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ON THE EIGENVALUES OF A CLASS
OF HYPO-ELLIPTIC OPERATORS. IV

by Johannes SJ6STRAND

0. Introduction.

Let X be a compact smooth manifold of dimension n and let P be a
classical pseudodifferential operator of order m > 1, formally selfadjoint
with respect to some fixed smooth positive density, and with non-negative
principal symbol p(x^)e C°°(T*X\0). We shall always assume that P is
hypoelliptic with loss of 1 derivative and it is then easy to prove that P is'a
selfadjoint unbounded operator H°(X) -> H°(X) with domain
^ P = { M € H ° ( X ) ; PueH°(X)} c: H^^X), and that P has discrete
spectrum with locally finite multiplicity. In [6], [8] A. Menikoff and the
author determined the eigenvalue asymptotics in the case when S = p'^O)
is a symplectic submanifold and p vanishes on £ to precisely the second
order. In [7] they eliminated the assumption that £ should be symplectic.
Using the results of A. Melin [3] and L. Hormander [1] it was proved in [8]
that microlocally; either £ = p'^O) is a symplectic manifold on which p
vanishes to precisely the second order, or

(0.1) Sp + . t r > 0 on p'^O),

where Sp is the subprincipal symbol of P and tr is the sum of the positive

eigenvalues of - F, where F is the Hamilton matrix associated to the

Hessian of p . When (0.1) holds, we also know from [3] that P is bounded
from below.

In the present paper we shall generalize the results of [6], [7] by assuming
(0.1) but not necessarily that p'^O) is a manifold. A part from a trivial
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110 JOHANNES SJOSTRAND

microlocalization, this will then together with the results of [8], cover general
self-adjoint operators of order > 1 with non-negative principal symbol,
hypoelliptic with loss of 1-derivative. The result on the eigenvalue
distribution (theorem 8.9) is somewhat technical to formulate and will be
given in the end of the paper. Here we only give a weaker statement :

THEOREM 0.1. — Let P be a formally self adjoint classical pseudo-
differential operator of order m > 1 with non-negative principal symbol p and
assume (0.1). Then the number of eigenvalues of P smaller than or equal to X
is of the same order of magnitude as

JI dxd^
Jjp^+l^"-1^

as ^ —> + oo . Here |^[ is the norm with respect to some Riemannian metric
and dx dt, is the invariant symplectic volume on T*X.

The more precise formula for N(X) (the number of eigenvalues ^ ^) in
section 8 is given by a similar integral, where p 4- I^F"1 is replaced by

p 4- Sp 4- - tr and dx d^ by a measure depending on p which can be

thought of as a discretization of dx d^. We thank L. Hormander for having
suggested the use of such measures already in the formulation of the results of
[6].

As in [6], [7], [8] the proof is based on the construction of exp (— tP) as a
complex Fourier integral operator with quasi homogeneous phase, but
instead of using Taylor expansions in the study of the characteristic and
transport equations, we shall make estimates of the type already used by A.
Melin and the author in [4]. As in [6], [7], [8] we have a global problem for
the phase and the amplitude with respect to the time-variable, so the estimates
have to be pushed considerably further than in [4].

The treatment of the characteristic equation is carried out in sections 1-3,
the transport equation is treated in section 4 and in section 5 we conclude the
construction of exp ( — tP). In section 6 we introduce the discrete measures,
the trace of exp ( — tP) is studied in section 8, and the eigenvalue distribution
is derived by using Karamata's Tauberian theorem, that we recall in section 7.

Using exp (— tP) one can also write down a parametrix of P (namely
r°° exp ( — tP) dt) and prove the semiboundness result of A. Mehn [3]. We
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hope that the methods of sections 1-5 will also apply to other problems for
operators with double characteristics so that the eigenvalue distribution will
not be the only justification of these constructions (*).

The main result, theorem 8.9, was announced in a slightly different form in
[9]. The full proof of the result in [9] also requires some rather long and dull
estimates on the measures introduced in section 6 below, that we have chosen
to omit, since the presentation in theorem 8.9 is simpler and more natural
anyway.

1. Estimates along the Hamilton flow.

Let X c: R" be open and p e C^fI^X^) be homogeneous of degree 1
and such that p(x,Q ^ 0. (In section 5 we shall show how the treatment of
the transport- and characteristic equations can be reduced to the case when
the principal symbol is homogeneous of degree 1). We fix once and for all an
almost analytic extension of p to some complex neighborhood T*X\0 of
T*X\0. Let

(1.1) 8(T)=8(1+T)-N

where 8 > 0, N > 0 will be fixed later on. We shall study various estimates
for integral curves [0,T] 3t i—^P( of Hip (cf. [4]) under the assumption that
po belongs to some small complex neighborhood of a real point where p
vanishes and that

-fJo
(1.2) sup |Im p,| + |p'(Re p,)| dt < e(T).

0^«T Jo

If N ^ 1 and 8 > 0 is sufficiently small, (1.2) implies that p, stays in some
fixed compact set. The new feature compared with [4] is precisely that the
length of the time interval may tend to infinity when the initial point tends to a
real point, where p vanishes, while our estimates remain uniform.

PROPOSITION 1.1. — Assume that N > 2 in (1.1) and that 8 is sufficiently
small. Let S(x,^) = - < Im x. Re ^ > . Then if 0 < 5 ^ o ^ t ^ T and

(*) Added in Prof: C. and N. Iwasaki have announced a slightly different
construction ofexp (- tP) in Proc. Japan Acad., Vol. 55, Ser. A, No 7 (1979), 237-240.
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(1.2) holds, we have the estimates

1 P(1.3) S(p,) - S(pJ ^ , p(Re p,) ih - C(r-s)|Im pj3

(1.4) [Im pj ^ C(l+(t-s)^){\lm pj1/2 + |Im pj1/2).

Here C > 0 is independent of T.

Proof. — From

^-•w
we get by Taylor expanding -Hp(p() at Re p^,

(L5) ^ = \ H,(Re p,) + F^(Im p,) + ^(|Im pj2).

Here F is real (it is the Hamilton matrix). Taking imaginary parts of (1.5), we
get

d
(I-6) A Im pr + A(p() Im p( = ~ H^Re p^5

where the matrix A(p,) satisfies :

(1-7) A(p,)=(P(|Imp,|)<^(£(T)).

Let B( ,, 0 ^ 5, t ^ T be the family of matrices which satisfy

(L8) -^ + A(p,)B^ = 0, B , , = I .

Then (1.6) gives
f

(1.9) Im p, = B,,, Im p, - B^H^Re p,) dx.
Js

If N ^ 1 we have B^ = ^(1) and (1.9) gives

(1.10) |Im pj ^ C(|Im pj + 1 1 |p'(Re p,) \dx\).
Js

Now recall from [4] that

^^^(Rep^-CIImp,!3,
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or rather

S(P<) - S(pJ > v | p(Re p,) dx - C | |Im pj3 rfx,
~ Js Js

0 < s < t < T.

(The constants « C » are different each time). By (1.10)

1 p
(1.11) S(p,) - S(p,) ^ , p(Re p,) d-c - C(t-s) |Im p,|3

- c j f j |p'(Rep^|^YrfT.

Using the Cauchy-Schwartz inequality

| Ip'I^O-^ffVl2^2,
Js \Js /

and the fact that |p'| ^ Cp172 on the real domain, the last remainder m( 1.11)
can be estimated by

c{t-s)(r \p'\ d^ ^ c(t-s)2 r ip'i ̂  r p ̂ .
Now

ca+T^r ip ' idn^1
Jo 6

if N ^ 2 and 8 > 0 is small enough, so the last term in (1.11) can be
absorbed, and we get (1.3).

For 0 ^ s ^ a ^ t ^ T we get using (1.10), (1.3) :

|ImpJ^C(|ImpJ+ f |j/|dT)
Jo

^C.Wm^+it-sy^f'pdxY}

< C; (|Im p,| + (t-s)^(S(p,) - S(p.) + C(r-s)|Im p,|3)̂
< €3 (|Im p,| + (t-sY'mim p,|1/2 + |Im p,|'/2 + (t-sY^m p,|3/2))
^ C4(l+(t-s)l/2)(iImp,|l/2+|Im p,|1/2)

and this completes the proof.
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Let C( be the union of all (p(,po) for all integral curves satisfying (1.2). We
write p, = (x^),po = Qco^o) and define the generating function (p(?,.) on
C, by

<P = <^o> •

Somewhat incorrectly we shall write (p = ^(tyX^o) although (p may
possibly be a multivalued function of (t,x^o). We shall estimate Im (p wh^n
(x^o) ^ real. Then Im (p(t,x^o) = S(p<) - S(po) and (1.3) gives

1 p
(1.12) Im (p(r,x^o) ^ . P(Re p,) dr - Ct |Im p,|3.J Jo

LEMMA 1.2. — When (x^o) is real, N ^ 1, 8 > 0 sufficiently small, \ve
have

r 1
(1.13) [ I m p J ^ C h'(Rep,)|dT, 0 ^ T ^ t.

Jo

Proof. — From (1.5) we get, since ^o is real :

|Im U < cf f |p'(Re p,) dr + f |Im pj2 dx)
\Jo / J o /

and the same estimate holds for Im x^ (using that x, is real) and hence also

for Im p^. So if a = max |Im pj, we have
0<T<f

^ c r \p\
Jo

(1.14) a ̂  C \p\Re p,)| dx + (a2.
Jo

Using (1.2) we can absorb the last term and (1.13) follows.

The last term in (1.12) can now be estimated by

Ct( [ ^(Re p,)| rfr)3 ^ C, f Ip^Re p,)| dx t2 f p(Re p,) dx.
Jo Jo Jo

Thus by (1.2) :

LEMMA 1.3. — If N ^ 2 and 8 sufficiently small we have

(1.15) Im (p(r,x^o) ̂  f p(Rep,)dr,4 Jo
vv/i^n (x^o) is real.
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We finally compare Im (p(t,x^o) with p(x^o) assuming still that (x^o)
is real. Let <f(Re pp Re po) denote the length of the curve [0,r] 951—>Re p,.
Then by (1.5), (1.13) we get

(1.16) <f(Re p,, Re po) ^ Ct |p'(Re p,)| rfz.
Jo

In particular \x^ - Re x |, |^o - Re ^J satisfy the same estimate and
Taylor's formula gives

IP(̂ o) - P(Re p,)| ^ Ct |p'(Re p,)| rfa|p'(Re p,)|
Jo a( \2

+ Ct2 |p'(Re p,)| do .
3 /

Integrating this inequality from 0 to t we get

(1.17) |rp(x^o) - | p(Re p,) dx\ ̂  0(1 +t2)f f \p'(Re p,)| rfrY,
Jo \Jo /

which implies the somewhat weaker estimate

(1.18) |tp(x^o) - f p(Re p,) dT| ^ 02(1+r2) [^(Re p,) rfr.
Jo Jo

In particular

J^-o^
which together with (1.15) gives :

LEMMA 1.4. — For real x^ ^o we have, when N ^ 2 and 8 > 0
sufficiently small :

(1.19) Im (p(t.^o) ^ ^i+c^+t2))^'^-

2. Estimates on the tangents and the curvatures.

To start with we shall study the linearized situation. Let M be a real
symplectic vector space of finite dimension, let id be its complexification. Let
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[0,T] 91 i—>df be a continuous family of real quadratic forms on M
satisfying

(2.1) 0^(i^)^CoN|2, ueM

for some fixed norm || || and some fixed constant Co. Let A( :M -^ M be
the corresponding Hamilton matrix defined by

(2.2) a(u^v) = 2a,(u,v).

Here a is the symplectic form and we extend A( and a, ^ to be complex
linear on ?1. Let B( : id -> iSl be a continuous family of real-linear maps
satisfying

(2.3) ||B,|| ^ £(T)

where
(2.4) £(T) = 8(1-hT)^

and 5 > 0, 1/N > 0 will be chosen sufficiently small. We shall first estimate
the solutions of the homogeneous equation

(2.5) ^^(^A^B^, O ^ t ^ T ,
dt \i )

where in place of the function S(x,y, we shall use the function

(2.6) M=^o(u,ii).

