <--<•-> I yer^.(x)

I l ( / ) - l ( / , ) l <^——————— S |̂ )|

ll^.V-tJI ^er (^)A7r^.(x)

where A denotes symmetric difference. Since / is bounded in order
to show that !(/) - I(/^) = o.it is sufficient to show that
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IF (x)AjF (x)\
hm ——l—————l—— = 0ir^.Mi

This last equation, however, follows from condition (*) above and
the inequality

I r^(x) Ajr^(x) i < i r .̂ „ (x) - r^ _ , (x) i .
This completes the proof of (3.2).

4. Groups of diffeomorphisms.

Let Diff^S^ denote the group of C2 diffeomorphisms of the
circle and let F C Diff^S^ be a subgroup. In particular, F is a pseudo-
group, and if F is finitely generated as a group then it is automatically
finitely generated with respect to every compact subset of S1. For
the record, we recall the following result of Sacksteder which is
proved in [8]. F is said to be fixed point free [fj^ F , x G S1, j(x) = x
implies that 7 = identity.

4.1. THEOREM. - // F C Diff^S1) is fixed point free group then
r is conjugate to a group of rotations.

Now suppose that F is generated by a finite symmetric generating
set FO . Define I\ C F by

r^ = {7 G r 17 = 7 .̂ o . . . o .̂ for some k < n

and 7,̂  , • • • , 7 ^ ^ ^ } .

If for some positive A, a we have 11\ | > A exp (an) then F is said to
have exponential growth. Otherwise F has non-exponential growth'
These notions are independent of the generating set F^ . The following
result follows immediately from (2.2), (2.3) and (3.2).

4.2. THEOREM. - If r C Diff^S^ is a finitely generated group
which has non-exponential growth then

1) r has no exceptional minimal sets.
2) // r has no finite orbits then F is conjugate to a group of

isometrics.
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Actually, (4.2) can be improved substantially. First we need to
recall some concepts and facts which may be found, for example
in [1].

DEFINITION. - A discrete group F is said to be amenable if there
is a left invariant linear functional 4> on the space of bounded maps
r -> R such that

1) f> 0 implies $(/) > 0, and
2) $(!)= 1.

Remarks. - 1) Solvable groups and groups with non-exponential
growth [2] are amenable. On the other hand, free groups on more
than one generator are not amenable.

2) If r is an amenable group of homeomorphisms of a compact
Hausdorff space X then there exists a normalized F-invariant Borel
measure on X. In particular, if OTC is a minimal set of F then such a
measure can be found with support equal to OK.

The above facts together with (2.2) and (2.3) imply the following.

4.3. THEOREM. - // F C Diff2 (S1) is a finitely generated amenable
group then

1) r has no exceptional minimal sets.
2) // r has no finite orbits then F is topologically conjugate to a

group of isometrics. In particular, if every element ofYis orientation
preserving then F is conjugate to a group of rotations.

Remarks. - In [6], (4.2) is proved only for finitely presented
groups. Furthermore, (4.3) is a significant generalization of (4.2) since
any solvable group which does not have a nilpotent subgroup of finite
index must have exponential growth [9].

Several of the results on groups of diffeomorphisms of the circle
may be summarized by the following.

4.4. THEOREM. - Let F C Diff\S1) be a finitely generated group
of orientation preserving diffeomorphisms without finite orbits. For
such r the following are equivalent.
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1) r is topologically conjugate to a group of rotations.
2) r is fixed point free.
3) r has non-exponential growth.
4) r is amenable.

5. Some remarks on rotation numbers.

Let 3€ (S1) denote the group of homeomorphisms of S1 and let
3€^ (S1) be the subgroup of orientation preserving homeomorphisms.
In most treatments of the classical Denjoy theorem (see for example
[4]) one considers rotation numbers of elements of S^ (S1) which are
defined as follows. Let 7eg:e+(Sl) and let 7 : R -^ R be a lifting of
7 with respect to the covering projection R -> S1 given by t -> e2"^
(where we think of S1 as being the unit circle in the complex plane).

The rotation number of 7, p(7) is defined by

7"(D
p(7) = lim ——— (mod 1)n ->'» n

where the definition is independent of t <= R and the lifting chosen.
Assume that S1 has a fixed orientation and for x , y G S1 let [x , y)
denote the half open interval going from x to y in the positive direction.

The following result indicates the relationship between invariant
measures and rotation numbers.

5.1. PROPOSITION. - Let r'CSe^S1) be a subgroup and let ^
be a normalized F-invariant Borel measure on S1. Then for 7 G r,
x E S1 we have p(7) = jn([x , 7(x))). In particular, p(7) is independent
of x and ju.

Proof. - By choosing 7 so that 0 < 7(0 - t < 1 for all t G R
we observe that

^ n-i
p(7)= Urn - ^ J^OO^^OO)) .n^00 n ^o
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By r-in variance of ^ the right hand side is just fJi([x , 7(x))) which
proves (5.1).