Our estimates will only depend on Co and the choice of norm, (that we
extend to 1VI by putting \\u^ + iu^\\2 = \\u^\\2 + H^ll2)* but not on the size
of T.

PROPOSITION 2.1. — There is a constant C > 0 such that

(2.7) [u,uj - [uo,uo] ^ A!^)- - C(l + 0£(T)||u^||2,

0 ^ 5o ^ t ^ T,
(2.8) ||̂ || < C(l + O^dlMoll +11^11), 0 ^ s < t ^ T

for all solution curves of (2.5), provided that 8 > 0 is sufficiently small, and
N ^ 2. Here ^(u^Uo) is the length of the curve [0,̂ ] 3s i—>u^.
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Proof. — Since A(M is of the same size as grad^,(u,u); we have

||A,u|| < C(a,(u,u))^, ueM.

For u = «i + iu^ in the complexification we then have

||A,u||2 < (HA^I^+HA^II2) < C^a^u^+a^,^))
= C^u),

(2.9) ||A,«|| < C(a,{u,u})1'2, u e M.

From (2.3), (2.5) it follows that

(2.10) ^uo) < f l|A,u,|| ds + e(T) f ||t<,|| ds
Jo Jo

and hence by (2.9) and the Cauchy-Schwartz inequality :

<f(M,,Uo) ^ C(t•/2(| fl,(u,,«;) dsr + (e^W/^eO) f ||«J|2 ds)1/2).
\Jo / Jo

If 8 > 0 is small enough and N ^ 2, we have s(T)T < 1 and hence

(2.11) ^(u,,Mo)2 < Ct a,(u,,«;) ds + e(T) f ||u,||2 ds.
Jo Jo

Next, we notice that since A, is antisymetric for CT :

y A,u,u + u,yA,t( = CT(u,A,u) = 2a,(«,u),

so by (2.3), (2.5)

^ [u,,u,] = 2a,(«,,u;) + (P(e(T)||M,||2).
Hence

(2.12) [u,,u,] - [«o,«J ?= 2 a,(u,,u;) ds - Ce(T) [' ||uJ|2 ds.
Jo Jo

Combining (2.11), (2.12) we get

(2.13)

[".»,] - ["o,"o] < ̂ 0)2 - Ce(T)fl + 1) f ||uJ|2 ds.
^r \ ^/ Jo
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Now we use that ||uJ| ^ ||uj| + ^(u^u,) for s, 5o e= [0,(] and get

(2.14) [u^] - [^o] > ̂ 0)- - C8(T)(l+r)(||uJ12+<f(uo^)2).

Now if N ^ 2 and 8 is sufficiently small we have Ce(T)(l4-r) « — and

(2.7) follows.

For 0 ^ 5 < t we then have

IM2 ^ CdlMoll2^^)2) ^ C(a([^j-[^,uo])+2||uoll2),

which implies (2.8) and the proof is complete.
We next study the transversality properties of the real linear subspace

ct == {(Ut,Uo)',UoeM} <= I^I x M, where M( are solution curves of (2.5).
Let M = R" x R" with the standard symplectic form, so that
Ivl = C" x C*.

PROPOSITION 2.2. - 7/N ^ 2 and S > 0 sufficiently small, then there is a
constant C > 0 SMC/I r^r

(11^ 11^11 + M ̂ C(i+0(||x||+|h||)
/ora/J (x,^,Ti)e^.

Proo/. - We shall actually prove a little more : Let L <= M x M be a
complex linear canonical relation which is negative. More precisely we
assume that dim L = dim Ivl, CT' - CT"|L = 0, where CT^CT") is the
symplectic form on the first (second) copy of M in M x M and that
[M,M] - [u,i;] ^ 0 for all (u,v)eL. (We shall take L == {(0,^,0); y ,
^ 6 C'} below). We also assume that L and ^o = graph (Identity) are
transversal.

To measure the degree of transversality between L and ^, choose
(u^Uo) e ̂  and distinguish two cases :

Case 1 : \\u, - UQ\\ < a||Mol|, where a > 0 is small. Then if d denotes
the distance :

d((u,,Uo\L) ̂  d((uo, Mo),L) - ||M, - ^11

^ C||Mol| - a|M ^-ll(u^o)ll.
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Here C is the constant measuring the degree of transversality between ^o
and L.

Case 2 : With a > 0 small but fixed, assume that \\u^ — Moll ^ a||Mo||.
Let (u,w) e L be the point which satisfies :

d((u,,uo), (u,w)) = d((u,,Uo),L).

Now ^(u^Uo) is at least of the same order of magnitude as ||uo||, so if we
choose SQ = 0 in (2.7), the remainder term there can be absorbed, and we get

(2.16) [^j-[^j^^g^.

We estimate [M,,MJ — [uo,Mo] (rom above :

Dw] = [Mt-^t-v} + [u,-v,v\ + {y,u,-v} -h [u,u]
- C^o^o] = - [MO-^O-O - [MO-W,W] - [w,Mo-w] - [w,w].

Since [i;,u] - [w,w] ^ 0 by the negativity of L, we get

[^J - [uo,Mo]
^ C(\\U, - V\\2 + ||l;|| ||̂  - l;|| + IMI ||Mo - W|| + ||Mo - W||2),

SO

[M^J - [Mo^o] < C(d((u^\ (v,w))2 4- \\(v,w)\\d((u^\(v^))).

Since (u,w) minimizes the distance to (u^Uo) we have

(2.17) ||(1;,W)|| ^ ||(^,Mo)||, d((^o), (V^)) ^ ||(^,Mo)ll,

(at least after choosing || || to be a Hilbert space norm) so

(2.18) [i^J - [uo,uo] < C||(u^o)ll d((u,,Uo),L).

On the other hand,

||(^o)ll < C(||u, - Moll + IM) ^ c(l + ^\\\u, - Mol l

^ C ( l +-l-)^,Mo)
\ a/

so (2.16), (2.18) give

(2.19) ^(M^oW^^IK^Mo)!!.
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Combining the two cases we get in general

d((u,,u^L)^ -——\\(^o)\\

and with the choice of L indicated above, (2.15) follows.

PROPOSITION 2.3. — Let a, = a be independent of t and assume that
B, = 0. Then ^ is of the form

(2.20) ^ = <D,(t,x,Ti), y = 0,(t,x,Ti)

w^r^ 0 is a quadratic form in (x,r|) satisfying

(2.21) Im <D(r,x,7i) ^ a(x,ri,x,Ti), (x.ii) e R2".
V^U -T t )

Proof. — When B( = 0, ̂  will be a canonical relation and proposition

2.2 implies (2.20) with O(^,T|) = - «x,^> -h <^,TI»|^. An easy computa-

tion shows that for (x,^,r|) 6 ̂

[(x,^), (x^)] ~ I(^TI),( ,̂TI)] = 2 Im 0>(t,x,Ti)

when (x,r|) is real.

On the other hand, with u^ == (x,y, MQ = (}vn)? (2.7) and (2.12) simplify
to

(2.22) [.,.J - [.o^o] ^ Al^,

(2.23) [î ] - [Mo,Mo] ^ 2 a(u^)ds.
Jo

Since sup |[M, - v\\ ^ C^(UQ,U,) if v = (x,r|),
O ^ s ^ t

r^ _ f^ _ r 1
ta(v,v) = a(y,i;) ds < 2 a(i;—M,,i;-u,) ds + 2 a(UyUs) ds

Jo Jo Jo
< C(t^(Uo,u,)2 4- [u,,Mj - [Mo^o])
< C^l+r2)^,^] - [Mo^o]).

Thus
\u^~\ - luo,Uo] ^ . a(v,v)

and (2.21) follows.
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Assuming still (2.1), (2.3) we next study the inhomogeneous equation

(2.24) ^ = 0 A , + B \ + ^ ,

where i^ depends continuously on s e [0,T]. We write (u^, (u^\ for the x,
^-components of x, ^ (identifying M with R" x R").

PROPOSITION 2.4. - If 5 > 0 is sufficiently small and N ^ 2 m (2.4), r/i^i
r^r^ i5 a constant C > 0 SMC^I ^iar if u, v : [0,T] -» M 5^n'5/^ (2.24) an^
(u^ = (UQ\ = 0 /or som^ t e [0,T], ^/i^n

sup ||uJ| ^C( l+0r sup ||i;J|.
O ^ s ^ r O ^ s ^ t

Proof. — The assumptions imply that

(2.25)- [iV<] - [uo,Mo] =0 .

Put U = sup ||Mj|, V = sup ||uJ|. Integrating (2.24) gives
O ^ s ^ r O ^ s ^ t

(2.26) <f(Mo,^) ^ Ct^( a,(u^) d s y 2 + C(e(T)U + CtV.
\Jo /

Also for 0 ^ s ^ t :

(2.27) d KuJ-^ 2a,(u^) - Cc(T)||uJ|2 - C||uJ|V,
as

so an integration gives :

(2.28) [î J - [Mo,Mo] ^ 2 (̂M,,M,) 05 - Ce(T)rU2 - CrUV,
Jo

and (2.25) then implies :

(2.29) a,(u,,u,) ds ^ C^e(T)U2 + CrUV.
Jo

Combining this with (2.26) shows that

(2.30) ^(uo,^)2 ^ Cr(r£(T)U2 + rUV) + C^eCI^U2 + ^V2).
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Hence

(2.31) ^(uo,u,)2 ^ C^emU2 + ^UV + ^V2).

Since (u^ = 0, (UQ\ = 0 we have U ^ C^(uo,u^) and we get

(2.32) U2 ^ C^emU2 + ^UV + ^V2).

For every a > 0,

r^V^U2 +- l-t4V2;
2 2a

so (2.32) implies

(2.33) U2 ^ CUt2^) 4- -}\J2 + (r2 + -1- ̂ )v2).

Choosing 8, a sufficiently small, we can absorb the first term to the right and
the proposition follows.

We shall now apply our linearized estimates to study the tangents and
curvatures of C,, introduced in section 1. Let [0,T] 3t i—^ be an integral

curve of - Hp satisfying (1.2). We also assume that p, = p^(r) is a smooth

function of a real parameter r . Differentiating the equation

So, 1
(2.34) -^=^H,(p,)

3p(
with respect to r , we get with p' = — :

9r

S^^\_8R^ , l^H,-
8t i 8p pt ; Sp p t '

Hence

(2.35) M^F,p;+B^ p;

where F( is the Hamilton matrix of p at P( and B^ is a real-linear matrix
satisfying HB^I = Q (|Im pj^ for all N.
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In general if f(x) ^ 0 is a smooth function then (locally) from the

estimate /(x+r) +/(x-Q ^ 0, we get f(x) + -</"(x)r, r> ^ - ^(t4),

and it follows that locally :

r(x)^ -c/M1/2!.
Thus if C > 0 is sufficiently large the form

aA^u) = | <P"(Re p<)u, u) + Cp(Re p,)1/2!!^!2

is positive semi-definite and we define A, to be the corresponding Hamilton
matrix. Then from (2.35) :

8o' 1
(2.36) - ^ - A ^ + B . p ;

ot i

where ||B(|| ^ C(|Im p,|+p(Re p,)1/2). Assume now that T ^ 1. Then for
t e [0,T], let I be an interval of length 1 such that t e I c: [0,T] . Then

p(Re p,) = p(Re p,) ds ^ p(Re pj ds 4- p(Re p,) - p(Re pj ds
Ji Jo Ji

^ p(Re pj ds + C |//(Re p,)|2 ds + C |p, - pj2 ds.
Jo Ji Ji

From (1.5), (1.10) it follows that for s e I :

IPt - PJ ^ C |j/(Re pjl^a + |Im p,|

so we get

p(Re p,) ^ C(|Im p,|2 + [ Ip'(Re p,)\ds) ^ C8(T).
Jo

Hence

(2.37) ||B,|| ^ Ce(T)1/2,

so to take N ^ 4 in (1.1) corresponds to take N ^ 2 in (2.4), and all our
estimates so far are valid.
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PROPOSITION 2.5. —Let N > 4 in (1.1) and 8 > 0 sufficiently small. Then
there is a constant C > 0 such that for all (p^po)€C(,
(8pt,8po) = (8x,8^,8n)eT^(Q = ̂  :

(2.38) ||8 |̂| + ||8 |̂| ^ C(l+0(||8x|| + ||8ri||,

(2.39) \a(u^) - a{u^)\ < CNr(l+r)N^|Im(p„po)|N||(^o)ll.ll(^o)ll

for all N ̂  0, (u,,Uo), (^o) e ̂ ,

(2.40) ri(f^,^) ^ C^(l +0^ |Im (p„po)|N.

Jf^r^ d denotes a distance in the appropriate Grassmannian manifold.

Proof. — (2.38) follows from proposition 2.2. (The case T < 1 can easily
be treated along the same lines and is in fact already treated in [5].) To prove
(2.39) we replace pi by M( and ^ in (2.35). Then we obtain for all N ^ 0 :

da(^J=^(l)|ImpJ2N|M.||FJ|.
05

Integrating and using (1.4), (2.8) we get (2.39).

Let / denote multiplication by i in Kl, the complexification of T^R".
Let (u^Uo) € ̂  and let a be its projection in the (x,r|)-space. Let (v^Vo) e ̂
be the vector which projects to ^a. From (2.35) we get

(2.41) ^ = G^, ^ = G^, 0 ^ 5 ^ t
OS OS

where [G,,̂ ] = (P (\lm p.H for all N. Then

(2.42) 8 (/u, - v,) = G,(/u, - v,) - [G^X.
8s

Since (/u^-v^ = (^o""^ = 0» we can apply proposition 2.4 and (2.8),
(1.4)

(2.43) sup ||̂  - v,\\ < Wl^tf^\lm (p^a)H(u^)\\.
O^s^t

In particular, the same estimate holds for \\/(u^Uo) — (i^o)|| and (2.40)
follows.



EIGENVALUES OF HYPO-ELLIPTIC OPERATORS 125

Next we study the curvatures of C,. Differentiating (2.34) N times with
respect to r we get

(Z44) ^.l^ri^l^^
9t i 9p i 8p

+ Z ^v(P<)(pW1 ...
| k l l + - - - + ( N - l ) | f c N - l l + T l l + - - - + ( N - l ) K N - l l = N

(p(N-l))kN-l(pFyl...(p(Nr^yN-l.
gNp

Here p^ = ——^fe,,^, are multiindices and a^, are smooth functions (and
Or^

in particular bounded, since P( stays in a compact set). (2.44) gives

<- T'-O^
+fi>(i) ^ iip^ii'11 • • • HP^-TN-I.

t l + - - - + ( N - l ^ N _ i = N

Here we recall the inequality

(2.46) ^...a^fa^,,
1

when a^, ̂  0, aj, ̂  0, £a^ = 1.

Writing llp^l^ = (\\pW^, we get

i ipS^n^i... HP^-TN-I ^ z1^ iip^ir7,
since S/^/N = 1. Then (2.45) implies

(2.47) 8-^ = fiA^B^p^ + ^(1).E1 llp^lP-.
CT \l / i

PROPOSITION 2.6. —Let N ̂  4 m(1.4)anri 5 > 0 sufficiently small. For a
fixed t > 0, fct Isr ^(p((r), po(r))eC( fce a curve such that ((p^^r))^,
(p r̂))̂ ) fs constant and oflength 1. (Here I is some interval). TTî n ̂ r^ exfs^
constants Q > 0 independent of t and the choice of the curve above, such that

fe(3+21ogJU
(2.48) sup Hp^ll^ C,(l^t)^2 )

0<s<(
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Proof. - From (2.38), (2.8) we first obtain (2.48) for k = 1. Put

^ = sup Hp^l l .
O^sagI

We shall prove by induction that

(2.49), ^<C,(l+r)'\

This clearly holds for k = 1, with ^ = 3/2. Assume (2.49). for
1 <S k ^ N - 1. By (2.47) :

(2.50) 8P- = (1 A, + B\^ + 0(1) N^' (1 + t)N.,A,
OS \ I J ^

Since (p^ = (p^ = 0, proposition 2.4 shows that (2.49)N holds with

(2.51) ^ ^ 2 + max N^ ,a^ 3 .
I ^ < $ N - I k 2

With ^ = max ^/fe, (2.51) is equivalent to
l ^ f c < N

(2-52) |̂, ^^^+^-1 .

The optimal choice is therefore

f c N = ^ + Z ^ ^ + 2 1 o g N ,

so we can take ON = N (. + 2 log NJ , and the proposition follows.

3. The phase function.

We still consider the situation described in the beginning of section 1. In
this section we keep N = No in (1.4) fixed, > 4, and choose § > 0
sufficiently small so that all the estimates of section 1 and 2 are valid. As above
let C, be the set of points (p,,po), p, = exp (Hip(po) with the restriction
(1.2) and the restriction that po belongs to a small'open neighborhood W of
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a real point where p vanishes. Put

C= {(M^Po);^0,(p,,po)eCj.

An element in T^p^(C) can be written h = (fe,u, -h feHip,Mo) with f e e R ,
(^,Mo)eT(p^(0, so

((^U^o),) = ^oj+lfel) = ^(1^)1).

Thus by (2.15); (M(,M()) = ^((1+01^,J) and we conclude that the projection

(3.1) T^^(C) 9 (r,i;^o) -^ (r,(^Ui;o^) e R x C2"

is bijective, with inverse = <P((1+0). The projection

(3.2) C 9 (t,x,^,Ti) ^(r,x,Ti) e R x C2"

is therefore locally a diffeomorphism, and by restricting it suitably we shall
achieve injectivity.

Fix a point (x,r()eW. Then for t ^ 0 sufficiently small, there is a unique
point (x,^,^,r|) e G( depending smoothly on t. Let Tg^ri) e ]0, + oo] be
the largest number such that there exists (x^y^r}) e G( , depending smoothly
on t, for 0 ^ t < T5(x,r|). Clearly ^, y^ are unique and we put

Qg == {(r,x,Ti);0 ^ r < Tg(x,Ti)}.

Then Qg is open and over 0§ we have a unique « branch » of C given by
smooth equations

(3.3) ^=H(t,x,r|), ^=G(r,x,r|).

For (r,x,r|)e08, let [0,r]95 i—>p^(t,x,r\) be the corresponding integral
curve of Hip and put

(3.4) y(r,x,Ti) = sup |Im pj + |p'(Re pjj ds.
O^s^t JQ

LEMMA 3.1. — There is a constant C > 0 such that for all (r,x,r|) :

(3.5) lim l^^')-Y(^)l^c(l+^.
(f,x',Ti')-(t,x,Ti) |[(r — r',x - X',T| - ri')]!
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Proof. — Let r -> (r(r),x(r),r|(r)) e Q§ be a C^-curve with derivative
bounded by 1 in norm, and let

[0,r(r)]95^p,(r)=(x,(r),U^))

be the corresponding integral curves of Hip so that x^(r) = x(r),
^oM = ^W- Since the inverse of (3.1) is (D((l 4-r)) we have

d^M\ , \\dpM\ =^((l+r(r))).
dr dr

Then (2.8) shows that

8^(r)
8r

=^((l+r(r))3/2), 5e[(V(r)].

It follows easily that for r' close to r,

|ymxnr|(r')) - y(r(r),x(r),n(r))|
= ^((l+^r))5/^ - r'[ + (l+r^jr - rf),

and we deduce (3.5).

Now assume that for some (x,r|) and some 5' > 0, we have
^5(̂ ,11) < oo and

Y(^,r|) ^ -5\ 0 ^ r < T g ( x , T i ) .(l+r)^

Then it is clear that lim (x^y^r\) exists in Cj and this contradicts the
r^T§

maximality of T§. Thus, in view of the local Lipschitz property of y :

5
(3.6) lim y(r,x,n) = - when Tg < oo.

^Tg (l+T8(X,r|))No

From now on we denote also by C, C^ the restricted parts given by (3.3).

To estimate the derivatives of H and G we let v be a constant
vectorfield in the (x,r|)-space of length ^ 1. Proposition 2.6 then shows that

/ ^ \ N / a \ N
(3.7) - H, - G = ^((1 + r)°N), ( ,̂T|) e Qs,

\ov/ \8v/
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for all N, where, here and below ^ N » ^ k , a , p » etc- will denote some positive
constants, that we shall not try to estimate closer. Moreover (3.7) is uniform

8 ^
with respect to v. Since the vectorfield — + Hip is tangential to C we have

(^ + (Hi^Hi,), = 0

(- + (Hi,)^G(t,x,Ti) = 0

where (Hip)^, (Hip\ are the x and ^-components of the Hamilton field,
computed'at the1 point ^ = H(r,x,r|). Differentiating these equations
successively with respect to t , we get

(3.8) D?D^H, D?D^G =(?((!+ t)°oo),

if we first notice that (3.8) for k = 0 follows from (3.7). (By D^,D^ we denote
derivatives with respect to the real variables Re x, Im x, Re T| , Im T| .)

From proposition 2.5 if follows that

(3.9) ||̂ )H|| + ||3^G|| = ^(IXl^rNy^rON.

To estimate the derivatives here we put u = 3H, (u = 5G) and let

(t,x,Tt) e Qg, v = (t,x,r|) e R x C2", |H| ^ ^ ^ so that

(t,x,r|) + v e Q28 m vlew of lemma 3.1. (3.8) and Taylor's formula imply that
for a certain k^ > 0 :

<i/(t,x,Ti),t;)> = ^((t.x.Ti)^!;) - u(r,x,r|) + ^((l+^Hrll2).

Here u' is the gradient in the real sense. Choosing v = Ci'^l-K)"^!/,
8

where k^ > k^ and Ci are so large that ||u|| ^—(1+t)-572-^, we get
v_/

"M<"2 ^fd+Q^N^ ll"'!!2 )
ClO+O"! V / ' C^l+t)2'1!-^

so when k + |a| + |p| = 1, we get for all N > 0,

(3.10) ||D^D^H|| + ||D^DpG|| = (P((l+t)"w,NyN).

Repeating the same argument we get (3.10) for all k, a, P, N.
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Since Cy is conic, (2.39) implies with t,dx = ^ dx^ 4- • • • -+- ^ndx^ etc.,

(3.11) ^ r fx - TI dy\^ = ^(1)(1 ̂ r^N, VN ^ 0,

and we claim that

(3.12)
ip(x^) dt + ^dx - TI |̂c = ^(1)(1 +0^^ VN ^ 0.

By (3.11) this certainly holds when applied to tangent vectors with vanishing
r-component, so it suffices to apply the form in (3.12) to the tangent-vector

8
— 4- Hip. By the almost analyticity and the homogeneity we obtain

iP^\<8-^ ^ > + W) = W)» VN'
so (3.12) follows.

Now recall that the generating function, q> is defined as

(3.13) (p(r,x,n) = <^,n>|c.
Mostly, we consider (p as a function on 0§, but sometimes as a function on
C. From (3.12), (3.13), we get

(3.14) ^(p = T| dy + y d^ = ip(x,Q dt + ^dx
-h y dV[ + ^(l^l+O^NyN

On the other hand

^fo 3(p 8(D 8(D — 8(D —
(3.15) rf(p = -• A + -'- dx + -T 1̂ + -^^ + —^ ,

^ ^x ^r| ^x or\

so comparing (3.14), (3.15), we get

<9® 5(p(3.16) — —=^(l ) ( l+0°NyN, VN,
5x 5r|

(3.17)
5(p 5® ^

^-T-' ^--——^(IXl+W^ VN, on C,
^x or}

5(p 1 / 5(p\(3.18) -^-+yp^x,-^- j=^(l ) ( l+r) aNyN^ VN.
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It follows from (3.8), that

(3.19) D^D;D^(p(t,x,r|) = OW^+t)"^^, VN, k , a, P.

Using (3.19) we can now sharpen (3.16), (3.17), (3.18) as in the proof of (3.10) :

PROPOSITION 3.2. — // (p is defined by (3.13) we have for all N > 0 :

,8<f> 8<f>
(3.16') D?D^— + D?D^— = OWl^t)"^^,ari8x

(3.17') For all (t,x,^y,^) e C :

D^Df^ - ̂ , y - ̂  = (PdKl+OW^,

(3.18') D;D^^+^(x,^) ^(IHl+tr.^.