5.2. COROLLARY.—// r and jn are as in (5.1) r/z^z r/?e map
p : r -> R/Z is a homomorphism. In particular, the restriction of p
to any amenable subgroup V C S^ (S1) ^ a homomorphism.

Proof. - Let a, j8G r, x € S1. By (5.1) we have

P(^8) =^,^(x)))

= ^([^ , <3(x))) + ̂ (x) , aj8(x)))
=p ( f t +P(cO

which proves (5.2).

6. Codimension one foliations.

In this section we indicate how previous results may be applied
in the study of codimension one foliations. Let S1 be a codimen-
sion one foliation of class C2 of a compact manifold M. If r is a
smoothly embedded closed curve transverse to the leaves of 9 then
it is well-known that there is a pseud ogroup r(r) of C2 diffeo-
morphisms of r which is determined by translating along the
leaves of §i (see for example [7]). If OR is a minimal set of ^ with
JR,H T ̂  0 then OTC H r is a minimal set of r(r). Furthermore, there
is a finitely generated, subpseudogroup F of r(r) such that F contains
the restriction of r(r) to OTC H r. This follows from the compactness
of OIL as follows. Assume that M has a Riemannian metric and given
^ E M , R > 0 let D^(x) be the set of points in the same leaf as x
which can be connected to x by a path in the leaf of length < R. By
compactness of OTI there exists a sufficiently large p > 0 such that
every point of OTI is contained in D^(x) for some x G <^t H r. Each
x ^ r has a sufficiently small neighborhood U^ C r such that the set

W. = ̂  D^)

determines a finite subset F^ C r(r) each of which has domain U^..
By compactness of OR 0 r there exist x^ , . . . , x ^ E < } l t n r such that
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the open sets U D (x.) ; i = 1 , . . . , k cover OTI which means
y^xf

that the subpseudogroup F generated by FQ == F^ U . . . U F^ has
the desired property.

DEFINITION. — Si is said to have exponential growth at x G M if
vol D^Oc) > A exp (aR) for some A > 0, a > 0 (where vol D^OO
denotes the volume of D^(jc) 05 a Riemannian manifold). Otherwise,
S has non-exponential growth at x.

6.1. LEMMA. — Let r be the finitely generated pseudogroup
described above and let x E OTZ, n r. // §» /m non-exponential growth
at x then F Aa^ non-exponential growth at x.

Proof. - Let § > 0 be sufficiently small so that y, z E r, ^ ^ z
imply that Dg(^) 0 D^z) = 0. Also let

a = inf volDg(v) .
>'CT

Thus, for R > 0 we have

volDR^(^)>7(x , R ) ' a

where j(x , R) denotes the number of elements in D^(x) H r. It is
clear from the definition of FQ that

Therefore,
70c,3^zp)> irjjc)| .

vo!D3^+5(.x)>7(x ,3^p) - a

> i r .MI -a

If r has exponential growth at x then so does ̂  by the last inequality.
This proves (6.1).

Remark. — The converse of (6.1) is also true but since we will
not use it we omit its proof.

Since any non-compact leaf of Si intersects some closed transversal
T, the following result follows from (1.1), (2.1), (3.2), and (6.1).

6.2. THEOREM. — If ^VL is an exceptional minimal set of a C2

codimension one foliation then every leaf in ̂ L has exponential growth.
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Remark. — (6.2) is an improvement over the corresponding results
in [3] and [6] in that it is not necessary to assume that the individual
leaves of ^ are immersed submanifolds of class C3.

6.3. THEOREM. — Let Si be a transversely oriented C2 codimension
one foliation of M such that ^ has non-exponential growth at every
x G M. If S has no compact leaves then there is a continuous flow
0^ : M -> M with the following properties.

1) The orbits of 0^. define a smooth one dimensional foliation
transverse to ^.

2) If L is a leaf of ^ then 0^(L) is also a leaf of ^ for every
t E R. Furthermore, 0^. I L is a C2 diffeomorphism of L onto 0^ (L).

Proof. — By (6.2) M must be a minimal set of ^ so any closed
transverse curve r intersects every leaf of ^. Let X be a smooth vector
field transverse to ^ which has T as a closed orbit. Using (2.3), (3.2),
and the arguments used in the proof of Theorem 6 of [7] we obtain
0^ as a reparametrization of the X-flow.

Remark. — Note that in the present proof of (6.3) it is not
necessary to show that the holonomy of ^ is trivial. Of course, the
conclusion of (6.3) implies that ^ has trivial holonomy.

In the case that M is a bundle with fiber S1 and the leaves of
S are transverse to the fibers (4.3) yields the following result.

6.4. THEOREM. - Assume that M is a bundle with fiber S1 over
base manifold B (with smooth projection map) and that ^ is a C2

codimension one foliation of M which is everywhere transverse to the
fibers. If TT^(B) is an amenable group then ^ does not have any
exceptional minimal sets.
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