We now restrict the attention to the real domain; Q§ R and notice first, by
(1.13), (1.15) that

\2 p

D'\ ^T ^ CM ,
/ Jo

y2 ^ C( IP 'I^T ^ CM prfz ^ Crlm(p(r,x,r|),
Jo / Jo

so that

(3.20) Im (p(r,x,r|) ^ . (r,x,r|) e O^R.

PROPOSITION 3.3. — There exists a function

x(r,x,Ti)eC°°(R^ x W^;[0,l])

with support in 0§ ^ such that :

(3.21) 3Wc=^((i+0^)
(3.22) Im (p(r,x,7i) ^ ca+o^^o

where No ^ 2 is given in (1.4).

, when 5c(r,x,r|)e]0,l[,

Proof. — We may assume that W is contained in some larger
neighborhood W, such that all our constructions and estimates are valid
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with W replaced by W. If (t,x,r|) 6 5Qj,,, we notice from (3.20) that

Im (p(t,;c,n) ^s ——————_
" C a + f ) ^ mo-

using the estimate on the Lipschitz continuity of y and the temperate
growth of the derivatives of (p, it is easy to see that the function

Ut,x,T\) = J ̂ (t^Wl+t^^^l+t^t-t'^-x',^-^)} dt' dx' dr}',

will have the required properties, if ̂  is the characteristic function of ft, 3
and 0 ^ DeC^R2"^) has integral 1 and its support in a sufficiently small
neighborhood of 0, and N S? 0 is sufficiently large.

To end this section we shall give some approximations for <p, that will
serve, later for the study of the trace of the heat-kernel.

PROPOSITION 3.4. - For (t,x,r\) e ̂  g we have

(3.23) \\x - (p',(t,x.r|)|| + ||ii - <p,((,x,Ti)|| <s Ce^+'^p^x,^

(3.24) (p((,;>c,r|) = <;>c,r|> + itp(x,T}) + (P^e^^p^x,^2.

Proof. - For (t,x,r|)€Qg,K, let [0,t]9s -* p,(t,x,T}) be the correspond-
ing integral curve of Hip, so that (po)^ = r\, (p,), = ^. We fix (x,n) and
shall first estimate how (p,(t,x,T}), po(t,x,v\) varies with t. Passing from t to
t + 5(, a first candidate for (p^s,(t+6t,x,r\), po(t+8t,x,n) canbechosento
b® (Pi(t}+^t H4p(p,),po(()). However, in the .x-projection, we then have an
error, which is C?(|8t||Hp(p,)|) and since the differential of the projection
C -^ D, is invertible with inverse = 0((l+t)), we get the correct point, after
adding a correction, which is (P((l+t)|8t||Hp(p,)|). In other words :

8
(3-25) ^ (p.(̂ ,n), po(̂ ,-n)) = Wp'ipAt^mi+t).

If we put A, = ||p,(t,^,r|) - (x,r|)|| + ||po(t,x,n) - (X,T|)||, then by (3.25)

(3.26) 5±A, = 0(l)(\p'(x,r])\ + A,)(l +1), Ao = 0,

where ^(a,") denotes the right (left) derivative. Then

S^A, - C(l+t)A, ^ Ch'(x,r|)|(l+t)
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if C is sufficiently large. Writing this as

_C(l+f)2 _C(l+f)2
S^e 2 A^C|p'<x,Ti)|(l+0^~ 2

and integrating, we get with a new constant C :

(3.27) ||p,(r,x,Tt) - (X,TI)|| + ||po(t,x,Ti) - (X,TI)|| ̂  alp'^Ti)!.^1^2.

One can also estimate intermediate points on the integral curve. (3.27),
(3.25) imply

(3.28) ^ (p,(t,x,Tt), po(^,Ti)) = (9{\)e^ ̂ \\p'(x^)\\.

Using proposition 2.1 it follows easily that

(3.29) 9 p,(t,x,Ti) = ^(l^^llp^.Ti)!!,
^t

for 0 ^ 5 ^ t. With (3.27) this shows that

(3.30) ||p,(r,x,Ti) - (X,TI)|| ^ a^^^iip'̂ Ti)!!, o ^ 5 ^ t.

When (X,T|) is real (3.30) shows that

(3.31) y^x^^Cte^^p^x^.

If p,(r,x,Ti) = (x,y, po(^c,r|) = (^,r|), we see from (3.27), (3.17) that (3.23)
follows. By (3.18)

5(p
(3.32) -^ = ip(x^) + ^(1)(1 + ̂ 2 y(r,x,Tt)2.

Then (3.24) follows if we use (3.23), (3.31) and integrate.

We also need an approximation result for the second order derivatives.

PROPOSITION 3.5. —Let PQ > 0 be homogeneous of degree 1 and vanish at
the (real) point (xo,r\o) . Let <po(^,Ti) be the corresponding phase function,
Then for {t,Xo,r\o) e Qg :

<P"(^o,Tio) - (p'o(^o^o) = ̂ (l)(^(l+^IIP/^o^o)ll
+ t(l+t)3 ||p"(Xo,T1o) - P'o^o^o)!!).
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Proof. — Let Co, < be the canonical relations generated by (po, so that
T(x r\ x ,T i ) (Co , f ) is the set of points (M^o) obtained by integrating the system

Su, 1— = = - A M , , 0 ^ s ^ r ,
(75 I

where A is the Hamilton matrix of po at (^o^o) •
Similarly T^^p^^(C,) is obtained by integrating a system

'̂  f^A+B^)^, 0 ^ 5 ^ r ,
Ss \i ' )

where

IIBJI ^ C^^p^x^oW + |h"(xo,r|o) - Po(^TIo)ll).

Now assume that (v^ == (^ = X, (vo)^ = (uo)^ = S, ||(X,S)|[ ^ 1.
Then v, = (9((1 +r)3/2) by (2.38), (2.8), and since

Ms vs =-A(u,-v,) - B^y, = -A(^-uJ
^ 5 1 I

+ ^(l)(^c(l+r)2||p'(xo,T^o)|l + (l+O372!!^ - poll),
we get from proposition 2.4

(3.33) |k - t;J| ^ C^^^Tio)!! + ^(1+^)5/21|^ - Poll).

On the other hand the two tangent spaces are given by

Wy) = (p^an), Wy) = ̂ Wn)
so the proposition follows from (3.33) by choosing s = t and s = 0.

4. The transport-equation.

Let p be as before and p^_i(x,^) another smooth function. We shall
study the transport operator :

(4-" ^(^j^-'̂ '--•)•
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where

(4.2) <^(^) = p^w + ̂ y^^^.
2i 7 ^ ^<9^ 5x/5xfc

Here (p is the generating function studied in the previous section. Since q>^ is
approximately = ^ when (t,x,^,r|) e C, we shall replace (p^ by ^ in (4.1)
and consider iL as an ordinary differential operator of the form

8 8
-. -+- Hip + ^_i along the integral curves of — -+- Hip in C. These

approximations will be justified a posteriori when we have proved that the
solutions to the modified transport equations are small for large t and
sufficiently almost analytic. Along each integral curve iL will take the form.

(4.3) ^+^-^'

We want to estimate solutions of such an equation when t -> -+- oo. In
order to do this we first do some approximations. Let T ^ 1 and let y :
[0,T]9s i—>p^ be an integral curve of Hip satisfying (1.1), (1.2), with
N ^ 4. Let p° be a real point such that

(4.4) llp,-P°|| ^CTe(T), 0 < s ^ T.

In view of (1.5), for any re[0,T], we can take p° = Re(x.Ti) if p, = (x,^),
Po = (y^)' As noticed in section 2 (see (2.37)) we know that

p"(p°) ^ - Ce(T),

where e(T) = c(T)1/2. We can therefore construct a smooth real-valued
function p such that

(4.5) p(p°) = 0, ^(p0) = 0, p"(p°) ^ 0,
PW-PW-^W)).

Let (p solve

5(p 1-. ^
^+yP(^)=0

(4.6)
<plr=o = <^n>

to infinite order at p° and define £ as above, by replacing (p,(p) by (p,(p).
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At p°, L is given by

(4.7) f L = ^ + ^ - , ( 0 ,

where

^=^(p°)4^^(p")^
2i dc,j o^ dXj ox,,

Corresponding to cp, there is a family of canonical relations G( , and the
tangent space T o 0)(Cf) is the set of (u^Uo) obtained by integrating

8u 1
(4.8) —i=-F^ , 0 ^ 5 ^ .

55 i

Here F is the Hamilton matrix of p at p°. We can compare this with
T p p ( Q ) , which is the space of all {v^Vo) obtained by integrating

(4.9) ^=( lF+BJl^ O ^ s ^ t ,
8s \i /

where now

(4.10) B,=^(e(T)).

Using proposition 2.4 as in the proof of proposition 2.5, we obtain

u, - v, = ^(T^sCr)), 0 ^ S ^ t

if (UQ\ = (vo\, (u^ = (i^ havenorm^^ 1. Hence, if Tp^p^C,), TpOpo(C()
are given by (^,y) == H^(x,r|), (!,,y) = fi((x,r|) respectively, then

(4.ii) [iH.-Hji^cr^cr)).
It follows that

(4.12) \q(t) - q(t)\ = (P(TW).

9
We require from now on that N ^ - in (2.4) (i.e. N ^ 9 in (1.1)).

To study L of p° we may first make a (symplectic) translation so that p°
becomes the point (0,0) and without any loss of generality we may then
assume that p is a quadratic form. We are then reduced to the linearized
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situation. As in [7], we notice that on C = {(t,x,i,,y,r\); (x,^,y,T\) e Cj :

(4.13) (iLa)^dt dx d^} = {^, + S)(a^dt dxdi}),

8
where v = — + Hiy and JS?v is the Lie derivative, and

^ _ i yp
0 = Pm-l ~ — ̂  ——————2f 8Xj 8^j

is the subprincipal symbol.

PROPOSITION 4.1. - // La(t) = 0, a(0) = 1, t^n

(4.14) a(0 = ^-r(K-^o(l)), r - ^oo .

H^r^ K = § + -tr(p) and the estimate « o(l) » is uniform \vhen p varies in a

compact set of non-negative quadratic/arms.

Proof. — Taking (t,y,r\) as local coordinates on C, we simply have

J^fv = —? so if La = 0 and we define b byot

a^/dt dx dr\ = b^/dt dy dr\,

we have b = e~^. Our problem is therefore to prove that on G( :

(4.15) \dy dr{ | = e - ̂  + °^\dx dr| |.

On M = To(T*X) we introduce new (linear) symplectic coordinates
(x,^) so that the Lagrangian planes A+ = {^=0} and A_ = {^=0} are
positive and negative respectively (A+)n = (A_)n = 0 andA+ = A _ . Then
{(x,^,r|); x = 0, ?i=0} is a negative canonical relation, hence transversal
to C(, and it follows easily that C^ is given by

(4.16) Q = G,(X,TI)

where the matrix G( is bounded as t -> oo . In particular

(4.17) \dx dr}\ ^ C\dx d^ on C,.
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Also in view of (2.38) we have

(4.18) \dx d^\ ̂  Cil+^dx d^\ on £,.

It is therefore enough to prove (4.15) with (x^y^) replaced by (x,^).
(Notice that \dy rfrJI = \dydr}\.)

To do this we shall first consider p as the polarization of a bilinear form :

a(u,u) = p(u).

Then we have adopted the notation of section 2, and we shall first show that
for (u,,Uo) 6 C, :

(4.19) \a(u^)\ < M - LU09U^

Indeed, by (2.23) we have

(4.20) 2t inf a(u^) < [u^J - [î ,̂ ].
0 ̂  s ̂  t

On the other hand

\a(u,u)\ < ^(Re M, Re u) + 2|a(Re M, Im u)\ + a (Im M, Im M)
< 2(a(Re u. Re M) + a (Im M, Im u)) = 2a(u,M),

and since a(u^) is independent of s, we get (4.19).

We now consider a(u,u) as a quadratic form on M x M, constant along
the second factor, and write (u,^) = (x,^). Let Aa denote the
restriction of a to C,, extended to be constant in Q, and put
b, = a - Aa. Then by (4.16), (4.19) :

(4.21) b^=0, Hfc,- |̂| = ̂ (-1-).
<1+^

Let A, B( : ]Sl x id -^ ]Q[ x id be the Hamilton matrices associated to a
and fc,. By (4.21) we know that B, maps C, into itself, and that

| |A-BJ |=^f ! ^
\(1+0/

We can therefore find eigenvalues ^, . . . , ̂  of ^- A such that ^ B,|c has
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the eigenvalues ^(r), . . . , [i^nW^ wlt!1

I^-H/OI =<P((l+r)-1/4").

We know from [7], that C, will converge to a limiting canonical relation C^

(although the convergence may be very slow, if - A has small non-vanishing
i

eigenvalues), so clearly Hi, . . . , ̂ n have to be the eigenvalues of - A|^ . It

also follows from [7] that

tryA|^ = Hi + • • • 4- ^n = t r ^ ,

so we obtain

(4.22) tr - BJe = fr a -h ^((1 + 0-l/4n).
i (

On the other hand tr - B,|̂  is the divergence of v (on C) computed

with respect to the coordinates (^x,^) and since

Wt dx d^) = div (v) (dt dx rfri),

while ^^(dt dy d^) = 0, we conclude that

(4.23) {dt^ = e'<——), t -. oo
\dtdydr\\

sit a point (t,x^y,r{) € C. The proof is complete in view of (4.17), (4.18).

In view of (4.12) and proposition 4.1 we get :

/ d \
PROPOSITION 4.2. - // 1^ + ^-i(0jflo(0 = 0, ao(0) = 1, then

(4.24) ao(t) = e-^+^D), t-> oo.

From now on we assume that the condition (0.1) holds, so that K > 0. It
is then easy to consider inhomogeneous transport equations.
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PROPOSITION 4.3. - Suppose that b(t) = ^(l)^-^0^), t -> oo and that

(4.25) ^+^_^^=fc(^

Then
a{t) = O^e-^0^, t-. oo.

Proo/ — (4.25) can be written :

d
a^a = flo1^dt

so

»(,). f̂ ,,,+(:,.„(,).
Jo ^oC5)Jo ^oC5)

For 0 ^ 5 < t :
^NS) = ^(l)^'"^'1'0^'1"0^

^o(5)

and the proposition follows.

We shall now estimate the derivatives of a solution to the equation
La = 0. Let a be a constant vectorfield on Og with vanishing t-
component and modulus ^ 1. For a given t > 0, a gives rise to a
vectorfield (v,,Vo) on C,, where v, == exp(tHip)^(vo). Put
v, = exp(5Hi^(Vo), 0 ^ s ^ r. We know from section 2 that
(v,,vo) = ^((1+0), v,=^((l+r)3/2).

Let r i—^ptO-), po(r)) be an integral curve of (v^Vo), so that
r '-^(PsM^PoM) is an integral curve of ^ = (v^Vp). Then considering ^_i
as a function on C we obtain

(4.26) ^(q) = (^J(^-i(s,p,(r), po(r)) = 0(1)(1 +t)-N

in view of proposition 2.6 and the polynomial bounds on the derivatives of (p.

PROPOSITION^. -Let oeC00^) be a solution of La = 0 (whm? L is

identified \vith the ordinary differential operator — + Hip + q^_^ on C).

Then for all multiindices a and all k e N :

(4.27) D?D^a(r,x,Ti) = ^(I)^(K^(I)), r -^ oo.
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Proof. - We already know that (4.27) holds for t = 0. We fix a t ^ 0,
and choose a , (V(,Vo), v,, ̂  as above.

By construction, — + Hip and ^ commute so we obtain

( 6 1 \
^•^ [^ + 7 H^ (M + ̂ -i(M = M^n-i)^ 0^5^ .\t7A ( /

Applying (4.26) and proposition 4.3 v^e obtain

(4.29) ^a = ^(^(l-K)^-5^1)), 0 < s < t.

(Here o(l) denotes a term tending to zero when s -> oo uniformly with
respect to t e [s,+ oo[.) Continuing to apply ^ to (4.28) we get

(4.30) ^(a) = ^(1)(1+0^-^+0(1)), o < s ^ t

and hence by taking s = t we obtain (4.27) for k = 0.

To estimate also the r-derivatives of a we can write the transport equation
explicitely and differentiate successively in (, x, T| .

Remark 4.5. — If we consider the inhomogeneous transport equation
La = fc, where b satisfies the estimates (4.27) then a will satisfy the same
estimates. Indeed, the same proof works.

We shall finally estimate 'B^ft- If v is a real vector field we denote by iv
the differential operator defined by (fv)(/) = f(v(/)) for all functions /, and
by Jv the unique real vectorfield such that iv(f) = Jv(f) for all holomorphic
functions/ Let a , ^ = (v^Vo) be the same as above and let jl, = (v,,Vo) be
the vectorfield on G( which projects on Ja.

Proposition 2.5 then shows that

(4.31) JH, - ̂  = ^(1)(1 +r)-Ny(r,x,Ti)N, VN.

If v, = exp (s Hi^(vo), As = (v,,Vo), then by proposition 2.4 :

(4.32) JH, - fc = ^(^(l+^Ny^cji)^ 0 ^ s ^ t.

Applying (i, - i^ to the transport equation La = 0, we get

( 8 \
\Ss + "-h/^ ~ ^s)a + ̂ -^ - ̂ a = (A, - i^)(q^-,)a.

9
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Estimating the almost analyticity of q^_^ by means of (3.16') and
applying (4.31) we see that

(4.33) (A, - iK)(^-i) = ^(1)(1 +0^ VN ^ 0.

Applying proposition 4.4 and remark 4.5 we get

(4.34) (^ - i^)a = ^(l)^-^(i))yN^ VN,

provided that a is almost analytic in the usual sense for t = 0. Projecting
(4.34) into the (r,x,r|)-space we get :

(4.35) 8^a(t,x,r}) = O^e-^^Y, VN,

for (r,x,r|) e Q§. As in section 3 we can use the Lipschitz continuity of y and
the estimates (4.27), to strengthen (4.35) to

(4.36) D?D^^(r,x,Ti) = ^(l)^o^d))yN, VN, fe, a.

The same arguments apply to the inhomogeneous transport equations and
we obtain

THEOREM 4.6. - Let b e C°°(Q§) satisfy the estimates

(4.37) D?D?x,̂  = (PWe-^0^
(4.38) D^D^^b = ^(l)^-^o(i))yN

for all fe, a, N. Let a be a solution of

(4.39) ( ^ + H i , + ^ _ ^ = f c

such that a(0,x,r|) 15 almost analytic. Then a also satisfies (4.37), (4.38) and

(4.40) D;D;D;(<, - (̂  + H ,,"W,̂  + ,.„),)

= ^(l)^-t(K+o(l))'YN

for all ^ ,a ,P.

In fact, the almost analyticity of a permits us to pass from the ordinary
differential equation (4.39), to the estimates (4.40).

Remark 4.7. - In the estimates (4.37), (4.38), (4.40) for a, we may replace y
by Im (p, when (x,r|) is real. Also, if / is the cut off function given in
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proposition 3.3, and we extend (p to be defined for real (x,r\) and all t ^ 0
by replacing (p by ^(p + i(l-x), then we get from (3.18'), (3.21), (3.22) that
for real (x,r{) and r ^ 0 :

/3(p 1 / 8(D\\
(4.41) ID^D^) — + - p [ x — = ^(l+O^NlnKp^

\8t i \ 8 x } }
VN,fe,a .

Similarly in theorem 4.6 we can replace a by ^fl so that for real (x,r|) and all
r ^ 0, (4.40) is valid with y replaced by Imcp. (Provided that b is
extended similarly).

5. Parametrics for the heat equation.

As in [6], [7] we apply the Fourier integral operator approach, and we
may rely on [7] for the general properties of our operators, and asymptotic
expansions.

Let X <= R" be open and let P e L^(X) be a property supported classical
pseudo diferential operator satisfying the assumptions of theorem 0.1. The
first step in our construction of e~^ will be to find a function
(peC^tR^ x X x R") with Im (p ^ 0 such that

(5.1) (p(0,^,Ti) = <X,TI>
8(D 1

(5.2) — + - p0c,(py = 0 + « small error ».
8t i

The difference with section 2 is that p is now homogeneous of degree m > 1,
and as noted in [6], [7], (p will no more be homogeneous of degree 1 but
quasi-homogeneous (see [6], [7] for a definition) of degree 1 :

(5.3) (p(r,x,̂ ) = ̂ (r^-1,^), ^ > 0.

To get a reduction to the situation studied in section 1-4, we introduce an
extra variable XQ and put

; - (XQ.X), I = (^), P(X^) = ^oP(^^o) = ̂ PW.

Then p is homogeneous of degree 1 and according to proposition 3.2 and
remark 4.7 we can find a smooth function (p^,^) defined for r e R + ,
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X o e R , x e X , rieR", r(o > 0 such that uniformly for (x,r|) in any
compact set :

(5.4) D^D1D?(^ + ^ p(x^)\ = ^(1)(1 + r)^p,N (Im (p)N

for all k, a, (3, N, and such that

(5.5) (P|(=O = <x»;n> = Wo + ̂ 'n)-
We also have a polynomial control on the growth of the derivatives of (p.

Now p is independant of the variable XQ, so the corresponding
Hamiltonfield has a vanishing ^o-component. Therefore (p can be

3(p
constructed with —— = Tin. Now put

8x0

(p(t,x,r|) = (p(t,(0,x),(l,Ti))eC°°(R^ x X x R").

Then we get

PROPOSITION 5.1. — We have Im (p ^ 0, and uniformly for (x,r|) in any
compact set :

(5.6) D?D^D^(p(t,x,r|) = ^(1)(1 +0^a,p

(5.7) D^D^f^ + ^(x,^)) = ^(l)(l+^.a,p,N |lm (p|N
\ot i /

(5.8) (p(0,x,^)= <X,TI>.

Replacing (p by its quasi-homogeneous extension from |T|| = 1, we may
also assume that (p is quasi homogeneous of degree 1.

To make the same reduction for the transport equations we define
microlocally in the domain i;o > 0 :

P^D^D^P^D,).

Then the full symbol of P is

P(x,^) = p(^) + po(^) + P-i + • • •

where
P = ^"^Oc^), po = ̂ "^m-i^y-
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To P, P we then associate the transport operators :

Lp=^^+^p('(x^)^+(pm-l(^x)+^pw(x'(p-)^l\ct l i GXj \ 2i j,k 8Xj8x
I f 8 I - " , . . 8 82^

LP=T .+7 EW )̂ — + ?o (x,(p,) + - 2: ̂ )(x,cp,) -
8x 2i 8xj 8x^^" i\8t i

We note that

(5.9)

j , k

W^l^i^Wx), 1 ^ 7 ^ n ,
^(p82^ when 7, fe > 1^^(^CPx)(5.10) p^a,^) ax, axfc

^•^1,0=1 0 when 7 = 0 or fe = 0
(5.11) ?o(^<PyL=l = Pm-l(^<Px).

Thus, if Lpa = S where 5, to are independent of XQ, we get Lpa = fc
with a = S|^,i, fc = S|^i. Also, P satisfies (0.1) since Sp|^i = Sp and
since the non vanishing eigenvalues of the Hamiltonian matrix of p at a point
where ^o = 1 » P = 0» are the same as those of the Hamilton matrix of p .
The results of Section 4 (see Remark 4.7) then imply :

PROPOSITION 5.2.

(A) There is a function aeC°°(R+ x X x R") quasihomogeneous of
degree 0 such that for all fe, a and all K c= c: X x ft",

c^Q^a = 0(1)^-^^(1)), t ^ 0, (X.TI) 6 K
Lpa = f c _ ^ , a|,=o = 1»

where
^%,^_^ == OO^-^^Im ̂  for all N, k, a,

vv^i^n (x,T^) e K <= c: X x R".

(B)Let fceC°°(R+ x X x ft") be q.h. of degree fe + m - 1, such that

^^ = 0(l)^-t(K+o(l)), ^ > 0, (X,TI) e K

for all k,a,K <=c= X x R\ Then there exists aeC°°(R+ x X x ft"), q.h.
of degree fe, satisfying the same kind of estimates such that

L p ^ = f c + f c _ ^ , a^o =0 .
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Here fc-^ is of the same type as in (A).

The function K = K(X,T|) is continuous, > 0, homogeneous of degree

m — 1 and K = Sp -t- -tr on p'^O).

We can now follow [7] closely : First we look for a formal object
00

a(t,x,r\) ^ ^ aj(t,x,r\) where dj is q.h. of degree —j such that the formal
o

asymptotic expansion of ( D( + - P ^(e^a) vanishes. Collecting the terms

according to their degree of quasihomogeneity, we obtain the transport
equations :

(To) L(r,x,Tt,D,,D^o = 0

(T,) L(?,X,TI,D,,D>, + ^(r,x,Ti,flo,.. .,^-1) = 0

where L = Lp is the transport operator above and ^ are linear differential
operators acting on OQ, ..., a^ i , whose coefficients have the right degree of
quasi-homogeneity, and are of temperate growth as t -> -h oo. We also
impose the initial conditions :

(5.12) ^o(O^) = 1. ^-(0,x,Ti) = 0 , j ̂  1.

Proposition 5.2 tells us that this system can be sofved with certain errors :
Formally we get

(5.13) (n + - PK^) - b^

CO

where b ^ ^fc^,x,r|), bj q.h. of degree m — j and
o

(5.14) a?%,^=0(l)e- t(K+o( l)),
5?% ,̂ = 0(1) e-^^lm (p^

Following [7] we introduce S^R^ x X x R") c= C^R^ x X x R") as
the space of symbols a , such that for all v, a, P, N, K c: c: X, we have

(5.15) KITII-^-^D^D^D^^TI)!
^ CK^^N.vO+^hr'^-^i+hl)'-1^ ^K, hi ^ i.
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We put §~00 = n §* and define asymptotic sums as usual. By §^ we denote
keR

oo

the elements in §'' which have asymptotic expressions ~ ̂ aj•» where
o

aje§k~j is q.h. of degree k — j (in the region where |r|| ^ 1). The formal
symbols a, b constructed above can now be defined in §° and S^
respectively and from (5.14) it follows that

(5.16) be^eS-^

Applying theorem 3.1 of [7] we now get

(5.17) (D, +-PK^)e§~ 0 0 ,
\ i /

and if we define

(5.18) \u{x)= ^e^Mt^u^)^,

ueC^(X)

we get as in [7], section 4 :

THEOREM 5.3. — Let P,(p and a be as above. Then A( defined by (5.18) is
a continuous map Cc°(X) -^ C^R^.; C°°(X)) and has a continuous extension
to <T(X) ̂  C^R.^^X)). The distribution kernel A,(x,y) restricted to
x ^ y belongs to C°°(R+x(X xX\A)) and the distribution kernel of

(D, 4- -P)A, belongs to C^R^ x X x C ) . Moreover Ao = I.

Naturally, in the situation of the introduction, where X is a compact
manifold, we get a parametrix for the heat equation by a partition of unity.
This parametrix differs from exp (— tP) by an operator with kernel in
C°° (R+xXxX) .

6. Some special measures on T*X\0.

We now make the assumptions of theorem 0.1, and fix some Riemannian
metric on X, so that S*X is embedded naturally in T*X\0 and also carries
a Riemannian metric. We write p(6) = p\yx so ̂ at at a point (x,y = r6 in
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T*X\0 : p = ̂ (9). We fix an £o € 0,J . For y-o ^ 1, we may cover the

set F = {9eS*X;p(9) ^ ro^60} by a finite number of balls of radius ^r^0

centered in F, such that

(6.1) no point in S*X is contained in more than No of the concentric
balls with radius 3ro"80.

Here No is independent of y-o ^ 1 and of €oe]0,l/4[. We shall later take
ro = 2\ f e e N . If OoeF is the center of one of these balls, let B(9o,y•o~eo)be
the ball with center at 60 and radius ro~80. Since S*X is a Riemannian
manifold we can define the Hessian matrix p" invariantly at points of S*X
where p ' = 0, and more generally if we only make changes of coordinates
which are bounded in C°° (when the parameter y-o tends to infinity) we can
define the Hessian matrix invariantly up to 0(||p'||) = O^172). In particular in
the ball B = B(9o, y-o80) we can define p " invariantly up to an error

OOXro"^ 4- r;V = O -̂60). We can now find e^^o,
rC

4 < k ^ l2^2 (depending on B(9o,ro~eo)) such that

(6.2) p^Qo) has no eigenvalues in the interval [y-o"261, y-o"61].

After a (bounded) change of coordinates we may assume that 9 = (9', 9"),
dx dS, = ^(dr/r) dQ and that

(6.3) pre'^^ro"61, rt'"9'(9o), rt'.e'(9o) = 0(y-2el).

Then (at least for y-o sufficiently large),

(6.4) pe\e" ^ ^ r^1, p^, pe'e- = O^"281)

in the ball B(9o, y-o"60). Let Zg be the points in B where 9" -> p(9',9") takes
its minimum. By the implicit function theorem, Za is of the form :

(6.5) 9" = h(Q').

At the point 9o, we have |lpe"|| ^ (^VQI^o - A(9o)||, and on the other
hand ||pe"(9o)ll ^ Cr^1'^, so

(6.6) ||9o - /i(9o)|| ^ Cro-^60-2^2 « ro"60
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when y-o is large. To fix the ideas we may assume therefore, that Go e £e • Set
for a while y = 9", x = 6'. Differentiating the equation py(x,h(x)) = 0,
shows that

(6.7) p;, + p'yyh^x) = 0,

so that

(6.8) h =0(r,2el+el)=0(r^).

Put p = pa + ^B, where q^ = p(x,h(x)). Then

(6.9) ^li,=0, PB^^r^(d^)\
\^

where ̂  denotes the distance to SB. We may differentiate q^ :

(6.10)- (̂  = Px(^M) + py(xMx)W(x)
= p^(xMx)) = O^o"80),

(6.11) (^)L=PL+^'=0(ro-261).

From (6.11) and the positivity of q^ we also get

(6.12) teB^OO^W72).

LEMMA 6.1. - In B(9o, ro"80), there are coordinates

(x,y) =(x,y+¥(x,y))

with F e C 1 , d¥ = O^o"61) such that

1
P = ^nM + ̂  <Pre"(6o)^> •

Proof. - We may first replace y by ^ — h(x) so that

/(^) = qa(x) + , <Pe'"e"(x,0)^> + 0(|y|3).

Then put ^ = t(x,y)y in order to absorb the error-term. We get
t = 1 4- s(x,y), where

s = O^o-8072), ^^O^261),
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and hence (sy)' = O^8072). Finally to replace rt'"e"(x,0) by p'Q"Q"(Qo) we put
y = S(x)^ for a suitable matrix S, close to the identity. We omit the details.

After another linear change of coordinates in y we can find local
coordinates co in B(9o, ro eo) such that co' = x, £3 is given by CD" = 0 and

P = <?B(oO + ^ " 1 '

Moreover the Jacobian is

(6.13) S=——( l+o( ro -e l))dQ /(co)

where I// is the square root of the product of the eigenvalues of pe'"e"(9',^(9'))»
so that

(6.14) ^ ^/^Cro""61 .

Passing to the cone B(6o, ro eo) x R^ we can express the symplectic volume
as

(6.15) dx dS, = /(I +0(ro-£l))r"-l dr Ao.

Let B = B(9o, y-o"60) x - ro, 2ro . Let the codimension of EB be 2d

and let 0 < Hi (9') < . . . < ^(9') be the positive eigenvalues of f times the
fundamental matrix^of pa oi1 S*X n £3 (by ^B we shall denote the
corresponding cone in T*X\0). Write n/r,9) = r"*"1?^). On 6 we use
the coordinates (r,co) to define a projection

Tig : (r,o)) -^(r,co',(o"),

where, if co" = (co'i,.. .,co[y, co" = (®'i,.. .,(0^), £" is given by

(co'2,_ i,^,) = c,(r,co)(co^._ i ,co'2,)

and ©^ = (o^ when 2d is odd. Here Cj = 1 if ^ = 0, otherwise it is the
nonnegative number such that Q)"jj-i + (0'̂  = r'^H^co'), where ^ eN
is determined by

^(G/Vr < (O^2-! + <2 < (fe,+l)H,(co')/r.
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On B we define the measure ftg as the direct image of fr"~l dr d(o under
the projection Tig (naturally ft^ also depends on how we choose the
coordinates ®).

Let now FQ take the values 1, 2, 22, 23, . . . and for each such value

choose a covering of F by balls Bleo,-^"60) as above. We then get a

covering of the set

t = W)eT*X\0, r ^ 1, p(r,9) < ^r—1^
I C J

with sets B^ of the type B above and the analogue of (6.1) holds. We can then
find a partition of unity

1 = Xo + ̂

where ^eC?(BJ, 0 ^ ̂  ^ 1, 0 ^ ̂  ^ 1, supp ̂  c: Qr and

(6.16) 8y^ = Od^l^^i-uPD-il3')

uniformly with respect to v. As a discretization of the symplectic volume, we
now put

(6.17) 0=xo^^+^0^.

Let K > 0 be a continuous function on T*X\0, homogeneous of degree

m — 1, and equal to Sp + -fr on p'^O). We shall study

(6.18) W()i)= | Sl(dxdQ
Jp-hK^X

and as a rough estimate of W(^) we will use

(6.19) VCk) = ] dxd^.
Jp+l^1"1^

LEMMA 6.2. — For a ^ 1, ^ ^ 1 we have

(6.20) V(fl^) ^ a^-^Ck).
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Proof. - If p(x,y + \y-1 ^ ^X, then

p^a-1/^-1)^) + Ifl-^-^r-1 = a~^(x,y + a-^F-1 ^ \

and the lemma follows.

Notice that the order of magnitude of V(X) or the validity of Lemma 6.2 is
not affected if we replace \^\m~l by a positive continuous function,
homogeneous of degree m - 1.

For every B^ let K^ = K^(r,co') be defined as Sp^ + -tr(PJ where P^ is

obtained from P, by replacing p by p^ . Put

(6.21) WM = f 5Co dx ̂  + S f ^ (^ ̂ ).
JP+K^X Jp+Ky^X

PROPOSITION 6.3. - W(^)/W(^) -> 1 w/ien ^ -> + oo and W(?l) and
V(^) ar^ o/tfc^ same order of magnitude. Moreover there is a constant C > 0
such that

(6.22) W(a^) - W(5i) ;̂ C(a^ - i)W(^)

/or ?i ^ 1, a ^ 1.

Proo/ - We first compare the order of magnitude of W(^) and V(^).
First we write

(6.23) W(?i) ̂ | xo ̂  ̂  + S f Q^(^ ̂ ).
JP+K^X Jp+K^^X

(^^)6B^

We fix a v and assume for simplicity that codim Eg = Id is even and that
Hi, . . . , ̂  ^ 0. To compute the integral over B^ in (6.23) we then have to

compute the volume with respect to /(co')^ — Ao of the sets
r

B^,...,, = <^)6B^ < o)^ + o)^ < (^±l)^,

r'"gB((»') + ?•m-l(K,((o')+<fe,^l» < xl
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and the sum over all k = (^,.. .,^) e N^. Let

2B ,=2B,xr^ ,4 r1 ,

î v 1where B^, = B^, x -^ 2y\ and 2B^ is the concentric ball of double radius.

Then it is easy to see that the volume of B^ ^ is smaller than a constant
times the volume of

Lc,y62B,;^ < (o'̂  + < < ̂ '^l1^,? + K, < ̂ .

so finally if C > 0 is large enough (using also (6.15)) :

(6.24) W ( X ) ^ c ( f todxd^
\Jp+(l/C)|^|m- l^^ r \+ Z dxd^ .

J2B^ n{p+( l /C) [^ | w - l ^X} /

No more than a fixed finite number of sets 2B^, intersect at any given
point, so with a new constant C we obtain

(6.25) W(?i) ^ CV(?i).

Essentially the same argument shows that

(6.26) V(?i)^CW(X),

so V(^) and W(X) are of the same order of magnitude.
Now (6.22) follows for a ^ 2 and in order to prove the estimate for

a e [1,2] we first write

(6.27)

W(^) - W(X) < f Xo ̂  ̂  + ^ f°6v (dx ̂ ) •
Jx^p+K^aX ^ ^p+Ky^aX j

(^)e6v

The same licing argument as above, shows that

f ^ ( d x d ^ ) ^ C \ d x d S , .
Jx^p+K^aX v J^^p+K^aX

(x,̂ )e6, (x,̂ )6B,
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Since K^/K -> 1 when r^ -> oo we can estimate the last integral by a constant
times

f rfx^
j3l<p+K<a3l

(x,̂ )e36,

where 3B^ = 3B^ x -v, 6r^ . Thus as above we get

(6.28) W(^) - W()i) ^ C Ac ̂ .
J?l^p+K<aX

The proof of Lemma 6.2 shows that

(6.29) dx d^ ̂  (fl^-D-1) dx K,
Jx^p+K^aX Jp+K^^.

and (6.22) follows from the equivalence of W(^) and V(X) and the

equivalence of V(^) and rfx^. The statement about W(^)/W(^.) is
Jp+K^X

finally proved along the same lines.

7. Karamata's Tauberian Theorem.

It will be useful to recall also a proof of Karamata's theorem, since similar
techniques will be used in the next section.

THEOREM 7.1 (Karamata [2]). — Lei a(x), fc(z) be increasing functions on
[0,+oo[, with a(0) = fc(0) = 0, b(x} - ^ + 0 0 , T ->- + oo, SMC/I ̂ r

(7.1) There is a constant C > 0 such that

b(kr) ^ Cfe^T), k ^ 1, T > 1.

(7.2) There is a positive function A(8), 8e]0,l] mr/i /i(8) ̂ 0, 8-^0,
SMC/I ^a? for every 86 ](),!], there is a Tg ^ 1 sue/! î̂
b((l+8)r) - fc(T) ^ ^(8)fc(r), w/i^ T ^ is.

(7.3) ^(T) 15 of temperate growth at infinity.

Z^A(Q= ^-^^(T), B(r) = | e-^d^x),
Jo Jo

= f00 ̂ -^(T), B(r)= f0

Jo Jo
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for t > 0. Then if A(r)/B(t) -> 1, when t -> 0, w^hare fl(T)/fc(T) -> l,\vhen
T -^ + 00.

Proo/ — The space L of all finite linear combinations of functions
t -> e'^ with T > 0, is dense in S(R+). In fact, otherwise there would be an
element 0 7^ u e S'(R) with support in [0,-hoo[ such that <M,^-tT> = 0,
VT > 0. Thus the Laplace transform u(x) vanishes identically for Re T ^ 0,
since it is holomorphic for Re T > 0, and we conclude that u = 0, which is
a contradiction.

Let /(-OeC^RJ satisfy, O ^ / ^ l , x(r) = 1 for O ^ T ^ I ,
^(r) = 0, T ^ 1 -h 8. / is not a Laplace transform, but for every N > 0,
there exists ^eCo°(R+) (depending on 5, N) such that

(7.4) I X i ^ - X ^ I ^(I+T)-^ T ^ O ,

if ^i denotes the Laplace transform.

Notice that the Laplace transform of ^Xi(^) is XiC^A)- we have the
identities

r°° r 0 0 - ^\(7.5) X/i(Xr)A(0^= li[^)da(x)
Jo Jo V-/

r00 r00 - /T\
(7.6) ^i(^)B(0^= Xi - ^(T).

Jo Jo V^/

The difference of the two integrals to the left can be written

r00 / ft\ ft\\^^vU-3^))^'Jo \ V7'-/ \A//

Since A(r)/B(t) -> 1, t -> 0 and 5Ci has compact support, we have

(7.7) F ZiMfA^) - B^V)^ = o(l) f MOIB^)^,
Jo \ V^/ V^// Jo V71/

X -^ + oo.

LEMMA 7.2. — Z^r /(r) fo^ a positive decreasing continuous function on
[0,oo[ and let 0 ^ ai(r) ^ ^(z) fee functions of locally bounded total
variation, such that for some N() > 0, the total variation of Oj on each interval
[T,T+I] is Ottl+T)^) and /(z) == 0(1)(1+T)-No-2. Then

(7.8) f f^da^)^f(0)(a,(0)-a,(0))-^\ f(^)da^).
Jo Jo
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Proof. — Put 0(1) = a^) — a^(i). By a density argument it is enough to
prove (7.8) when fe S(R+). Then

/(T)^(T)+/(O)C(O)
Jo

/'(T)C(T) d - C ^ O

and (7.8) follows.

Now, if 0 < t < 1 we have

n/tn/t /•o
e~^db(t) +

Jo Ji/-f.-.^°).r
Jo V/ Ji

<<•).?
V/ Ji

B(t) = e~^db(t) + e~'^db(T)
JO -Jl/t[''o'r"^^)+f\-^yj7 Ji w

--PJo

Here we apply (7.8) with a^(a) = b(a/t), 0^(0) = C<TC^>(l/t) and get

(7.9) B(t) < {l+C)b(~\ + C f e-" d^M1} < C'fcf'-V<').cf
V/ Ji

Applying this estimate to B((/^.) in (7.7), we get

(7.10) f°° Xi^/A^-B^y)^ = o(l)b(\), \ -^
Jo \ \"/ \r•//

so in view of (7.5), (7.6) :

(7.11)

+ oo.

f" -. /x\ r" - /t\
X I - ^ ( T ) - %i(-)db(T) =o(l)b(K), 5i-.oo.

Jo V^'/ Jo \A•/

Here we want to replace /i by ^ so we have to estimate

(7.12) i,m-x-)i^
and the corresponding (less troublesome) term with a replaced by b.

From the inequality
/1\ f1

A - ^ ^-^^(Q
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we get

^(T) ^ eA(~\.

Thus by (7.9) and the fact that A(t)/B(t) -> 1, t -> oo, we get

(7.13) a(T) ^ Cfc(r) for T sufficiently large.

Now fix N ^ Co + 2, where Co is such that 0(1), b(x) = O^o), T -^ oo.
Then (7.4), Lemma 7.2, (7.13) give when X is sufficiently large :

- / T \ - / ^ \ 1/T\ ./T\ r00 i
U'^U^^8 7——^(T)
\A/ \A/ Jo ^ ^ ^ N

\ ^/

^U'^JP^^8 7——^(T)
Jo V^/ V-/1 Jo ^ ^^N

A yr03 i
^ 8a(^) + 8 -.———^-da(x)s1^
^^^(Tl1^^)
^ CSb(K) + C§ ("————d^biK}

Jl l 1 ' ^

^ C5^(?i).
Applying this to (7.11) gives :

f°°,/T\ r00 /T\
(7.14) x J^(T)- x-^(T)^(C8+o( l ) )^) ,

Jo V71/ Jo V-/
^ -> 00;

so recalling the properties of % ^

(7.15) api) ^ fc((l+8)X) + (C84-o(l))fc(^), )i -^ oo,

(7.16) ^(X) ^ b(^ - (CS+o(l))b(^, X -. oo.

Now ^((l+8)?i)^(l+h(8))fc(?i), and bf-^—} ̂ ——1——fo(X) for ^
\1+8/ 1 -h h(S)

sufficiently large so we get

1 - C8 + o(l)(7A1) ——, . ̂  bW ^ a(X) < (l+/i(8))(l+C8+o(l))fc(^),1 -r- h(0)
^ -^ + oo,

so b('k)/a('k) -> 1 and the proof is complete.
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8. Study of the trace.

We shall first only study the order of magnitude of tr e-^ when t -> 0,
t > 0. After a partition of unity we are then reduced to the situation of
Section 5 (i.e. where X is an open set in R") and we have to study the integral

(8.1) yr) = JJ.^(^)-<^»a(r,x,^(x)d-^,

where ^eC^(X), / ^ 0, and (p and a are given in theorem 5.3. Put
v|/ = Im (p.

LEMMA 8.1. -Let F(a,P) ^ 0 bearapidly decreasing continuous function
on R+ x R^ . 77i6?n r^r^ 15 a constant C > 0, SMC/I r/iar

(8.2) HFW^^^r-^^M^^^C ff x(x)^^.
JJ ^p(^)+|^|m-^^

Proo/: - Put Fi(T) = sup F(a,P) so that F^ is decreasing, rapidly
O t + P ^ T ° ^ -'

decreasing and F(oc,P) < Fi(a+|3). Since by lemma 1.4 and the
quasihomogeneity

^^co^rT^
we have

(8.3) (JF^r^X^^

"ffF<c(T^7+^-l>^^•
Now a/C(l + P)4 + (1 + P) is homogeneous of degree 1 in

(a^p+^eR^ x R ^ ,
so

C(Y^ + (l+p) ^ ^-(al/5+P+l) ^ ^-^+P+l)l/5.
Thus

tp(x,^) 1
c(i+^r-1)4 + t^m~l ^ ̂ ^^y+^r'1)175 - ̂
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SO if

F2(x)=F,(max( lx l/5-l,o)V
\ \^i //

then

^(ci+^r-1 + ̂ r-l) ̂  ̂ (^W))-
The integral to the left in (8.2) can therefore be estimated by

(8.4) jJF^^+l^r-1)^^)^^

= f°°F,(^)rfV^)= rF^V/5),
Jo Jo V /

where

Vx^)= ff X(x)Ac^.
JJp+l^1-1^

By lemma 6.2. and its proof, we have V(a^.) ^ a^"1-1^^), for a > 1,
^ ^ 1, so applying lemma 7.2., we get

r°° /5\ r1 /s\ r°° /<?\
J F2(.)^VM= F,(,)^(J+ F^VJ5

Jo V 1 / Jo V 1 / Ji V/

(i\ r00 n /i\
^F,(0)V, - + F,(5)rf(5-^-)vJ-

r/ Ji V/

< cv.(1),
V/

and the proof is complete.

Lemma 8.1. can be applied to estimate I^(r), since

^.x.T^oa^i+riTir1-1)^
for every N. We immediately get the estimate from above in

THEOREM 8.2. — Under the assumptions of theorem 0.1, there is a constant
C > 0, such that for 0 < t ^ 1 :

(8.5) ^ d x d ^ ^ i r e-^ ^ C f| dx ̂ .
c JJp(x,^) + ̂ w - 1 ̂  l/t JJp(x^) + gr - l ̂  l/t
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Since we shall compute the trace more precisely below, we just indicate
briefly how to prove the left half of (8.5). The first observation is that
e-^ = e-^e-^2)*, so the operator e-^ can be expressed locally with the
« selfadjomt » phase function (p(r/2,x,r|) - (p(r/2,^r|) and with amplitude
a(r/2,x,r|)a(r/2,^,r|). Thus the trace can be studied, by looking at the integrals

(8.6) T,(0 = (Se-^^(x) ai1 xA2 dxd^.
JJ \-<- / \^-^')

For 0 ^ ^|m~l ^ 1, we can estimate \a\ from below by 1/C and \|/ from
above by Ctp(x^}, so

(8.7) T,(r) ^ 1 e-^PW^^-^x) dx d^
^ Jjt^-1^!

1 f^ 1 /1\
^ . ,-c^y^)^ v^,

^ Jo ^i V/

and the left half of (8.5) follows.

In order to study tre"^ more closely, we take a partition of unity
CO

1 = Xo + EXv on T*X as in section 6. For each /„ with v 9^ 0, we have
i

some choice of local coordinates x in X near the projection of the support of
/„, and somewhat incorrectly, we assume that the same is true for 5Co. For
X = Xv we fhen have to study

(8.8) 1,0) = JJ^-«P(^)-<^(r,x,yx(x,y^.

The first case is when / = /o •

PROPOSITION 8.3.

U»-|»-'̂ .M)^+<,(i)v0),
t ->Q, t > 0.

Proo/ - On the support of ^o we have p(xf,) ^ C"1]^]"1- -^o. Set
£3 = £o/2 and split the integration in (8.8) into two regions.
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First region : ^F1"1 ^ l^l"^. Let I^(r) be the corresponding integral.
In this region (3.24) gives the approximation

(8.9) (p(pc,y - <x,^> = (l+O^I-8^^),

while the amplitude satisfies :

(8.10) a(t,x^)= 1 ̂ Od^).

Put <D = <p - <x,^>, <Do = lt P(x^). ^s == so + (l-^o- Then for

0 ^ s ^ 1,

-^-^a = i^-^ae1^ = 0(l)|^|-e3^-^)

ds

so the corresponding integral is o(l)V(l/0 as ^ - > 0 . Thus

Ixo(0 = ff ^-^^(^^o^)^ + o(l}v(1}JJ^r-1^^-^ (zn) \t/

= [[ e-^)Xo(^)^+o(l)V^).
Jjrl^-l^l^l-^ (27C) V^/

Second region : t|^r~1 ^ 1^1-e3. Let 1^(0 be the corresponding
integral. As in the proof of lemma 8.1, we can estimate I^(r) by

(8.11) [f P^tp^+t^r-^x^dxd^,
Jj^|"l-l^[-E3

where F^ ^ 0 is rapidly decreasing. Now

tp(x,Q ̂  K\^ = \^\

so it follows that 1^ (t) is bounded when t -> 0. The same argument shows
that

ff «-"̂ M)̂ .JJrl^-1^!-^ \ZK)

is bounded as t -> 0, and the proposition follows.

We now study 1^ (t) for v ^ 0, so we put / = X v » B = B^,
y-o = y\, = re, P = PB + ^B- Let (PB(^C,T|) be the phase corresponding to
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PB- Applying proposition 3.4 and (6.12) we get

(8.12) ||x - <py| + ||i; - <p,|| < Ce^^tr^x,^/1,
(x,i;)6£B(l^l=l),

(8.13) <p(t,x,y - <^> = itp(x,y + OO^c^rB261^),
(^)6Es.

Proposition 3.5 and (6.11) show that

(8.14) ||(p"M) - V'B(̂ ,yi| < C^c^rB261,
(^)e2:B.

Now put (pa = it^B + <PB an<^ choose coordinates 9 = (6',9") on S*X
as in the beginning of section 6. Let F be a leaf 9' = const., intersecting SB
at p° : Then the above estimates give on F :

(8.15) II((P-<PB)I,-^P°)II ^ Q'^^trB^pT2

(8.16) II((P-(PB)(P°)II < Cec^l+t»2t2rB%(po)

(8.17) ll(<P-<PB)lr<P°)ll < Ce^'^tr^1.

We now modify (pa without changing the derivatives up to second order on
SB* so that (pa — <-K,T|> becomes quadratic in 9" — h(Q'). Applying
Taylor's formula, (8.15)-(8.17) and the fact that <p'" is of temperate growth as
t-^ + oo, we get for (x^)6B(|^|=l),

(8.18) |(p-(pB| <£ a^c+'^rB^B+'-B81^" - h(Q')\
+ r^Q" - h{6')\2) + Ct(l+W - h(9')|3.

In B we have |0" - A(9')| < Cra ' so the last term can easily be absorbed.
We also have the estimate

ro\y\Q" - h(Q')\ ̂  ro '̂̂ B + r^Q" - h(Q')\2

'•B^B+'-BV-W2).

By proposition 2.3,

t t
Im <pa > ^B + ̂  2?B ^ cTTK2)^'1"''" lle" - /'(9')12)'

so by (8.18),

(8.19) |(p-(pB| < C^^^B6172 Im (PB, (x,y 6 B.
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Thus there is a function N^g) -)• + oo, rg --> + oo such that

(8.20) Icp-cpal ^ CrB^InKpB, for (x.^eB,
O ^ r ^ N ( r B ) .

The same arguments applied to the transport equation show that if OQ is
the leading quasihomogeneous part of a, and a^ is the quasihomogeneous
symbol of degree 0 obtained by solving the first transport equation on EB
with p replaced by pa an(! ̂ en extended to be independent of 9", then

(8.21) l^o-^l ^Cro'^VBl, O ^ t ^ N ( ^ ) , (^)eB.

We say that a quantity y(t,v) is negligible if it can be estimated by an
expression

/(r,) IT F(r(p+|^r-1))^^
JJ2B^

where F ^ 0 is a rapidly decreasing function on R+ , independent of v,
and/(r) ^ 0,/(r) -> 0, r -> oo. A finite sum of negligible terms is negligible.
If y(t,v) is negligible, then

^y^^^vf1), r-.0.
v V/

LEMMA 8.4. — Modulo a negligible term, we have

(8.22) I^(r) = JJ^B-<^B,XV ̂ .

Proo/. — First notice that

|[ ^-<^>^Xv^^
JJtI^-^N^)

is negligible, and similarly if (p is replaced by (pa or a by do or ^5. Also

e^-w\a - ̂ o)Xvrfx ̂  is negligible.

The problem is then to show that

rr
(^«PB-<^» - ei^-<^>))^oXv ̂  ̂ ^

JJo^l^-^NO-B)
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and

ff e^^-a^dxd^
jJo^l^-^NO-B)

are negligible. For the first integral, this is easily done by introducing
q>, = 5(p 4- (1 —5)(pB and noticing that in view of (8.20),

d- \\ e^-w^dxd^
as Jjo^tl^'^N^B)

is (uniformly) negligible, for 0 < s < 1. The second integral is negligible, in
view of (8.21).

Let £3 = £i/2, where e^ was defined in section 6. We shall express 1̂  (t)
in intrinsic terms, in the two complementary regions tr^"1 ^ rs83 and
trS-1 ^ rs83.

In the region tr^"1 < ra63 , the same argument as in the proof of
proposition 8.3, shows that modulo a negligible term :

(8.23) I^r) = fF^^s(x,^(^y^^

In the region trg"1 ^ rs83, we first apply lemma 8.4. Let r, 9 be the
polar coordinates introduced in section 6 so that £3 (and £3) takes the form
6" = A(9'), and dxdt, = rn(dr/r)d6. Passing to these coordinates, we shall
first show that Xv(^9) can be replaced by ^^(^'^(O')) in the integral in (8.22).
(Somewhat incorrectly we write XvC^)^ Xv(r»9)» Xv^0) etct m order to
express the same function in different coordinate systems.) Now

XvM) - ZvWW = o îe- - h(W)\)
so we have to show that

(8.24) r? ^«PB-<^»flB|9// - /i(9')| rix ̂
JJ(r,e',/i(0'))e6

is negligible. This expression can be estimated by

(8.25) r? f[ F(tp, tr-- ̂ IQ" - h(ff)\r11 dr- dQ,
JJ(r,0',/i(9'))6B r
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where F ^ 0 is rapidly decreasing on R+ x R^. and

?M) = q^Q') + ^<rt'-9'<^9^(9'))(9'/-7l(9/)),(9''-A(e/))> = ̂  + pa.

In the region under consideration we have tr?"1 ^ re83 and

p ^ -r^'^Q" - h(9')|2, so we deduce that
V-/

|9" - h{Q')\ ̂  CrB*1"63"617^?)1/2,

and hence with a new decreasing, rapidly decreasing function F, it suffices to
estimate

(8.26) ^-o^-6!'2 ft F(t(?+r'-l))r'•rfrde.
JJ(r,e',/i(e'))66 r

Here EO — (1 —82—£i) /2 < 0, and the only trouble is that the
integration in 9" is over an unbounded domain. We shall therefore estimate
the integral in (8.26) by a similar integral over 2B. Put

y(r,9',?i) = [ W
Jpg(r,e',e") ̂  \

so that v is homogeneous in ^ of degree d , ifcodim Sg = Id. Then for r,
9' fixed,

r00
F^^BM^+r-^+s))^^^)

Jo
r°° / rr\

¥(tq^iTm-l+a)dv(r,Qf,-]^
Jo \ t /

F(^B+trm- l+CT)rf^;(r,9/,CT)+ F^+tr"-1+a) ̂ (a^fr,^1)
Jo \ ^ / Ji \ t /

^F^B+tr--1)^^,^

where F ^ 0 is decreasing and rapidly decreasing. The last expression can be
bounded by

r"'
F^B+^^+^^M^),

Jo
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for a suitable rapidly decreasing function F, so the expression (8.26) can be
estimated by a similar expression where the integration is restricted to •
Wz(9'))eB, ?B^1A. Since ?B > (l/C)r;-el|9"-/z|2 we have
Ift" L/Q'\i -̂ r^ {e3+el~lf/2 • . 1 , .jb - h({) )\ ^ C FB in the new domain of integration, so this domain is
contained in 2B. This means that (8.26), (8.25), (8.24) are negligible, and
summing up, we have proved :

LEMMA 8.5. - In the region trg-1 ^ m83 , £3 = e,/2, we have modulo a
negligible term :

(8.27) l^t) = ff^B-^^^^r.e'.^e'))^^^6-.
Jj r (InY

The 9"-integration in (8.27) can be eliminated, using the stationary phase
formula. This is a pure case, since ^ is independent of 9", and
<PB -^ <^> = fr^B + H, where H = $3 - <x,^> is a quadratic form
in 9" - h{W). With the usual convention, about the choice of branch of

(det y He'"9"J , we get modulo the same negligible term as in lemma 8.5 that

(8.28) V) = (2.)-<-> fL-.B;^^^,^^,
JJ fdetlHe'-e.)172 r

\ ' /
when trS'"1 ^ re63.

The density (aB^detO/OHe'.e-)1 '̂' (dr/r) dQ' on £3 was effectively
computed in [7, lemma 5.3]. With f(Q') defined as in section 6, we get

^^-•"•"(^.-expT^M-})''̂ )^0'-"^-^^-

Here [J] is the integer part of ^. In the case when codim £3 is even, we get
modulo a negligible term from (8.28) :

rr(8.29) I^(r) = (271)-" ^ e-^B+s+<W)
JJ feeN"

^rW)/^^^r"^dQ'

(when rf' of the p/s are 0, the sum over N'' can be given a meaning as a sum
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over N^ ~d l of integrals.) A similar formula holds in the odd-dimensional case,
and we obtain :

LEMMA 8.6. — In the region tr^"1 ^ r^83, £3 = £i/2, \ve have, modulo a
negligible term :

(8.30) 1^(0 = (27i)-" (e-^^r^MQ'))^ (dx ̂ ),

(where B = B^).

It remains to prove

PROPOSITION 8.7. — Modulo a negligible term, \ve have

(8.31) I^(t) = (In)-" ff^^Ux.yQB (dx ̂ ).

Proof. — We split this into the same regions as before.

First region : trg~1 ^ ra83. Up to a negligible error the right-hand side
of (8.31) is

(8.32) (271)-" H^-^^v)/* dx ̂

where p*, ^* denote the pullbacks of p, ^ under the projection'TC = Tig,
used in section 6, to define the measure Qg. In the present region
tp - tp* = O^63),

X* - Xv = O^1-6^2) = O^-63),

so up to a negligible error the integral (8.32) is

(8.33) (271)-" ] ̂ e-^^dxd^,

and (8.31) follows in this case from (8.23).

Second region : tr^"1 ^ r^83. We now write the integral in (8.31) as

(8.34) (27C)" [[e-^^f^V ̂  rfo,
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(where the coordinates co = (coW) were introduced in section 6). The same
argument as in the proof of lemma 8.6, shows that ^* may be replaced by
XvO-,9',A(e')) and then (8.31) follows from (8.30).

Propositions 8.7 and 8.3 give

COROLLARY 8.8. - Under the assumptions of theorem 0.1,

tre~tp=l-^^e~t'dw^ t-^ ^ > 0 ,J^JW^),

where W(r) is defined in section 6.

Applying proposition 6.4, theorem 7.1, we get the main result of this
paper :

THEOREM 8.9. - Under the assumptions oftheorem 0.1, let ^l(dxdQ be a
measure on T*X\0, constructed as in section 6. Let K(x,^) > 0 be a
continuous function on T*X\0, homogeneous of degree m - 1, and equal to

Sp + ̂ fr on p'^O). Then

N(X) = (1 +o(l)) ] Q (dx ̂ ), ^ -^ + oo .
JJp+K^X
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